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ABSTRACT. We define a new subclass of uniformly convex functions with negative and fixed
second coefficients defined by convolution. The main object of this paper is to obtain coefficient
estimates distortion bounds, closure theorems and extreme points for functions belong to this
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1. INTRODUCTION

Let .4 denote the family of functions
(1.1) f(z) = z+Zanz”
n=2

which are analytic and univalent in the open unit dise= {z : |z| < 1}. Afunction f € Ais
said to be starlike of of order, 0 < « < 1in A, written asf € S*(«a), if Relzf'(2)/f(2)] > «
in A. Afunction f € Ais said to be convex of order 0 < «a < 1in A, writtenasf € C(«),
ifand only if zf" € S*(«) in A. The clas$/ ST («, (3) is defined as the class of functiofiss .4
satisfying the inequality

0o el

We note thatfog > 1,if f € UST(«, 5) thenz f'(z)/ f(z) liesin the regiorG=G (a, 5)={w :
Re(w) > Blw—1|+a}, thatis, part of the complex plane which contains- 1 and is bounded
by the ellipsgu — (3> —a) /(3> — 1))+ (5% /(5* —1))v? = B*(1 —a)? /(ﬁ2 1)2 with vertices
atthe pointg (6+a)/(6+1),0), (5—a)/(8—1),0), (3 — ) /(5* ~ 1), (a— 1))/
and((5*—a)/(8°~1), (~a-+1)/y/#” — 1). Sincea < (B+a)/(8+1) < 1 < (ﬁ )/(ﬁ 1),
we haveG C {w: Re(w) > a} and soU(a, f)CS*(«). Forg = 1if f € UST(«, 1), then
zf'/ f covers the region which contaims= 2 and is bounded by the parabala= (v* + 1 —
a?)/2(1 — «). Using the relation between convex and starlike functions, we defiti€ («, 3)
as the class of functiong € A if and only if zf' € UST(«, ). Ronning [8] investigated the
classUCV («, 1) of uniformly convex functions of ordes, but the clas$/C'V (0,1)=UCV
of uniformly convex functions was first defined by Goodmalri [3, 4]. See also Rorining [7] and
Shams et al/ [11].

1',Vz€A,O§a<1,620.

Let the functionsb(z) = z + Z A2 and¥(z) = z + E w,z" be analytic inA, where

An >, >0. Murugusundaramoorthy and Jahandiri [6] deflned the dlass, ¥, o, 3) to be
the class of functiong € A satisfying the conditionsf *« V)(z) # 0 and

(1.3) Re {;i } 6‘——1

NVzeA —1<a<l1, >0

We further, letUT'(®, ¥, « ﬁ)z (®,V, a, B) N T whereT consists of functiong € .A which
are of the formf(z) = 2 — Z a,z", (a, > 0). The classl’ was introduced and studied by
Silverman [12]. Here in thls note the operateb gtands for the convolution of two power

seriesf(z) = z+ 2232 a,z" andg(z) = z=+ Z::Q b,z" defined by(f * ¢)(2) = f(2) x g(z) =

24 > apbyz™.

n=2

The familiesU (¢, ¥, «, 5) andUT (P, ¥, «, 3) are comprehensive classes consisting of vari-
ous well-know classes of analytic functions as well as many new ones. For example, for suitable
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choices ofd, ¥, o, and3 we obtain

z z
U 0
((1—2)27 1—2’057 )
z—|—22 z
v ((1—z>3’ <1—z>2’0"0)

U<(ifjg’(1_zz)27a,ﬁ> = UCT(a,p)

I
nn

*
£

i
Q
2

In the present investigation, we introduce a new cldg$(®, ¥, «,5) 0 < b < 1, with
negative and fixed second coefficient. The main object of this paper is to obtain sufficient con-
ditions for the functiong’ € UT,(®, ¥, a, 3). Furthermore we obtain extreme points, distortion
bounds and closure properties foe UT,(®, ¥, a, 3). We need the following theorem for our
investigation established by Murugusundaramoorthy and Jahéangiri [6] .

