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ABSTRACT. Since 1907, the famous Jensen'’s inequality has been refined in different manners.
In our paper, we refine it applying superquadratic functions and separations of domains for con-
vex functions.

There are convex functions which are not superquadratic and superquadratic functions which
are not convex.

For superquadratic functions which are not convex we get inequalities analogue to inequalities
satisfied by convex functions.

For superquadratic functions which are convex (including many useful functions) we get re-
finements of Jensen’s inequality and its extensions.
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2 S. ABRAMOVICH AND B. IVANKOVI C AND J. PECARIC

1. INTRODUCTION

In this paper we refine results derived from Jensen’s inequality and its extensions both for
superquadratic and for convex functions. This type of inequalities appear also in 7], [10] and
[12].

We start with definitions, notations and theorems which we use in the sequel.

Definition 1.1. A function f : [0, +00) — R is called superquadratic if
Ve e Rt 3C(z),
such that
(1.1) Vy e RT = f(y) — f(z) = f(ly —z|) = Cz)(y — ).
One of the equivalent definition for a convex function is:
Definition 1.2. Let [a,b] C Randf : [a,b] — R. If Vz € [a, b], 3C(x) such that

(1.2) Yy € la,b] = f(y) — f(z) = C(z)(y — ),

then f is a convex function.

From these two definitions, it is obvious that every nonnegative superquadratic function is
convex.
Jensen’s inequality says: Suppose ttias a convex subset of a linear spatke and f is a

convex function orV. If py,...,p, € [0,1], Zpi = landzy,...,x, € U, then

(1.3) f (Zpﬂ&) < Zpif(ifi)-

In [1] the authors refined Jensen inequality using superquadratic functions as follows:

Theorem 1.1.Let f (x) be a superquadratic function and let > 0, a, > 0, for everyk =

L...,n. 1Y >0, then

k=1
Notation . We denote/,, asI, = {1,...,n} andP, asP, = Y p;forp; € R,i=1,...n

Suston- S s (i) B (-

Equality holds in the Iast mequallty whef(x) = 22, 7, € R, a, > 0.
The index set functiod” (1) is defined as (see [13, p.87]):

21 44T,
Z] 145

Notation . Let f : U — R be a function defined on a convex subBein a linear real space.
The index set functiod’(I) for any finite/ C N is:

1
(1.4) F(I) =P f (E Z aﬂi) - Z a; f(;),
el el
whereP; =3, ; a;, a; € R, andz; € U such thatpil i ait; € U.

In [13, p. 87, Theorem 3.14], the authors proved a theorem which considers the nondecreas-
ing and nonincreasing features©B{!).
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Theorem 1.2. Let f : U —R be a convex function andl, JCN such that/ N J = 0. If
P],PJ > 0, then

(1.5) F(IUJ) < F(I)+ F(J)

In the caseP; - P; < 0, the inequality is reversed, when we assume that all the expressions are
computable.

An immediate consequence pf ([L.5) is the next corollary given in [13, p. 87, Corollary 3.15].

Corollary 1.3. Let f : U —R be a convex function.
@lfa; >0 (i=1,...,n)andy = {1,...,k}, then

and

a.7) F(I,) < min {(ai +aj)f (M) —a;f(z;) — ajf(mj)} .

— 1<i<j<n a; + a;

(b)Ifa; >0,a; <0,i=2,...,nand P, > 0, then the reverse of the inequalities|in (1.6) are
valid and

F(I,) > max {(al +a)f (M) — arf(z1) +ajf(xj)}-

T 1<j<n ai + a;

In [6] the authors obtained results as consequences of Th¢orem 1.2 by separating the index
setl, for a; > 0. The next corollary is somewhat modified from Corollary 2.1in [6].

