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2 A. BoccuTo ANDB. RIECAN AND A. R. SAMBUCINI

1. INTRODUCTION

In the study of probability theory, in many applications it is advisable to deal with set func-
tions, which are not necessarily additive, but satisfy other properties: for example, continuity
from below and from above for sequences of sets and "compatibility” with respect to the oper-
ations of finite suprema and infima. These functions are callesheasureg¢see([7| 12, 21]).

For example, in decision making, this is the case of the theory of intuitionistic fuzzy events
(shortly IF-events), which are pairs = (i 4, v4) of measurable functions,,v4 : Q@ — [0, 1]
such thap, +v4 < 1. For a literature about IF-sets, see [1,12,15, 6/ 12, 13, 17, 18, 19]. Another
application is the theory of joint random variables: in this context\theneasure extension the-
orem plays a crucial role in the construction of joint observables. Moreover, to consider lattice-
group or Riesz space-valued set functions allows to get applications in stochastic processes and
in probabilities depending on the time and/or on the informations of the individual.

In this paper we continue the investigation dealt with'in [4] and, starting from an extension-
type existence theorem far-measures with values irgroups, we obtain existence results in
the countably compact case fbf-measures and product 6f-measures.

2. PRELIMINARIES AND BASIC RESULTS
We begin with the following

Definition 2.1. An [-group (lattice ordered grou is said to be

(2.1.1): Dedekind complet& every nonempty subset ok, bounded from above, has
supremum ink;

(2.1.2): super Dedekind completd,it is Dedekind complete and for any nonempty set
A C R, bounded from above, there exists a countable sultsé€t A, having the same
supremum asl.

(2.1.3): A bounded double sequen¢e ;); ; in R is calledregulatoror (D)-sequencd,
for eachi € N, a;; \, 0, thatisa; ; > a, ;41 for all j € N and /\ a;; = 0.

jeN

(2.1.4): Given a sequencé,), in R, we say that(r,), (D)-convergeso an element
r € Rif there is a regulatofa; ;); ;, such that to every map & NN there corresponds
a positive integek with

o0
e =71 < \/ @i
=1

for all n > k. In this case, we writ¢ D) lim,, r,, = r or simplylim,, r, = r, since no
confusion can arise.

Definition 2.2. We say thatR is weaklyo-distributiveif, for every (D)-sequencéa, ;); ;,
/\ <\/ ai,g@(i)) =0.

Remark 2.3. Observe that in weakly-distributive [-groups(D)-convergence for sequences
coincides with order convergence. An example of a super Dedekind complete weakly
distributive I-group is the spacé’(Y, X, v), where(Y, X, ) is a measure space with o-
additive andr-finite, seel[14].

From now on, letX be a set andV be an algebra of subsets &f.
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Definition 2.4. A family A of subsets ofX is calledmonotone class the following properties
hold:

(a): U A, € Afor every non-decreasing sequertes,),, . in A,
neN
(b): ﬂ A, € Afor every non-increasing sequenge,),, . in A.
neN
Definition 2.5. A family K of subsets ofX is calledcountably compact classf, for every

sequencéC,,), of elements ok we get("] C; # ) whenevel | C; # () for anyn € N.

1€N =1
Definition 2.6. A set function\ : W — R is said to becountably compactif there is a
countably compact class with the property that for anyl € W there corresponds @)-

sequencea; ;);; such that to anyy € NN two setsB € W, ¢ € K can be found, with

BCCCAandA(A\B) < \/ a0
=1

In the sequel we will use the following fundamental results[([8, 9, 10, 20]).
Lemma 2.7. ([20], Theorem 3.2.3Let{(a§3)),-7j : n € N} be any countable family of regula-
tors. Then for each fixed element R, u > 0, there exists a regulataf; ;); ; such that, for
everyyp € NN,

uA Zl (\_/1 a§2(¢+n)> = \_{ai,w<i>-

Theorem 2.8.([11], Theorem 1.6.B)f A C P(X) is a monotone class of sets such that
(c): WCA,
then.A includes ther-algebra of subsets of o(WV) generated byV.
Lemma 2.9. ([10], Lemma 413R).et K be a countably compact class of sets. Then there is a
countably compact clags* O K suchthat UL € K£* and ﬂ K, € K*whenevers, L € K*
neN
and(K,), is a sequence ifC*.
Definition 2.10. A set functiony : W — R is called M-measurdf it satisfies the following
properties:
@I0.i): 1(0) = 0;
(2.1Q.ii): p(AU B) = pu(A) V u(B) = sup(u(A), u(B)) forall A, B € W;
(2.1Q.iii): w(AN B) = u(A) A u(B) = inf(u(A), u(B)) forany A, B € W;
(2.10.iv): p is continuousboth from below and from above, that is: 4, ~ A, (resp.
Bn \\ B), An, A (Bn, B) € W, n € N, thenu(A,) /" p(A) (u(Bn) s u(B)).
It is known that

Theorem 2.11.([4], Theorem 3.1) et R be a super Dedekind complete weakhdistributive
[-group. For every bounde®&-valued M-measureu, defined on a ring/V, there is a unique
M-measureg: defined on the-ring o (VW) generated byV, extendingu.