Theorem 1. A necessary and sufficient condition f6iz) of the form[(1.B) to be in the class
Ure,v,a,8), —-1<a<l1, (>0isthat

e}

(1.4) ST+ BN — (a+ B, an < 1—a
n=2
Corollary 1. Let the functionf defined by[(1]3) be in the cla&&'(®, U, «, 3). Then
(1-a)

TS A (o) R TIEAS R0

Remark. In view of Theorenf[l, we can see thAtz) of the form [1.) is in the class
UT(®,V,a, ) then,
1-a)
a9 — .
1+ 5 — (a+ B

By fixing the second coefficient, we introduce a new subdlég3®, ¥, o, 5) of UT (P, ¥, o, 3)
and obtain the following theorems.

Let UT,(®, ¥, o, 5) denote the class of functiorfsin UT(®, ¥, «, 3) and of the form
b(1 — ) S

(1.6) flz)=2z— (1—1*5)/\2—(044‘5),&22 - a,2"(a, >0,0<b<1).

(1.5)

n=3
2. THE CLASSUTy(®,V, «, )

Theorem 2. Let the functionf(z) be defined by (1]6). Thehe UT,(®, ¥, «, ) if and only if

o0

(2.1) D I+ B — (@ + B)p,) an < (1=b)(1 - ),

n=3

—1<a<1,6>0.

Proof. Substituting
(1-a)

(1+B)A2 — (a+ B)ps

a9 = ,OSbSl
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in (I.6) and simple computation leads to the desired regult.

Corollary 2. Let the functionf defined by{(116) be in the clas&,(®, ¥, o, 3). Then

(1 —a)(1-05)
< (1+ﬁ)/\2—(a+ﬁ)u2’nz3’_l§a<1’ﬁ>0'

Theorem 3. The clasd/T,(®, ¥, «, 3) is closed under convex linear combination.

(2.2)

Proof. Let the functionf be defined by{(1]6) ang( =) defined by

B (1—a)b
(2.3) g(z) =z — 05— (ot Zd 2"

whered,, > 0and0 < b < 1.

Assuming thatf(z) andg(z) are in the clas§/T,(®, ¥, a, 3), it is sufficient to prove that the
function H(z) defined by

(2.4) H(z) = pf(2) + (1= p)g(2), (0 <p<1)
is also in the clas& T,(®, ¥, «, 3).
Since
(1 —a)b
(2.5) H(z)=2z— Z{,uan w)d, =",

(1+B8)A2 — (a+ B)p

a, > 0,d, > 0,0 <b <1, we observe that,

o0

(2.6) > m(l — it (1= ) < (1 - B)(1 - a)

A2 — (o + B) g

which is in view of Theorem|2, again, implies thdt e UT,(®, ¥, «, ) which completes the
proof of the Theorern|3s

Theorem 4. Let the functions

B (1 —a)b > n '
(2.7) fi(z)=2z— T (o ﬁ)u222 — nzzzan,jz an; >0

be in the clas®/T,(®, ¥, «, 3) for everyj (j = 1,2,...m). Then the functior¥'(z) defined by
(2.8) F(2)=) n;f;(2)
j=1

is also in the clas$/T,(®, ¥, «, 3), where

(2.9) an =1.

j=1

Proof. Combining the definitionsg (2.7) and (2.8), further py {2.9) we have

(I —a)b
(2.10) F(z)=2z-— 05 e — (ot B Z <Z 77]“119)
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Sincef;(z) € UT,(®, ¥, a, ) for everyj = 1,2,...,m, Theoren] P yields

e}

(2.11) LA+ B = (@ + B)u,) any < (1=b)(1 - a),
n=3
forj =1,2,...,m. Thus we obtain

n=3

i [(L+ B)An = (o + B) ] (Z 77jan7j>

Jj=1

— Z n; (Z[(l + B)An — (a+ B)un]an,j>

n=3

in view of Theoreni . Sal’ € UT,(®, ¥, «, 3). B

Theorem 5. Let

L b(1 —a) 2
(2.12) 2 = = N, e
and
B (T B (¢ 7 R
(2.13) fn(2) = (1+B8)h — (a+ sl - [T+ B)A, — (a+ B)p,)]

forn =3,4,.... Thenf isin the clasd/7,(®, ¥, a, B) if and only if it can be expressed in the
form

(2.14) F(2) =) onfal2),

whereos,, > 0and > o, = 1.

n=2

Proof. We suppose that(z) can be expressed frofn (2]14). Then we have

L b(1 — B) 22_000 (L—-b{ —0) z"
f(z) = (14 B)Aa — (o + ) o] ; "+ BN = (o + 8]
(2.15) = z-— i Anz",
where
B b(1 — )
(2.16) L= 0T e — (a1 B
and
(2.17) (1= =a) n=34,...

