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ABSTRACT. The main object of this paper is to prove several inclusion relations associated with
the(n, d) neighborhoods of various subclasses of convex functions of complex order by making
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1. INTRODUCTION

Let.A(n) denote the class of functiorf§z) of the form
(1.2) f(z)=2z— Zakﬂzkﬂ, (ag41 >0; neN:={1,2/3,...}),

which are analytic in the open unit disk
A={z:2€C, |z] <1}

Following the earlier investigations by Goodman [5] and Ruscheweyh [8],
forany f(z) € A(n) andd > 0, we define thén, §)- neighborhood off (z) by

Nn,&(f) {QGA( _Z—Zbk+12 1andZ(k+1)|ak+1—bk+1| S(g}
In particular, for the identity function
e(z) = z,
we immediately have
(1.3)  Nysle) := {g € A(n) —Z—ZkaZ +1and Z(k:+1)|bk+1| < 5}.
k=n

First of all, we say that a functiorf(z) € A(n) is said to bestarlike of complex ordery
(v € C—{0}), thatis,f € S;(v), if it satisfies the inequality

(1.4) %{1 + (Z]{;i)) 1)} >0 (z€A; yeC—{0}).

Furthermore, a functiorfi(z) € A(n) is said to beconvexof complex ordery (v € C — {0}),
thatisf(z) € C,(v), if it satisfies the inequality

2f"(2)
(1.5) 3‘%{1+ (f,()>}>0(z€A;7€(C—{O}).
The classes; () andC,(v) stem essentially from the classes of starlike and convex functions
of complex order, which were considered by Nasr and Aouf [7] and Wiatrowski [10], respec-
tively (Refer alsol[4]).

Let S,.(v, A, 3) denote the subclass of(n) consisting of functiong (=) which satisfy the
following inequality

<p

‘1 Pz?’f”’(z) +(1420)22F"(2) + 2f'(2) 1}
Y A2 f"(2) + 2f'(2)
(zeA; veC—{0}; 0<A<I1; 0<fG<).

Let R,.(7, A, 5) denote the subclass of(n) consisting of functionsf(z) which satisfy the
following inequality

2 D)+ (L 2 + 1) - 1)) < 6

(zelA; yeC—-{0}; 0<A<1, 0<pB<).
The classS, (v, A, 3) was studied by [6].
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Let A be class of functiong(z) of the form f(z) = z + >_;~, ax2" which are analytic in
the open unit disk\ = {z : |z| < 1}. For f(z) belong to.A, Salagean([9] has introduced the
following operator called the&@agean operator:

Df(z) = f(2),
D'f(z) = =f(2),
D"f(z) = D(D"'f(2)) (neN:={1,2,3,...}).

Note that
D"f(z) =2+ Zk”akzk, n € No=NuU{0}.
k=2
Now we can write the following equalities for the functiofis:) belong to the classl(n).
Df(z) = f(2),
Df(z) = 2f'(2)=2— D (k+ a2,

Df(z) = =D(Df(2) = 2 — S (k+ 1are 2,
D%f(z) = D(DY'f(2) =2~ i(l{: + 1)%a541 25 (Q € NU{0}).

Finally, in the terms of the &agean operator, 18, (v, A, 3, 2) denote the subclass of(n)
consisting of functiong (=) which satisfy the inequality

(1.6) ‘ ! [AD”+3f<z> + (1= N)D¥2f(2)

v [AD2f(2) + (1 — \)DLf(z) 1} ‘ <0

(zeA; yeC—{0}; 0<A<1; 0<pG<1; Qe NuU{0}).
Also, let R, (v, A, 3,2) denote the subclass of(n) consisting off(z) which satisfy the in-
equality

1
(1.7) 5 XD f(2)) + (1= MN(D* f(2)) = 1]| < B,
(zeA; yeC—{0}; 0<A<1; 0<pfG<1; Qe NuU{0}).
Clearly, in these cases of the cl&g~, 0, 1,0) we have the following relationship:
Sn(7,0,1,0) C Co(y), (neN,yveC—{0}).

The main object of the present paper is to investigatéth&)-neighborhoods of the follow-
ing subclasses,, (v, A, 5,Q) andR,,(v, A, 3, §2) of A(n).See also the earlier works [1,2, 3].
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2. INCLUSION RELATIONS INVOLVING THE (n,d)-NEIGHBORHOOD N, 5(e)

In our investigation of the inclusion relations involvifig, ¢)- neighborhood, we shall require
the following lemmas.

Lemma 2.1. Let the functionf(z) € A(n) be defined by[ (1}1), thefi(z) is in the class
Sn(v, A, 3, Q) if and only if

o0

(2.1) > (k+ )Pk + 1)(k + By aka < Bl
k=n

Proof. We suppose that(z) € S,(7, A, 3,€). Then by appealing the conditign (IL.6) we get,
AD3f(2) + (1= N) D2 f(2)

22) e S F s e R Sl

That is,

2.3) R { = Uk + D% (A + Daj 28!

