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2 D. MOZYRSKA AND E. PAwrUSzEwICZ AND D. F. M. TORRES

1. INTRODUCTION

The development of integration on time scales is a recent but already well studied subject.
Available integration notions on time scales include the Riemann delta intégrall[2, 111, 12],
the Riemann nabla integral [11], the Riemann diamond-alpha intégral [13], the Lebesgue delta
and nabla integral$ [2, 10], and the more general Henstock-Kurzweil delta and nabla integrals
[14,[17]. Other studies on time scales are dedicated to improper integrals [3] and to multiple
integration [4] 5]. Surprisingly enough, the Stieltjes integral has not received attention in the
literature of time scales.

In this paper we study the process of Stieltjes integration on time scales, both in nabla and
delta sense. We trust that such integrals will find interesting applications in the study of dynamic
eqguations on time scales, enabling to study more general situations than those treated before (cf.
Sectior{ b). Because delta and nabla theories are similar, we avoid repetition by following the
approach promoted by Bartosiewicz and PiotrowsKka [1]: the box symbisl here used to
represent the delta operattiras well as the nabla operator.

Itis assumed that the reader is familiar with the time scale calculus and the notations for delta
and nabla differentiation. For an introduction to time scales the reader is referred to the book
by Bohner and Peterson/[6]. Throughout the pdpelenotes a time scale. Letb € T and
a < b. We distinguisha, b] as a real interval and we defide= [a, by := [a,b] N T. In this
sensela, b] = [a, b]g. Along the text! is a nonempty, closed, and bounded interval consisting
of points from a time scal&. Moreover, if] = [a,b]r, then we defind := [a, p(b)]r and
Iy = [o(a), blr. By Io we denote one of them, whefémeans eithek or A. Similarly, we
use ™" as a common notation for the two kinds of derivatives on time scales: one caf'fead
either asf> or asfV.

2. THE RIEMANN -STIELTJES [J-INTEGRAL

Let T be atime scaley,b € T, a < b, and! = [a, b]r. A partition of / is any finite ordered
subset

P ={to,t1,...,t,} Cla,blr, wherea =ty <t; <...<t,=D0.

Let g be a real-valued increasing function én Each partitionP? = {t¢,ty,...,t,} of I de-
composeqd into subintervaldo; = [t;-1,t;]0, 7 = 1,2,...,n, such that; N I, = 0 for any
k # j. By At; = t; — t;,_; we denote the length of thgh subinterval in the partitio®”; by
P(I) the set of all partitions of.

Let P, P, € P(I). If P,, C P, we call P, arefinement of’,,. If P,,, P, are independently
chosen, then the partitioR,, U P, is a common refinement @?,, and P,.

Let us now consider a strictly increasing real-valued functiam the intervall. Then, for
the partitionP of I we define

9(P) ={g(a) = g(to), g(tr), - . ., g(tn-1), g(tn) = g(b)} C g(I)
andAg; = g(t;) — g(t;—1). We note that\g; is positive andfj Agj = g(b) — g(a). Moreover,

g(P) is a partition of[g(a), g(b)]r. In what follows, for the particular caggt) = ¢ we obtain
the Riemann sums for delta integrals studied in [2]. We note that for a genttvaimagey (/)

is not necessarily an interval in the classical sense, even for rd-continuous fungtimtause
our intervall may contain scattered points. From now ongdte always a strictly increasing
real function on the considered internvak= [a, b|r.

Lemma 2.1. Let I = [a, b]T be a closed (bounded) interval ih and letg be continuous on
I. For everys > 0 there is a partitionP; = {to,t1,...,t,} € P(I) such that for each
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je{1,2,...,n} one has:
Agj =g(t;) —g(ti) <6 or Ag;>6 A p(t;) =tj1.

Proof. Let I = [a, b1 be closed (bounded) interval Th Firstly, let us observe that if fare I
g(t) € [g(a), g(b)]r, thena < t < b becausgy is an increasing function oh We define two
families of setsB; = (g(tj—1),9(tj—1) + d]r N [g(a), g(b)]r andA; = {t € I : g(t) € B;}.
Inductively, we construct the partition taking= « and

b= suij, |fA]#(Z),

o O'(tj_l), if Aj = @

Then, we get, < t; < ... < t,, wheret,, = b. It follows that ift;_; < ¢; andt; = o(t;_1),
thenp(t;) = t;_, for any time scalél. §

Let f be a real-valued and bounded function on the intefvdlet us take a partitio® =
{to,t1,...,t,} of I. Denoteln; = [tj_1,t;]0,j = 1,2,...,n, and
mp; = inf f(t), Mp; = sup f().
teln; teln;
Theupper Darboux—Stieltjes—sum off with respect to the partitio®?, denoted by/o( P, f, g),
is defined by