The line of the proof of this theorem is the following: at the first step, theneasureu is
extended tdV ", which is the class of all set$ of the type

A=U72 A, with A, CA,4, A, €W forall neN,

AIJMAA Vol. 7, No. 1, Art. 9, pp. 1-8, 2010 AJMAA


http://ajmaa.org

4 A. BoccuTo ANDB. RIECAN AND A. R. SAMBUCINI

by settingu™(A) = lim,, u(A,) (the limit exists inRk and does not depend on the choice of the
sequencéA,,),).

Successively, it is extended 1, which is the ideal generated by, by settingu*(A) =
inf{p*(B) : B € W*,B D A} for everyA € W*. Then itis proved thati := pj,,,, is an
M-measure, extending. Finally, in order to prove uniqueness, observe that,:it(VW) — R
is an M-measure which extends then it coincides withz on a monotone family containing
W, and this concludes the assertion.

We denote by: : (W) — R this extension. Observe that:
Theorem 2.12.1f 11 is countably compact, thenis countably compact too.

Proof: Let IC be the countably compact class related with countable compactngsanof
K* O K be a countably compact class associated Witltlosed with respect to finite unions
and countable intersections, existing by virtue of Lemma 2.9. Set

(21) £ = {Ae€o(W): there is a regulator (q; (4 )) ;.; such that Vo € NN

3By € a(W),Ca€K*: B4 C CaC Aand i(A\ By) < \/ o}
=1
It is enough to prove thaf satisfies Theorem 2.8. First of all, the inclusignh C £ follows
directly from the definition of countably compact measure. We now provelima monotone
class.
If (A,). is a non-decreasing sequencelinlet A = UneN A,,. Sincer is continuous from

below, there is a regulatdp;, ;); ; with the property that to every < NN there corresponds a
positive integerk with (A \ A,) < V2, bi»;) whenevem > k. By ), in correspondence

with A, Iet( a; ; )w- be the associated regulatét, € (W), C € K* be such tha3, C C}, C
A, CA and

Ak\Bk \/CL

Setcg? = 2(a§§) +b;;), 1,7 € N. The double sequencﬁe ;)ij is aregulator. We obtain:

(AN By) < R(AN\ Ap) + 7(Ag \ By) <\/ A

=1
moreover, by Lemmpa 2.7, there exist§/a)-sequencéf; ;); ; such that

(A\Bk? AZ(vcz¢z+n) S\/pr(l)

Let now (A,,), be a non increasing sequencednand setd =N, A,. In correspondence

with A, let B,,, C,,, ( a; ; )” be as m.) SeB =N, .y Bn, C=nN,.C, Thenthereis a
positive integep such that

neN

AA\B) < fi(4,\B) <\/ ¥

zgo (i+p)

and, by Lemma 2|7, there exist§ &)-sequencéy; ;); ; such that

/“_I“(Ap \ B S /\ Z (\/ az np z+n ) S \/ gi:@(i)
i=1
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MoreoverB C C' C A, B € ¢(W) andC € K*, sinceKX* is closed with respect to countable
intersections. This concludes the proof[]

3. EXISTENCE OF PRODUCT MEASURES

Let R be a super Dedekind complete weakhdistributivel-group, (X, S, ), (Y,7,v) be
two measure spaces, whe$e 7 are algebras and, v are R-valued countably compact/-
measures. We want to define the product measupeanidr. By Theorenj 2.12 there exist two
countably compact/-measureg : 0(S) — R,7: 0(7) — R, extendingu andv respectively.

Let now& be the family of theelementary set®f the type

(3.1) U (4 x By,

=1

wheren e N, A, € 0(S), B € o(T),l =1,...,n,and(4; x B)) N (As x By) = () whenever
[ # s. We prove the following:

Theorem 3.1. Let i1, v be R-valued countably compadt/-measures as above. Then there is
exactly one countably compakf-measures : 0(£) — R with

(3.2) R(Ax B)=nu(A)Av(B) forall A€ o(S),Beoa(T).