2= Y pen (b + DT + D)ag 27
Now choose the values ofon the real axis and let— 1~ through real values. Then inequality
(2.3) immediately yields the desired conditipn (2.1).
Conversely, by applying the hypothesgis {2.1) and letfing= 1, we find that
ADHf(2) + (1= \) D2 f(2)
ADO2f(z) + (1= A) DO f(2)
Sooe (k4 D) (A + 1ag2M
2= 00 (k4 1) (k4 1)agr 21
Blyl {1 = 20k + D*F Ak + Dagsa f
- 1= 3702, (k4 D)2 (Ak + 1)ags
= Bhl-
Hence, by maximum modulus theorem, we hgye) € S, (v, A, 5, ?), which evidently com-

pletes the proof of Lemmnja 2.1.
Similarly, we can prove the following result.

Lemma 2.2. Let the functionf(z) € .A(n) be defined by[ (1]1), thefi(z) is in the class
R.(7, A, 5, Q) if and only if

}> “Bhl. (zeA)

-1

(2.4) Dk + D2k + Dags < Blyl.
k=n

Theorem 2.3. Let

(2.5) 5= clil (hl < 1),

(n+1)%(An +1)(n + G]7])
thenS,, (v, A, 3,82) C N,s(e).
Proof. For f(z) € S,(v, A, 5,Q), Lemmd 2.]l immediately yields

o0

(n+ D)™ An+ 1)(n+ 61y Y aesr < Bl

k=n
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so that

i Bl
(2.6) ;akﬂ < (n+ D) A+ 1)(n+6]])

On the other hand, we also find from (2.1) and](2.6) that

oo

Y kDR + Dk + Bk < Bl

k=n

S Sk DOk )k 41— 14 BhDas < B
k=n

= (n+ D™ O+ 1) (k+ Dagn
k=n

< B+ A =B+ D) An+1))  ar
k=n

< b+ A=A+ DM On+ D 1)9H<A7ﬁﬁ| 1)(n+ 1)

Ahl  _ (n+ 18|

= B+ =BhD 5 = = an
Thus
o0 Bl _
;(k%— Dagsr < (n+1)2A\n+1)(n+ G]Y]) =0

which, in view of [1.8) proves Theorem 2.3.
Similarly, by applying Lemma 2]2 instead of Lemfna]2.1. We can prove the following.

Theorem 2.4. Let
_ il
(n+ 1) (An+1)

thenR,.(v, A\, 5,Q) C N, s(e).

3. NEIGHBORHOOD PROPERTIES FOR THE FUNCTION CLASSES S,(l“)(y, A, 3,£2) AND
R (1,0, 8,9)
In this section, we determine the neighborhood for each of the classes
Sy, A 8,9Q) and R (v, ), 3,9Q),
which we define as follows. A functiofi(z) € .A(n) is said to be in the class${™ (y, A, 3, Q)
if there exists a functiog(z) € S, (v, A, 4, 2) such that

(3.1) fég; 1‘<1—0z, (zeA0<a<l).

Analogously, a functiorf(z) € A(n) is said to be in the clasg® (7, A\, B3, Q) if there exists a
functiong(z) € R, (7, X, 3, ) such that inequality (3]1) holds true.
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Theorem 3.1.1f g(z) € S,.(7, A\, 5,92) and

Sn+1)%An+1)(n+ 6Y])
(n+ 1D (An + 1) (n+ Bly]) — Bl

a=1-—
then
Nos(g) € S, A\, B,9Q).
Proof. Assuming thatf(z) € N, s(g). We find from the definitior] (1]2) that

o0

Z(k + 1)]ag1 — brya| <6,
k=n
which readily implies the coefficient inequality
= o
(3.2) ; |aki1 — b1 < —— (n € N).
Next, sincey(z) € S,(7, A, 3,9), we have from equatiof (3.6)
- B
3.3 b < ,
&) ; S i+ DO On e+ D (n+ Bly))
so that
‘f(z) _ 1‘ - D e g1 = by
9(2) 1= 3202, b
< o 1
(n+ 1)+ (Ant1) (n+81])

B S(n+ 1D)%A\n+1)(n+ 6Y]) C1—g
(n+ 1)1 (An +1)(n + Fly]) = B ’
which completes the proof of Theor¢m|3.1.
The proof of Theorern 3|2 is similar to that of Theorlen 3.1, and hence the details are omitted.

Theorem 3.2.1f g(2) € R,.(7, A, 3,2) and
S(n+ 1) (n +1)
(n+1)%2(An+1) = Bly|’

a=1-—

then
Nn,(S(g) C Rgza) (77 /\7 57 Q)
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