Corollary 1.4. Let f : U — R be a convex function on the convex sulésetf the linear space

M,z; €U,pi>0,i€l,={1,... n}with) p=1.1fIC I, then:

i=1

;sz(ﬂiz) —f (;%%) > ;pzf(ﬂfz) - Prf (E%Iﬂ%) > 0.

aA
The nextlemma is an immediate consequence of the Cor@ry 1.4 by ch@os'm#.
i=1 %

Lemma 1.5. Let f : U — R be a convex function on the convex suligetf the linear space
M,z,€eU,a; > (),2'6 I, = {1,...,”}.2?:10@ > 0 and Eielai >0 If - In,then:

- - Zr‘; QaiT; > 1 AT

aif(xi) — ) ai-f <—Zn > aif(x) =Y a- f | ZELE) >0
; zz:; 2 i1 i ; ; D ier i

In [6, Theorem 2.1] the authors proved:

Theorem 1.6.Let f : ¢ — R be a convex function on the convex subSebf the lin-
ear spaceM, x; € C,p; > 0,7 € I, = {1,.,n},n > 3with> " p, = 1. If [ =
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{I C IL,,I# I,,|I| > 2}, then:

f <szfﬂz> < min | Prf (Zl%f)lxz) + > pif ()
=1

i€l \I
< pr( zelpl Z)+(2n_l_n)zp7,f(xz)
ICI, i=1
D icr Piti
< max Prf (T + gz\[pif (i)

< sz‘f (i)
=1
In [3, Theorem 1] it was proved that:

Theorem 1.7.Let F' (z4, ..., z,) be a complex function in variables and let
|F (21, .., z0)| < |F (|21 5 e |20])] -

Let also|F (x4, ..., z,,)| be a concave function fdry, ..., z,) € R™If f;(t),i=1,...,n, w(t)
are complex functions of real variables, afid (¢) , w (¢) are integrable onla, b], then

/acw () F (fL (t), s fo (t))dt‘

b (@ Al [ @) fu0)]de
+/c w (t)| dt ‘F( Pt ’dt f‘w ‘dt )

is a decreasing function in, a < ¢ < b. Analogous results for the discrete case are obvious.

Ae) =

The following Corollary] 1.B appears inl[9, Corollary 2]. It is also an immediate result of
Theorenj 1.6 and of the analogous discrete case of Théorém 1.7 by using the convgxitydof

by replacingr, by x;, — 2?21 %

Corollary 1.8. Let f be a convex function dR andp; > 0. Then for every nonempty subset of
I C I,, we have

(18) > S <a:k -y pﬁl‘)
k=1 i=1 "

Pr zmz i i L i L
> Pif FI Z p p Lp p _ p
" el iel iel I
> F.f(0),

wherel = I,,/1.
We need also the following notations:

Notation . For a functionf (x) defined orR*, =, > 0, a > 0, k € I,, and for everyl C I,
we denote:

T > jer T

el
(19) A[ = akf ( — == -
AIJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AIJMAA
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(1.10) Ap=) af (

k=1
and

x x; +x T T: 4+ T
1.11 Ny (i,7) = a; o J , Li A j
(1.11) 2 (i) f( aiw)mjf(a] aiﬂj)

fori<i:<j<n.

The next notations are analogue to those given in Nothtion .

Notation . For a functionf (z) defined orR, x;, > 0, a;, > 0, k € I,,, and for everyl C [,, we
denote:

(1.12) dr =Y af (Z—:) - (Z ak) / %ZZ

kel kel kel
and
n x n Z Tk
(1.13) dy = anf (—’“) - (Zr”ak> | E
k=1 @k k=1 S ag
k=1

Note thatd; = —F'(I) from ), after the change of variables — *= k € I,,.
Therefore it is clear from Theorem 1.2, Corollary|1.3 and Coro 1.4 that:

Corollary 1.9. Suppose : R — R is a convex function. If C J C [,,, andz; > 0, ax > 0,
k € 1, then

(1.14) 0

and in particular

PR {aif(g)+ajf<ﬁ>_<ai+aj>f (“x)}

T 1<i<j<n a; a; a; + a;

IA

dr <d; <d,

We get the following proposition from Theor.l by replacingvith 7 andx;, with 2.

Proposition 1.10.Let f (x) be a superquadratic function and lef > 0. If ax >0, k € I,
then for everyl C I,

(1.15) dy > Ay
In particular
(1.16) d, > A,

Example 1.11.1t is easy to verify thatf () = P for everyp > 2 are superquadratic, and
especiallyf (z) = z? is superquadratic. In cage= 2, (1.16) is satisfied with equality, for
z; €ER andai > 0,2 e l,, Z?:l a; > 0.
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The following inequalities were discussed|in [4, Theorem 2] for convex functions ahd in [2,
Theorem 4 and Theorem 5] for convex and superquadratic functions. Here we quote the part of
those theorems used for our refinements:

Theorem 1.12.Leta = (ay,...,a,) , where 0 < 3% a; <1, i=1,..n, >! a; =1, and
b=(br,.ibn), 0< 3 by <1, i=1..,n—1 3" b=1anda+# b Denote

(1.17) m; = 2 Yo om= —ZZ:’“ Y= 1.m,
Z;’:l bj Zj=i+1 bj

and

(1.18) m* = min {m;,m;},

1<i<n

If © = (x1,...,x,) iSany increasing n-tuple i, whereT" is an interval inR, then

(1.19) Zal ;) (Z a@) —m* <Z bif (z;) — f (Z blwz>> >0

where f : T — R is a convex function on the interval

If f(x) be a nonnegative superquadratic function (and therefore also convéX)wdrere
T'is [0, a] or [0, 00) , then

(1.20) Z a; f (z;) (Z alzcl> —m* (Z bif (z;) — f (Z bZ.TZ))
>oicy (@i —mby) |z — 300 ajx;

n

+m* 300 (@i — b;) @

2. RESULTS

Our main results is obtained in Theorém|2.1. For superquadratic functions we in (2.1)
an inequality analogue to inequalify (I} 14) which holds for convex functions. For nonnegative
superquadratic functions (which are therefore also convex) we get in (2.1), (2.2) and (2.3) re-
finements of{(1.1}4). All the other theorems and examples in this paper follow from this theorem

Theorem 2.1. Letx, > 0,p, >0, k=1,...,n,I C I, andI = I,,/1.

a. If f(z) is superquadratic ofiR*, then
u T Z; u X
: > D =
(2.1) dn_dI+Pff<A Iz PI>+ZpZ ( an)
J=1 iel J=1
b. If f(z) is also nonnegative oR* then
Pr Py L L
2.2 dy >dr+ Prf | £ prl LN 2 N
@2)  dizd+Pf (G- || A 5 R |
i€l iel iel i€l
and forn > 2
(2.3) d, > max (A7) > mazx Ay (i,]).

ICI, 1<i<j<n
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Proof. The identity

@9 2 pif (@) = Paf ( p}xi) - (me(:m) pf (ZP#))

il

« ot s (B) - np ($5),

i€l

and the inequality

(25) Zpl xl P f (Zze] Z%%) <Z pl> f ( p]»;’h)

i€l

n

LjiDj Di%; - D;Z;
> (S - e - 3%,
Jj=1 el icl Jj=1

which results from Theorefm 1.1, ds [0, 00) — R is a superquadratic function, leads to:

2 szf(xz) — B (Z pJfZ) N (szf(l'z) — P f (E%Ipw?)

el
- Tipj 1pz “ TP
i=1 i€l i€l j=1
Replacing m)nk by 0k, k =1,...,n we get ).
If fis also nonnegatlve 0R+, thenf (x) is also convex forr > 0 and f(0) = f'(0) =0
(seel[1]). Defining
i)

n
_E:%
=1

[ (@) = f(lxl),

we get thatf* is convex and symmetric dR. Hence

- DX piZ;
2.5 "X p, >+Zpif<f”
=1 el
. p]x] Di%; = Py
_ pr (z -y ) LY s (-Z—p )

i€l

(2.7) Prf (

> PI.f (Z b szxz> —|—Pf szxz pjx]

iel iel
The last inequality follows from the convexity ¢f.
As
- P;T; pik; Pr Pﬂ?z pix;
2.8 - — _
( ) Z - 1 Pn - PI
el icl el
pzxz p]x] I pzl‘z i
2.9 E _
@9) >h )
i€l iel

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AJMAA
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from (2.6), (2.7).[(2.B)[(2]9), the symmetry f and fromf* = f for x > 0 we get that

@10 ) pfw) =P (Z p}xi> - (me(as,-) - P (—Zlgpx»
=1 =1 " i€l 1

T DiZ; PiZ; Py PiZ; PiZ;
2 P, -2 Py A B, 2 P, -2 Py

el ie? el ’L’EY

> Pif

el

Replacing in)c;C >0by sk >0,k=1,..nleads to).
The functionf is positive, therefore, from (2.1),, > d;. Becausef (z) is superquadratic

dr > Ay.

As d,, is not changed under any permutation of indices, we get[that (2.3) holds, hence the proof
of the theorem is completeq.

