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2 SEIICHI MANYAMA

1. INTRODUCTION

In the paper [1], V. Cîrtoaje conjectured the following inequality

(1.1) aea + beb ≥ aeb + bea

for all positive real numbers a and b. We will prove the conjecture.
V. Cîrtoaje proved the inequality (1.1) for all cases, except the cases 0 < b < 1

e
< a < 1 and

0 < a < 1
e
< b < 1. So we will prove the inequality (1.1) for these two cases.

2. MAIN RESULTS AND THE PROOFS

The logarithmic mean L(x, y) is defined for 0 < y ≤ x as

L(x, y) =
x− y

lnx− ln y
and L(x, x) = x.

Theorem 2.1. If 0 < y < x and 1 < x, then

(2.1)
xx − yx

xy − yy
>

x

y
L(x, y)x−y.

Lemma 2.2. Define f(t) = At−1
t

(A > 0, t > 0). If A > 1, then f(t) is a convex function. If
0 < A < 1, then f(t) is a concave function.

Proof. Put u = At, and f ′′(t) = u
t3
a(u), where

a(u) = (lnu)2 − 2 lnu+ 2

(
1− 1

u

)
.

It is easy to see that a(u) R 0⇔ u R 1.

In the paper [2], J. Sándor showed the convexity of f(t) for A > 1, in a more stronger form
(i.e., log-convexity).

Proof of Proposition 2.1. Put g(t) = At−Bt

t
(0 < B < 1 < A, t > 0). Since g(t) = At−1

t
−

Bt−1
t

, g(t) is a convex function. Thus,

h(t) =

(
x

L(x,y)

)t

−
(

y
L(x,y)

)t

t
is convex function. Since

lim
t→0

h(t) = h(1)(= lnx− ln y),

h(t) has a single minimum point c in (0, 1) and h(t) is strictly increasing for t > c. So h(y) <
h(x). This inequality is equivalent to (2.1).

Theorem 2.3. If 0 < y < x, then

(2.2)
x

y
L(x, y)x−y ≥ ex−y.

Proof. From the inequality ln t ≥ 1− 1
t

for all positive real numbers t,

1 + L(x, y) lnL(x, y) ≥ L(x, y).

Therefore ,

(2.3)
(
x

y

)1+L(x,y) lnL(x,y)

≥
(
x

y

)L(x,y)

.

The inequality (2.3) becomes the desired result (2.2).
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3. PROOF OF THE CONJECTURE

Proof. Without loss of generality, assume that a ≥ b. As mentioned in the introduction, we will
prove the inequality (1.1) for the case 0 < b < 1

e
< a < 1. Let x = ea and y = eb, where

0 < y < 1 < x < e. The inequality (1.1) becomes
xx − yx

xy − yy
> ex−y.

This is obvious by Theorem 2.1 and Theorem 2.3.

REFERENCES

[1] V. CÎRTOAJE, On some inequalities with power-exponential functions, J. Inequal. Pure Appl. Math.,
10(1) (2009), Art. 21. [ONLINE: http://jipam.vu.edu.au/article.php?sid=1077]

[2] J. SÁNDOR, On an inequality of Klamkin, [ONLINE: http://rgmia.org/papers/v9n1/
art27.pdf]

AJMAA, Vol. 7, No. 2, Art. 1, pp. 1-3, 2010 AJMAA

http://jipam.vu.edu.au/article.php?sid=1077
 http://rgmia.org/papers/v9n1/art27.pdf
 http://rgmia.org/papers/v9n1/art27.pdf
http://ajmaa.org

	1. Introduction
	2. Main Results and The Proofs
	3. Proof of the Conjecture
	References