A = O T N — (@t B’
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Therefore,
DI+ BA = (@+ B JAn = b(1—=B)+ > on(1=b)(1-7)
= (1=p)b+(1—02)(1-0)]
(2.18) < (1-a),

and it follows from Theorer|1 and Theoréth 2js in the clasd/T,(®, ¥, «, 3). Conversely,
we suppose thaf(z) defined by|[(1.6) is in the clad$T,(®, ¥, «, 5). Then by using[(2]2), we
get

(1-0b)(1—-a)

(229 " E T - ar A "2
Setting
A+ BN = (a+ B)u,,]
(2.20) o, = 1-0(1—a) ap, (n > 3)
and
(2.21) =1-3 e
n=3

we have[(2.14). This completes the proof of Theofé¢rm 6.

Corollary 3. The extreme points of the cla8g}, (P, ¥, o, 3) are functionsf,,(z), n > 3 given
by Theorem|6.

3. DISTORTION THEOREMS

In order to obtain distortion bounds for functigh € UT,(®, ¥, «, ) first we prove the
following lemmas.

Lemma 1. Let the functionf;(z) be defined by

 ima) L, a-Bi-a)
e ()5 Ve Aoy Y G Iy Wy oy
Then,for0 <r < land0 <b <1,

, b(1 —a) (1-0)(1—a)
3.2 re')| >r — r? — r3
A A (T W Ay A s W) Wy e
with equality ford = 0. For either0 < b < by and0 < r <rgorby, <b <1,

i b(1 —a) 2 (1-0)(1—q) 3
B3 NS o, T e e (% 0% — (a+ A
with equality ford = 7, where
by = ﬁ{— A+ B8)As — (a+ B)ps] +4[(1 + B)Ae — (a + B)ps) — (1 = a)}
+ ({[(1+B)As — (a+ B)us] + 4[(1+ B)da — (a + B)po) — (1 — )} —

(3.4) 16(1 — a)[(1+ B)Ag — (a + ﬂ)ug])l/z
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and
1
m::bu_mu_aﬁ—%bwﬂu+ﬁnr%a+mM}
HAL =02 {1+ B)Ae — (e + By} +
(3.5) B*(1 = b)(1 — @)[(1+ B)As — (o + B)ps) /.

Proof. We employ the technique as used by Silverman and Sllvia [13]. Since
O f(re®) | b . 4(1-0)
o0 (I+B)A—(a+ By (14 B)As — (a+ By
b(1 —b)(1 — )

(3.6) - [(1+8)Xa — (a + B)s] (1 + B)[As — (a0 + 3) 5] }

r cos

= 2(1—a)r’ Sin@{

we can see that

Ol fs(re?)”

og

(3.7)

for 6, =0, 6, = 7, and
- - 2 — 0 —
(3.8) 0, = cos-! (b[(l b)(1 — a)r® —b[(1 + B)As — (o + 5)%])
Ar(1 = b)[(1 + B)As — (@ + B) o)
sinceds is valid root only when-1 < cosfs; < 1. Hence we have a third root if and only if

ro <r < land0 < b < by. Thus the results of the theorem follow from comparing the extremal
values| f3(rei?*)|, k = 1,2, 3 on the appropriate intervals.