Proof: Set
k(A x B)=u(A)Av(B), A€a(S), Beo(T).
LetnowE =Ax B,F =Cx D € o(S) x o(T). We get:
K(EFEUF) = k((Ax B)U(C x D))

— K[((A\C) x B)U((ANC) x (BUD))U((C\ A) x D)|

— (A(A\C) AT(B))V (HANC) AB(BUD)) V (5(C \ A) AB(D))
— (AA\C) AB(B) V (HANC) AB(B)) v

vV (RANC) AB(D)) V (7(C\ A) AT(D))

= (A AT(B)) V ((C) AB(D)) = K(E) V x(F)

Analogously, it is possible to check that
R(ENF)=kr(E)ANk(F) foral E,F € o(S)xao(T).

If £, F € &, the analogous results follow by virtue of the distributive laws. /S0 — R can
be defined as follows:

K (U(Al X Bl)> = \/ (@A) AT(B))).

=1 =1

Now, in order to prove that is countably compact, we show that for eadhe & a (D)-
sequencec; ;); ; can be found, with the property that:

33) Ve eNV3Be&, 30 ek with BC O C Aand x(A\ B) < \/ cipn.

=1

As 1z andv are countably compact measures, there are countably compact #asseB(X ),
Ks € P(Y), with the following property: for ald € ¢(S) andB € o(7) there is a regulator
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(ai,j)i,j such thatV/QD < NN 4 F € O'(S), C e ICl, F e O'(T), D € ’CQ, with F - C C A,
FCDCB,

sup{fi(A\ £),7(B\ F)} < \/ Qi (3) -

Set now
H:{E:CXDICEKl, DGICQ}.

It is easy to see thakl is countably compact. By [10], Lemma 451H and Lenmg 2.9 there
exists a countably compact claSscontaining, and closed with respect to finite unions and
countable intersections.

Let A be any element of. There existn € N, A, € §, B, € 7,1 = 1,...,n such
that A = U, (A, x B;). Sincefq, v are countably compadt/-measures, then to=1,...,n

there correspond tWQD)-sequence(Sagfj).)i,j, (bgf})i,j andH; € Ky, G, € Ky, Ej, F; € S with
kB, C H C A, F, CG C B,

_ l
(A \ E) < \/ al)

=1

7B F) <\ 00

By Lemmd 2.7, there are two regulatdrs ;); ;, (b; ;)i ;, with

103 (Villion ) = Vi
7 =1
I A Z (\/ b ) < wa) for all ¢ € NN,

Putc, j; =a;; Vb j,4,] € N, and

~.
—_

C:CJ(HZXGl)a B = OE[XE
=1

wegetBCC CA,CeK, and

k(A\ B) = /<e<

_ \/( (ANE)AT(B) |V [\ (B(A,) AD(B,\ F))
< |\Vaan B v[\/ B\ F) <\/Cw

Countable compactness ofollows.
We now prove(2.10.iv), namely that:(A,,) \, 0 (resp.x(B,) ,/ k(B)) whenever(A,,),, is
a non-increasing sequencednwith ﬂ A, =0 (resp.B,€&,neN,B, /' B,Be€&).
neN
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Pick now arbitrarily any sequencel,,),, in £, with A,, N\, (). Sincex is countably compact
then in correspondence with each positive integar(D)-sequencéd(.’?))m- and two elements
B, € &, C, € K can be found, withB,, C C,, C A,, and

\/ dz Jo(i+n)*
Again by Lemma 2]7, there emsts(ﬁ))-sequenceédi,j)i,j with the property that

RX X YA (\/ dgf,?(m)) <V dipiiy.
n=1 \i=1 i=1

= ﬁ C;. We get

=1
ﬂDng ﬂAn:@.

neN neN
SinceKk is a countably compact class, a positive integezan be found, with

ﬁBz cD,= ﬂcz =
=1 =1

Set nowD,,

m

K(An) < K(An) =k (Am\ ﬂBl ) =K (U(Am \ Bl))

< (U Al \ Bl ) \/ /f Al \ Bl) < \/ di»@(i)
=1 1=1 =1

For eachn > m we obtain

and therlim,, x(4,) = 0.
LetnowB, € £E(neN), B, /' B,B € &. ThenB\ B, \, 0, and hence

k(B) = k((B\ Bn)UB,)=k(B\ B,V k(B,)

< k(B\ Bp)V (\/ /{(Bi)) .

i=1

Thus we get:

K(B) <lim k(B \ By) V (\/ H(BZ-)> — \/ k(B;) < K(B),

and hence:(B) = lim; x(B;). Furthermore, ifC,, \, C, thenC,, \ C \ 0
K(Cn) =k((C, \CYUC) =k(C,\ C) V K(C),

and
N\ E(Ch) = </\ K(Ch \ c>> VK(C) =0V K(C) = K(C).

n=1
Thus we proved that is an R-valued countably compadt/-measure, defined ain By Theo-
rem[2.12 there is a (unique) countably compabimeasurez, defined onr(£) and extending

k. U

AJMAA
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