Remark 2.1. From Corollary 1.B and Theoreim 1.1, for nonnegative superquadratic functions
(which are therefore convex and satigfy0) = f’ (0) = 0), the same reasoning which leads to

(2.10), leads also to

(2.11) Zpif(xi) —Pf (Z p;f"

- . PiZ;
> zpkf(xk-zp )
k=1 i=1 "
> Pf i sz‘% _Zpixi 4+ Pf ﬁ Zpixi _ PiZq
- U\Rl& R &2n "\P|l=P &R
el i€l i€l iel
> P,f(0)=0.

Comparing|(2.10) andl (2.111) we realize that none of these inequalities is necessarily stronger
than the other.
From [2.11) we get also that

(2.12)

-  Dii
> onso s (L5
i=1 =1
Y — Pilli

> zpkf<xk—z 3 )
k=1 i=1 "~ "

> max{ P f Pr Z PiTi Z piti| | pf Pr Zpixi NP

el icl icl el

> P.f(0)=0.
Again, Inequality[(2.10) is not necessarily stronger thhan {2.12).

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AJMAA
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But note that[(2.1]0) gives a stronger result than the following inequality derived (2.11):
- - DiZ;i
if (13) — P
st (S5

T Pii Pii Pr Pii Pi;
— Pf| =L —
POE B | R P S i B
el i€l iel el
Example 2.2. A special case of (2|3) in Theordm P.1 f6(z) = «*, p = 2, appears in[11,
Theorem 3]. As mentioned in Example 1.1lz) = 2 is superquadratic and satisfiés (1.16)
with equality for everyr € R (not only forz € R™).

> Pif

s

The following examples show that in some cage® A, is better thenl,, > | maz A (i, 7),
<1<psn

and in other casesd,, > | maz A, (i, 7) is better thani,, > A,,.
<i<gsn
Example 2.3.Letn =3, f(z) =aP,p=3,21 = 1,29 = 23 =2, a1 = ay = a3 = 1 then

Az > mazxs (i, 7),

1<i<j<3

and hence in this case, inequality > Agj, is better thanl; > max A, (i, j), which means

1<i<j<3
thatdg Z maxyscrs (A[) = Ag.
Indeed,
Ay = af ( T Tt Tt )
ai a1 + as + as

i) 1+ To + T3

Qo CL1+CL2+CL3

I3 131+Z)32+l’3
a3 a1 + as + as

)

oo

+Cl2f (

10
Ag = —
o7
32 32 N /1\* 1
MazA, (i, 7) = [1 -2 92| = (= -] ==
1§?§j§32(2"7) ‘ 2 +‘ 2 <2> +(2) 4

Example 2.4.Letn =3, f (z) = 2P, p=3,a1 =3, a2 =2,a3 = 1,21 = 3,29 = 4,23 =3
then
3

3 3

10 10 10
Ay = 3|1—=| +212—=| +1|3——=
3 ‘ G + ‘ G + ‘ G
10 1
= _— = 3—
3 3
6° 6° .3
marq (i,7) = Ao (1,3) =31 — | +1|13——| =3-,
1<i<5<3 4 4 4
thereforemaz A, (i,7) > As.
1<i<5<3
This means that in this cagg > lgLa%Ag (1,7) is better thani; > Aj, which means that
<i<j<
d3 2 maxrcrys (A]) = max AQ (Z,]) .

1<i<j<3

As a result of Theoremn 2.1 we get the following theorem:

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AIJMAA
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Theorem 2.5.Letay, as, ...,a, > 0,n >2ands = _,_, a.. Thenforp > 1,

n

ay 1 n \’
> A
Z (s —ag)? = sp1 (n— 1) *

k=1
where
p+1 p+1
a;a@;  |a; — ai
<i<j<n (3 — ai) (S (ai + aj) - (ai + aj))
00 o, — "
(s — )" (s (ai +a;) — (a2 + )"

In particular for p = 1 we get that

s—ap  \n—1 1<i<j<n (s—ai)(s—aj)(s(amtaj)—(a?+aj2~)) '

k=1

Proof. We use the inequality,, > max A, (i,7j) for the superquadratic functiofi(xz) =

— 1<i<j<n
2 p>1,2>0.

i(s_a—l;k)p = En:ak (s —ax) (ﬁ)pﬂ.