Lemma 2. Let the functiong,,(z) be defined by (2.13) and> 4. Then
(3.9) [falre)| < [fa(=)]-

Proof. Since

f(Z):Z— b(l_ﬁ) 2’2— (1_b)<1_5) P
" (2+k—06)(1+A) n(L+ k) — (k+3)](1+n\—\)

n

. . .
and— is a decreasing function of we have
n

§ b1 — a) . 0-hi-a)
el S T N, — (et Bl [+ D — (@ + B
= —fa(—7)
which shows[(3]9)r

Theorem 6. Let the functionf(z) defined by[(1]6) belongs to the cldsg},(®, ¥, «, 3), then
for0 <r <1,

it N b(1 —a) 2 (1-b1—-a) 3
@10 e = e~ (at Al A+ A — (@t Dl
with equality forf3(z) atz = r, and
(3.11) [f(re”)] < max{max|f5(re”)], = fa(=r)},

Whel‘emgtx | f3(re?)] is given by Lemmﬁ 1.
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Proof. The proof of Theorerp|6, is obtained by comparing the bounds of LEmhma 1, and Lemma
2 n

Remark: Takingb = 1in Theorenj B, we obtain the following result.

Corollary 4. Let the functionf(z) defined by[(116) be in the clagl;(®, ¥, «, 3). Then for
|z| = r < 1, we have

(1—a) 2 (1—0a) 2
3.12 r— re <|f(2) <r+ r
(812 @+ et Bl = ST g, = v Bl
Lemma 3. Let the functionfs(z) be defined by (3]1). Then, for< r < 1,and0 < b < 1,

100 _ 2b(1 — @) - 31-0b)(1 —a) 2
L Uk 1wy Wy vy Ll G ey oy proray v

with equality for = 0. For either0 < b < b;and0 <r <r;orb; <b <1,

4 2b(1 — ) 3(1-0)(1—«)
3.14 ' (ret? <1+ r— r2
I A LU o5 Wy ey 7 LAl (RIS Wy e v

with equality ford = =, where
b= gy {0 AN = (o B] = 61+ A)da = (o B] = 3(1 = )]
H([(1+ B)As — (@ + B)pg] — 6[(1+ B)A2 — (a + B)pg] — 3(1 — @))” +
(3.15)  72(1— a)[(1 + B)As — (a+ B)uy)}'/?}

and
1
SR gt G Rl RN RCR GRS
+[9(L = b)*[(L+ B)As — (a+ B)o)® +
(3.16) 36%(1 — b)(1 — ) [(1 + B)As — (o + B)us]] /).

Proof. The proof of Lemma@]3, is much akin to the proof of Lenjma 3.
Theorem 7. Let the functionf(z) defined by[(1]6) belongs to the cldsg},(®, ¥, «, 3), then
for0 <r <1,
, 2b(1 — a) 3(1—0b)(1—a)
3.17 "(re)| > 1 — r— 2
G e 2 g —a+ Bl 0+ A — (@ + A

with equality forf}(z) atz = r, and
(3.18) [f(re”)] < max{max |f5(re"")|, = fi(=r)},

wheremax | fi(re?)| is given by Lemmﬁ 3.

Remark: Puttingb = 1 in Theorenj |7, we obtain the following result.

Corollary 5. Let the functionf(z) defined by[(116) be in the clag&l,(®, ¥, «, 3). Then for
|z| =r < 1, we have
2(1-p)

2(1 - B)
[T+ B — (a+ Bl

(3.19) 1— [(1+ B)Xs — (o + B)s]

rffie) <1+
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4. THE CLASS UT}, (P, ¥, v, 3)

Instead of fixing just the second coefficient, we can fix finitely many coefficients. Let
UTy, m(®, ¥, a, B) denote the class of functions 87}, (P, ¥, «, 3) of the form

k

B bn(1— )
(4.1) f(z)—z—;[(lJrﬁ))\s_(a_i_ﬂu?’ Z an2",

n=m-+1

where0 < > b, = b < 1. Note thatUT, (P, ¥, o, ) = UT, (P, ¥, o, B).

n=2
Theorem 8. The extreme points of the claSs, ,..(k, A, 5) are

=z — Y bll = 04) &
fe(z) = ; [(1+ B\ — (a+ B)p,]

n

and
B i bo(1 — ) o = (1-b)(1—p) n
= ; 1+73) )\ — (o + B)p,,] n;ﬂ (1 +8)An — (a0 + B) )

The details of the proof are omitted. Since the characterization of the extreme points enables
us to solve the standard extremal problems in the same manner as was dothg darl, o, 3).
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