UD(Pa f7 g) = Z M‘:UAgj )
j=1
while the lower Darboux—Stieltje§l-sum of f with respect to the partition?, denoted by
Lo(P, f,g), is defined by

(P, f.9) Zmu;Agj

Example 2.2.Let T = ¢%, q > 1, f(t) = t, g(t) = t*, andI = [0, 1]r. For the partition
P={0,¢g", ... ¢ 1}, wherety =0 < ¢! <. q3”< < qgt<1=t,with
tj=q¢ "forj=1,..,n,wehavedg, = *—t2 2(3’”*1)( )forj =2,...,n,while
Agl =12 -0=¢>" o, Let us read] = A. In thIS caseMAj = p(t;) andmp, _t _1. For our
partition we have thaIAj = [tj—1, p(t))]r = tj—1, j = 2,...,n. Hencemy; = MA] =11
for f(t) =t,j=2,...,n,andma; = 0, Ma; = p(t;) = q_”. The lower and upper Darboux—
StieltiesA—sums are, respectively,

P A 1 — 3(1—n)
fg Z -1 g] 2+q+1< q )’

2-3n 2-3n g+1+¢7"
Ua(P, f,9) =q +Z%>1Agj=q L(P, f,9) = Ctq+l

j=2
Consider novd = V. In this caseMy,; = t; andmy; = o(t;_1). For our partition we have that
Iy; = [o(tj-1), tilr =t;, 1 =2,...,n. Hencemvj My; =t;jfor f(t) =t,7=2,...,n,
andmy; = 0(0) =0, Mgy = t; = ql—". The lower and upper Darboux—StieItﬁs—sums are,
respectively,
q+1 3(1—
v(P, tiNg; = 1— g0y,
f.9) = Z 9 =45 =)

Uv(P, f,q) = ¢*~*" t:Ag; = ¢ + Ly (P, f, g) =
V( af7.g) q +Z i=9j q + V( ’f’g) q2+q+1

=2

AJMAA Vol. 7, No. 1, Art. 10, pp. 1-14, 2010 AJMAA


http://ajmaa.org

4 D. MOZYRSKA AND E. PAwrUSzEwICZ AND D. F. M. TORRES

For computing the value of a Riemann integral on time scales one uses the fakt thao.
Since we assume thatis an increasing function, thethg; > 0. As we shall see below, also
some other properties of the Riemann-integral (for funcijor) = t) are preserved for an
arbitrary increasing functiog.

Theorem 2.3. Suppose thaf is a bounded function oh = [a, b|t, a, b € T. Let P € P(I)
andm < f(t) < M forall t € I. Then,

m(g(b) —g(a)) < La(P, f,9) < Un(P, f,g) < M(g(b) — g(a))
and
Lo(P, f,9) < Lo(Q, f,9) < Un(Q, f,9) < Ua(P, f,9)
for any refinement) of P.

Proof. For[J = A the proof is an immediate consequence_ of [2, Lemma 5.2][Fer V the
proof is done in similar stepg.

Definition 2.1. Let I = [a, b|t, wherea,b € T. The upper Darboux-Stieltjes—integral from
a to b with respect to function is defined by

b
[ 000 = int Ua(P.1.g);

the lower Darboux-StieltjelSl-integral froma to b with respect to functiom is defined by

PeP(I)

/1“@59@): sup Lo(P, f,9)-

If f_ff(t)Dg(t) = f;’f(t)Dg(t), then we say that is (—integrable with respect toon I, and
the common value of the integrals, denotedjﬁj(t)mg(t) = fab fOg, is called the Riemann-
Stieltjes (or simply Stieltjed)l—integral of f with respect tgy on I.

The set of all functions that afé—integrable with respect t@in the Riemann-Stieltjes (also
Darboux-Stieltjes) sense will be denotedBy(g, I).

Theorem 2.4.1f Lo(P, f,g) = Ua(P, f, g) for someP € P(I), then functionf is Riemann-
StieltjesCl—integrable and

b
/ 09 = Lo(P, f.9) = Un(P, f. ).