k=1 k=1
Asp+1>2, f(z) = 2P*! is superquadratic and by Theorem|2.1, pa)twe get that

Sty = (Bee-w) (eiite)

k=1

p+1
1 a; + a;

s—a;  a;(s—a;)+a; (s —aj)

1<i<j<n

+ mazx {ai (s —a;)

I ( ) 1 a; + Q; ptl
a; (s —a; —
! Pls—a;  ai(s—a)+aj(s—aj)
therefore
n n -p
ak p+1
ey 2 (Za“s—ak)) () +a
k=1 k=1
n n -p
ak S [ 2 2 P+l A
Z(s—a)p_ S_Zak T
k=1 k k=1
- a sptl 1 ( n )p
> +A= +A
e A T
holds. g

Remark 2.2. The particular casg = 1 in Theorenj 2.5 is[[11, Theorem 4].

Remark 2.3. A more general result is obtained for superqudratic and positive, i.e. for a convex
function f

e maor(1g) = (1) () 50

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AJMAA
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A (i,7) is Ay (i, j) where we replace i\, (i,j) x; bya; anda; by a; (s — a;) .
Additional result of Theorern 21 is a refinement of Holder’s inequality:

Theorem 2.6.Letz, > 0,y >0,k =1,..n andp > 2, % + é =1, then forn > 2

() (&)

n p n p—1 -1 —1
W+ ) |ewy? ™ — jyf
q J 7 19k
=1 =1 T

(it +55)

’ p

Proof. Because of the superquadracity/fdf:) = =¥, p > 2, we get from|[(2.B)

o o) (5 (50

=1

TrYr  TiYi + TrYk

yr Yp + Y]

g | %Y _ %Y+ TkYk
Ty vkt

1<j<k<n

+ Max {yg

\

This refinement is a generalization bf [11, Theorem 5] where thejcase is discussed.
Now we show a refinement of Lemia]l.5 and Thedrern 2.1 by using the above Theorem 1.12
from [2] and [4].

-1

Multiplying both sides by(}""_, y7)’~" and simplifying, the theorem is provesl.

Theorem 2.7. LetT be an interval inR Let <%, L2

Rt ;—:) be any increasing n-tuple i,
wherep; > 0,i =1, ...,n, and let

(2.13)
g = i (2 D) ey, () - { o jeT
rsisn \ 30X (7)) 2j=itaPiX1(7) » JE
and
i 3
m32 = min l-z:j:1p] N ;jziJrlp] . ) ’]| = 2.
i3 \ 3 5 pixg(3) 2oj—iPiXc ()
a. Notem,, ; > 1. If f (x) is convex orf’, then
(2.14) dn > My 1dy,
(215) dn Z dn,1 Z, ceey Z d3 Z m372d2 2 d2
and
2.16 d, > () + i F(EL) — (p + ’ J )
216 > o {ndE) ) - et (22}

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AJMAA
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b. If f(x) is a nonnegative superquadratic function @n7" = [0,a] or [0, 00), then
(2.14). [2.15).[(Z2.76),
> Punf <<Z pi Z 2
j=1 P
- T Zzel J
+mn,IPI / ?n_— nlzpz ZF) )
i=1 el =1
and
(2.18) dy, > my, 1dy > my, 1Af
and [2.3) hold.

Proof. We apply the results of Theorgm 1]12 to the case where 0, i = 1,...,n, >\ p; =
P, >0,and)_,_, p; = Py > 0,for I C I,. In this case we allow part of thg — ¢th to be equal

to zero. We define
_ il
q’_{ 0, iel

If p, =0, andg; = 0 we replacezif by 1. If p,. # 0 andq, = 0 we replace;’f by oo, we get that
Py

P,

where m,, ; is as in{2.1B), and we get from Theorgm 1.12 for the convex funciign$ where
Tit+1 Z i, 1= ]_, e — 1,

iilpif(xz — Puf (Z B ) > M, (sz (i) (%ﬂ#)) :

el

m* = my

and after replacing; by £, i = 1,...,n we get ). It is obvious that in this cage >

mn,r > 1, therefore,[(2.15) andl (2.116) hold.
If f(x)is nonnegative and superquadratic (therefore also convex), we get for any increasing

n-tuple inT", x = (x4, ..., x,) whereT is an interval0, a] or [0, o), that

> pif(e) — Puf (Z p%) - (Zpifui) ey (—Z];IP”C))

S )

and we get@?) after replacing by L j =1,...,n, for a nonnegative superquadratic func-
tions.

