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ABSTRACT. In this paper, we give square numbers by using the solutions of Pell's equation.
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1. INTRODUCTION

A square number, also called a perfect square, is a figurate number of thefomhere
n iS an non-negative integer. The square numbers are 0, 1, 4, 9, 16, 25, 36; 4% he
difference between any perfect square and its predecessor is given by the following identity,
n? — (n—1)? = 2n — 1. Also, it is possible to count up square numbers by adding together the
last square, the last square’s root, and the current root.

Squares of even numbers are even, sii2eg? = 4n? and squares of odd numbers are odd,
since(2n — 1)? = 4(n* — n) + 1. It follows that square roots of even square numbers are even,
and square roots of odd square numbers are odd.

Let D be a positive integer which is not a perfect square. It is well known that there exist an
infinite number of integer solutions of the equatioh— Dy? = 1, known as Pell's equation.

The first non-trivial solution of this Diophantine equation, from which all others are easily
computed, can be found using, e.g., the cyclic method, known in India in the 12th century,
or using the slightly less efficient but more regular English method (17th century). There are
other methods to compute this so-called fundamental solution, some of which are based on a
continued fraction expansion of the square roofof For example, forD = 5 one can take

xr =9,y = 4. We shall always assume th@tis positive but not a square, since otherwise there
are no solutions.

Pell's equation has an extraordinarily rich history, to which Weil’s book [10] is the best guide;
see also[3, Chap. XII].

2. MAIN RESULT

A special case of the quadratic Diophantine equation having the férmDy? = 1 where
D > 0 is a square free number is called a Pell equation.

Given smallest solutiotw, y) = (x1,y:), @ whole family of solutions can be found by taking
each side to theth power,

x2 — Dy = (zf — Dy;)" = 1.

It is closely related quadratic fiel@(+/D). The explicit solutions of the family of the above
equation is
T an +/8n B an _ ﬂn
n 2 Y yn 2\/5 )

wherea = z,+v/Dyy, 8 = 21—V Dy;. Sincea3 = (z1+vV Dy ) (x1—vDyy) = 22— Dy? = 1,

then we have
Ton—1 1 [a® 437" ) = am — M\ 2
2D 2D 2 U 2vD /)

Put f, = O”:/‘g" , then

a—f _ $1+\/5y1—(w1—\/5y1)
VD VD
2 _62
fo=2
VD
a™t? — 6n+2 (an—H _ ﬁn+1)(a 4 ﬁ) _ ozﬁ(oz" _ ﬁn)
Jnie = \/5 = \/5 =21 fug1 — fa-

Thus f,, € 27Z for any positive integen and“‘;—D‘1 is a square number.

fi= = 2y, € 27,

= 4x1y1 € QZ,
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Since
2
B = Dy = Lo = 1) 21
By
Top — 1 _ Jn ’
2D (?)
we have

2
Ton + V Dyon = Tap + 3, —1=1+ f + = \/DfQDf2+4).

Therefore we have

Df? 1
Tan + V Dy 2f s V(DS =1+Df;

and

Dfn2 1 2 2 2

Utilizing that (x5 + v/ Dys)™ = x4, + v/ Dy, We have the following:

Theorem 2.1. Let D be a square free positive integér,, y) = (z1,y1), (resp. (z2, y2)) be the
smallest (resp. second smallest) solution of the equation Dy? = 1. Let

(1 +VDy))" — (21 — VDyr)"

vD ’
1 2 (IQ + \/ﬁyg)” 2 2
D + fn < D < D + £
By this theorem, we have the following:

fn:

Then we have

Theorem 2.2.For any positive integek, there exist a real numbey, depending only ok such
that | = | are square numbers for arbitrary positive integerwhere| -] is a floor function.

Proof. If k is square free, then pyt = z, + Vkyo, Wherez,, y, are the same as Theor2.1,
if k& is a square number such that= /2, wherel is a non-negative number, we pyt = &2,
then 0

gn n B

2] = 1] =
which is a square number, thus we have the theogem.
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