Proof. Follows immediately from the definition of Riemann-Stieltjels-integral and Theo-

rem[2.3.1

Example 2.5.Let T = ¢Z, ¢ > 1, and let us continue Exampjle 2.2. Consider functip(s = ¢
andg(t) = t* on the intervall = [0, 1]r. For the partition? = {0,¢ """ ... ¢, 1}, where
to=0<g ™l <. .<g@gm<...<qgl'<l=t,witht;=¢"forj=1,...,n, we have

b 2—3n
. . qt+1l4gq q+1
t)Ag(t) = inf UaA(P, f,g) = lim =
‘lf” 9lt) = Il Us(P:f9) = lim P+qg+l  @hgtl

and

/ F(HAg(t) = sup La(P,f.g) = lim — L1 (1 gp0-my / F(H)Ag(1)

PeP(I) n—oo ¢* +q+1
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b _ qf1
Consequently/’ f(t)Ag(t) = 5.1+ We also have that
’ ¢ +q
/af( )Vg(t) ot v(P, f,9) o a—

and

’ o @ +q _3(1-n)y _ ’
[ #0990 = s Le(P g9 = Jim L0000 = [,

Hence,fabf(t)Vg(t) = qé’iﬁl = (Jf: fH)A

Theorem 2.6. Let f be a bounded function oh = [a,b|r, a, b € T, m < f(t) < M for all
t € I, andg be a function defined and monotonically increasing/oithen,

mig®) ~ g@) < [ #0090 < [ FO00 < M(g(h) - g(a)).

If f € Ro(g, ), then
b
m(g(b) — g(a)) < / F(6)0g(t) < M(g(b) — g(a)).

Proof. The definition of upper and lower Darboux-Stieltigsintegral implies thaf;f(t)Dg(t) <
f f(t)g(t). Thus,

/ FO0(0) = int Ua(P.f.9) < U(P. f.9) <3 MAg, = Mg(b) — g(a).

j=1
Similarly, m(g(b) — ) < f f(t) ), and the proof is dona

Theorem 2.7. (Integrability criterion) Letf be a bounded function oh = |[a, b|r,a,b € T.
Then,f € Ra(g, I) if and only if for every: > 0 there exists a partitior? € P(I) such that

(21) UD(Pvfag)_LD(Paf7g)<€
Proof. Suppose thaf € Rn(g, I) and lets > 0. Because

b
/ fOy= inf Uo(P.f.9)= swp Lo(P.f.g)
a PeP(I)

there existP, and P, € P(I) such that

b b
| 109 <vepitg) < [ 139+

and
b c b
/ f8g—5 < Lo(P f.9) < / fOg.
Hence,Un(P, f, 9) f f(t) £ andf f(t) — Lo(Py, f,g) < g. LetP be a
common reflnementhl andP2 Then Theore&mphesth@(ﬁ P f,q) f f(t)
cand|’ f(t) — Lo(P, f,9) < 5. Thus,Un(P, f,9) — La(P, f,g) <.
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Conversely, letf be a bounded function ochandg be an increasing function ah Suppose
that fore > 0 there exist®” € P(I) such thal/o(P, f,g9) — La(P, f, g) < e. The definition of
Riemann-Stieltje§]-integral and Theorefn 2.3 imply that

b b
Lo(P.f,9) < / f0g < / 09 < Ua(P. f.g).

It is obvious that) < f_fng — fabeg < e. Sincee is arbitrary, therff(t)[lg(t) = f;’ng
andf € Ro(g, I). n o o

Theorem 2.8. Suppose thaP is a partition as stated in Lemnja 2.1. A bounded funcfiam
I = [a, b]7 is integrable if and only if for each > 0 there exist® > 0 such that

P(5 GP(I):>UD(Péafag)_LD(P5afvg) <e€.

Proof. Part "<" follows immediately from the integrability criterion (Theor¢gm]2.7).
For the proof of the part=" suppose thaff € Rn(g,[). Lete > 0. Then, there exist
partitionsP} andP? such that

b
22) UPL L)< [ 0+
and
b
23) [ 1005 < 1P 1.0

Let Ps = P} U PZ. Theorenj 28 and inequalitigs (2.2) ahd [2.3) imply that
b 9 b S
[700-5 <1t <UPs9) < [0+

Becausef € Ro(g, 1), thenfabeg = f_fng. HencelU(Ps, f,9) — L(Ps, f,g9) <e. 1
Lemmg 2.B and the properties of the Riemann delta (nabla) integral imply the following:
Theorem 2.9.Let] = [a, b]t, a, b € T. Then, the conditioif € Rn(g, I) is equivalent to each

one of the following items:

i) fis a monotonic function of;
i) fis acontinuous function of;
i) fisregulated on/;
iv) fis bounded and has a finite number of discontinuity point$.on

Theorem 2.10.Let f be bounded ot = [a, b]r, a < b. Then,

i) If there exists arr > 0 and a partition P* € P(I) such that the inequality (2.1) in
Theorenj 2]7 is satisfied, thén (2.1) is satisfied for every refinemeh*.