In this case the superquadratic functipms nonnegative and therefore also convex, hence,
from (2.17), asn,,; > 1, we get that[(2.18) and as in Theorpm| 2.1, thafi(2.3) halds.

mnfzpz

el

AJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AJMAA
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3. COMMENTS
Comment 1. The main results ifill1] is
Theorem 3.1.If z, € R, a; > 0, (1 <k <n), then

2 2 2 2 2
T T T Ty t+x9+ -+ x, Q;Ti — A;T;

(3.1) _1+_2+...+_n2(1 2 ) + ma M.
a; Qs an, ay+as+---+a, 1<i<j<n a;a;(a; + a;)

This theorem is a consequence of part (a) of Corollary C Multiplying it \With), one gets

—F(I,) > max {mﬂ%)+%f@ﬂ—4%+ﬂﬂf(%ﬁjizﬁ)}'

1<i<j<n a; + a;

If I, = {1,...,n}, thenP;, = """ 1ai =aj +as + -+ + a, and we have
- a; ;
a; f(z;) a; - ( = )
Soourte) -3 s (3%

> max {aif(xi) +a,f(x;) — (a; +a;) f <M> } ‘

1<i<j<n a; + aj

Substitutionz; — i leads to
a;

yet (2) - (R225)

> (T (T g it
2 hax {azf (ai) +a;f (aj) (a; +aj)f (ai+aj)}'

Specifically, for the convex functiori(z) = 2, by some treatment of the expression in the
brackets we get the inequality

n
sty Eet o, flan o)
1 Q; Zi:l a; 1<i<j<n aiaj(ai + aj)

This inequality is the same gs (B.1).
This is also a special case of Theoilen] 2.1ff¢x) = 2.

Comment 2. Example$ 2]2 and 3.3 have shown that a lemma analogue to Corpllary 1.9 does
not exist. Namely] C I,, does not ensurd; < AI,.

However in the case of the superquadratic functjofx) = z? asd; = A; we get that
dy =0, > A1 >,..,A,_2>,....,> Ay, soin this casd C I, ensures; < Al,.

It may be of interest to find what additional conditions on the superquadratic function or on
thea;—th and ther;—th are needed so thdtC I, leads toA; < AJ,.

Comment 3. It is possible to show thaft (4.1) in Theorém|2.1 results from the main theorems in
[2]. A similar result for convex functions was proved& Theorem 1jand[4, Theorem C]

In [2, Theorem 3] it was proved that for a superquadratic funcffon [0,00) — R the
following holds

(3.2) Z aif (v;) — f (Z az’%‘) —m (Z bif (v:) — f (Z bzxz>>
Z(ai — b)) x; ) —i—Z(ai —mb;) f <xz —Zasz‘ ) ,

> mf <
i= j=1
AIJMAA Vol. 7, No. 1, Art. 14, pp. 1-15, 2010 AIJMAA
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wherea; >0, b; >0, i =1,..,n,Y [ a;=> 1 bi=1andm = 1II11<11 (%) .

Insertinga; = 5=, by = g-,pi 2 0, ¢; > 0, P, = Yorpi >0,Q, = > ¢ and

m = %m, we get from ) that for a superquadratic functjon|0, co) — R

(3)  Dopf (@)= (Zpﬂ) — i (Z af (@) = Quf (Z qx)>
m%f(Z(%——’) >+Z — i) ( )
Holds.

=1
We deal now with[(3]3) in a special case. In this case as in Theorém 2.7 we allow part of the
¢; — th to be equal to zero under the condition that,if= 0, so isq; = 0 and we consider in
this case thaﬁ = 1.If pr # 0andqg, = 0we replace”—k by co.

Therefore it is obvious tha. 3) holds and that= min (p—> :

v

T; — —:L’Z

« P,

Jj=

1<i<n \ %

. s, 1€ 1
%= { 0, iel "
HenceQ, = >, ¢ =>.p; = P, and in this casen = 1, and from .) we get tha. 6)

el
holds. Hence for a superquadratic functipn|0, +o0o) — R (2.1) holds.

Now we choose
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