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ABSTRACT. We prove the boundedness of the fractional integral operator I, on generalized
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for a multiplication operator involving I,,. Our proof uses a result of Garcia-Cuerva and Martell
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1. INTRODUCTION

Let B(a,) be a ball centered at @ € R? with radius r > 0 and, for & > 0, B(a, kr) denote a
ball concentric to B(a, ) with radius k7. A Borel measure p on R? is called a doubling measure
if it satisfies the so-called doubling condition, that is, there exists a constant C' > 0 such that

p(B(a,2r)) < Cp(B(a,r))

for every ball B(a,r). The doubling condition is a key feature for a homogeneous (metric)
measure space. Many classical theories in Fourier analysis have been generalized to the homo-
geneous setting without too much difficulties. In the last decade, however, some researchers
found that many results are still true without the assumption of the doubling condition on
(see, for instance, [2, 8}, [10, [13]). This fact has encouraged other researchers to study various
theories in the non-homogeneous setting.

By a non-homogeneous space we mean a (metric) measure space — here we will consider
only RY — equipped with a Borel measure p satisfying the growth condition of order n with
0 < n < d (instead of the doubling condition), that is, there exists a constant C' > 0 such that

w(B(a,r)) < Cr"

for every ball B(a,r). Unless otherwise stated, throughout this paper we shall always work in
the non-homogeneous setting.
Our main object of study in this paper is the fractional integral operator /,, defined for 0 <

a < n < d by the formula
Li@ = [ AU dutw)

a |z —y|ne

Notice that if n = d and p is the usual Lebesgue measure on R?, then I, is the classical
fractional integral operator introduced by Hardy and Littlewood [, 6] and Sobolev [11]].

The boundedness of I, on Lebesgue spaces in the non-homogeneous setting has been studied
by Garcia-Cuerva, Gatto, and Martell in [2, 3]. One of their main results is the following
theorem. (As in [10], we write || f : X || to denote the norm of f in the space X.)

Theorem 1.1. [3]If1 <p < = and % = - — =, then there exists a constant C > 0 such that

1
p
Haf = LIl < CILf = LP (),

that is, 1, is bounded from LP(p) to LI(p).
Our goal here is to prove the boundedness of the fractional integral operator /,, on generalized
Morrey spaces in the non-homogeneous setting. In addition, we will also derive Olsen-type

inequalities for a multiplication operator involving /. Our results are analogous to Nakai’s [7]]
and Gunawan and Eridani’s [4] in the homogeneous case.

2. THE BOUNDEDNESS OF [/, ON GENERALIZED MORREY SPACES

For 1 < p < oo and a function ¢ : (0,00) — (0, 00), we define the generalized Morrey space
MP? (1) = MP?(R?, 11) to be the space of all functions f € L (u) for which

loc
. D,® — L (i p )l/p
I s M= s o (@) ) <00

(See [1]] for definition of the analogous spaces in the homogeneous case.) Here we assume that
the function ¢ always satisfies the following two conditions:
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(2.1) There exists C'; > 1 such that Cil < qf(j)) < (] whenever 1 < $<2

(2.2) There exists Cy > 0 such that [~ "¢ (t) dt < Cyr*¢(r) for every r > 0.

Note that condition (2.1 is referred to as the doubling condition (with the doubling constant
C1). As a consequence of this condition, there exists a constant C' > 1 such that

g9 < [ o< o)

for every s > 0. Here and throughout the rest of this paper, C' denotes a positive constant, which
may differ from line to line.

Theorem 2.1. Suppose that 1 < p < Z, 5 = % — 2 and ¢ : (0,00) — (0,00) satisfies

re¢(r) < C(r) (with C is independent of ). Then, we have
[af + MPP ()| < C L = MP2 ()],

whenever f € MP?(pu).

Proof. Fora € R*andr > 0,let B = B(a,r) and B = B(a, 2r). We decompose f € MP? (1)
as f = f1+ fo:= fxs + fxg.. Then observe that f; € L”(u), with the norm

1/p
1o s PG| = ( / \f(x)\pdu(m)) < O | - M)

The LP(u)-L?(p) boundedness of I, then gives us

1 1/q 1
(o [ IeA@linta)) < afis 120

C
< i )

< Crmag(r) || f 2 MPO ()|
= Cro(r) |If + MP? ()]
< CY(r) || f + MPO ().
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Next, for each x € B, we estimate [, fo(x) as follows:

L fole)] < / @0

ge |z —ylre

<[ MO,

T—y|>r |l’ - y|nfa

kp<|z—y|<2kt1r |‘T - y|n—a

S d
< @y /B o £ (W)l du(y)

< Ci(?ﬁ*)a [fB(a:Q’““T) |f(y)|pd'u(y>] ’ [,U(B(ZL‘, 2k+1r)):| a

(2F+1p)n (2k+1p)n

SO\ MPP()) D (2Fr)p(28r).
k=0

Since ¢(t) and t* satisfy the doubling condition, we have

ok+1p

(25r)% ¢ (2Fr) < C /2 t*o(t)dt,

ky

for k =0,1,2,.... Hence we obtain the pointwise estimate

Lfole)] < C|If - MP(u)] / 9 g(t)dt
< Crg(r) |1f - MPP()|

< CY(r) |If - MP(w)])-
Taking the g-th power and integrating over B, we get

(] ’[af2(33)\qdﬂ(3?)>l/q < crn 1 el ([ du(:v)>1/q

= Cra) | f - MO | [p(Bla, )]
< Conlf - M)

The desired inequality follows from this and the previous estimate. 1

3. OLSEN-TYPE INEQUALITIES

As in the case of homogeneous spaces (see [4]), we present here Olsen-type inequalities for
a multiplication operator involving the fractional integral operator I, in the non-homogeneous
setting. Such an inequality is useful when one studies a perturbed Schrodinger equation (see
[O1). The key is that I, = (—A)~%/2, where —A denotes the Laplacian in R? (see [12]).

Before we present our main result in this section, let us first state an Olsen-type inequality
that follows directly from Theorem 1.1 and Holder’s inequality.

Theorem 3.1. For 1 < p < 2, the inequality
IWIf: LP()l| < CIW = LY (@) 1f = ()],
holds provided that W € L™ (p).
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Proof. Let g satisfy % =-—2 older inequality, we have

1
P

9—p P

. By H
[ wns@rdne < ([ W@ ao) ([ el )

Taking the p-th roots, we get

(LWt i ) (L >) ([ jtta )quu(w));-

By the boundedness of I, from LP(u) to L9(u) (Theorem 1.1), we obtain
IWI.f: ()l < CIW = LY () |Lf = L2 (),
as desired. 1

Our theorem below generalizes the previous Olsen-type inequality. The proof uses Theorem
[2.T]and Holder’s inequality.

Theorem 3.2. For 1 < p < 2, the inequality
IWIaf : MP2(u)|| < C W LY ()1 = MP2 ()],
holds provided that W € L™/ *(u

)
Proof. Let ¢)(r) = r°¢(r) and | =
inequality, we have

( /,W[f e ) < /yw )% dp )) <
(i / |Iaf(93)|qdu<m))q7

( ¢(1T)), we get

— =, so that Theorem applies. Then, by Holder’s

1
p

for every ball B = B(a,r).

1

¢1 (rn/'W” W dule )
< ([ W duta ) 5 (5 [ as@lran >)

< W LY ()| [ f - W Wl
<CW L (W) |1f : MPP(w)],

and so the desired inequality follows. &

bS]

Remark 3.1. . Theorem [3.2] may also be proved by using Theorem [I.T]directly as in the proof
of Theorem
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