i) If inequality [2.1) is satisfied for the partitioR given byty = a < t; < ... < t, = b,
and¢;, 7; € Ig; = [tj_1,t;]oforj =1,2,...,n, then

Z (&) — f(r5)| Ag; < e
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iii) If f € Ro(g, I) and inequality [(2.]1) is satisfied for the partitidh given byt, = a <
t1<...<tpy=band{; € Ioy; = [t; 1, tjjpforj =1,2,...,n,then

S8 - [ e8| <2

Proof. Part i) follows from Theorern 2]3. Let us now prove part ii). Lfebe a real-valued and
bounded function on the intervél Let us take a partitiol® = {to,t,...,t,} of I. Let¢;,
T; € IDj = [tj—17tj]|:' fOI’j = 1,2, Lo, n. Then,ng — f(gj) >0, f(Tj) — mgj >0, and

Z |F(&) — f(75)] Ag; < Z |(F(&) = (1) + (Mg; — f(&;)) + (f(;) —mg;)| Ag; .
It follows that
Z }f(€j> - f(Tj)| Ag; < Z |Mo; —mo;| Ag; = Un(P, f,9) — Lo(P, f,g) <«

Finally, let us prove part iii). Let the inequality (2.1) be satisfied for the partiffogiven
byto =a <ty <...<t, =0 Let§; € Ig; = [t;1,t;]pforj = 1,2,...,n. Then,

S (&) Ag; < Un(P, f,9) andLa(P, f.g) < [7 f(t)Og(t). Hence,

b
(6)Ag, / F(O)09(0)| < 1Ua(P. f.9) - Lo(P, f.g)] <&

Theoren] 2.1]1 gives a comparison between the two kinds of Riemann-Stieljes integrals on
time scales and the Riemann-Stieljes integral on the real interval. In the particulafidase
one gets the result as stated[in [1].

Theorem 2.11.Leta,b € T andyg : [a,b] — R be a strictly increasing function oja, b]. Let
f :[a,b] — R. Denote byf|, and g|, the restrictions of functiong and g to the time scalé.
Then,

) [ fle (DA gl (1) < [T F(8)dg(t) < [P Flp ()Y gl (¢) if f is strictly increasing on
la, bl;
i) f f|T OV glp () < f f(t)ydg(t) < f flr (0)A g|p (¢) if fis strictly decreasing on

Proof. We prove here the item i). The proof of ii) is similar. fifis strictly increasing ota, b],
then f|, is regulated orja, b]r and all integrals exist for an increasing functign Let P €

P ([a,b]r) and P = {t¢,...,t,}, wherea = t, < t; < ... < t, = b. Then,f:f(t)dg(t) <
Z] 1f( )Ag; = Ug(P, f g)- Taking the infimum of the right-hand side over all parti-

tions fromP ([a, b]T) we getfa f(t)dg(t) < f flr @)V g|p (t). Similarly, f;’ f(t)dg(t) >
Z;‘Zl f(tj_l)Ag] LA(P, f,9). Taklng now the supremum of the right-hand side we get

that [ £(t)dg(t) > [ fly (¢ Ag[T() For f|; € Ro(gly,[a,blr), then alsof” f(t)dg(t) <
f f|1r Vg|1r andff >f f’qr Ag”ﬂ‘()

Corollary 2.12. Leta,b € T, I = [a,b|1, g : I — R be a strictly increasing function, and
f:I—-R. Then

i) ff f(H)Ag(t) < f f(t)Vg(t)if f is strictly increasing or;
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i) ff f()Vg(t) < f f(t)Ag(t) if f is strictly decreasing oi.

3. ALGEBRAIC PROPERTIES OF THE RIEMANN -STIELTJES [J-INTEGRAL

In this section we prove some algebraic properties of the Riemann-Stieltjes integral on time
scales. The properties are valid for an arbitrary time stalgth at least two points. We define

[2 F(6)0g(t) = 0and [” (1) =—[f t) fora > b.

Theorem 3.1.Let ] = [a,b]']f, a,b € T. Every constant functiorf : T — R, f(t) = ¢, is
StieltjesCl—integrable with respect tg on I and

| Bt = (s - g(@).
Proof. Let P € P(I) andP = {to,...,t,}. Then,

Lo(P, f,9) =UnP, f.9) =c > _Ag;

— () — g(a) + g(ta) — g(tr) + - + 9(b) — glturr)
— 4(b) — g(a).
Hence, |} fClg = JPf0g = c(g(b) - g(a)). u

Theorem 3.2.Lett € Tandf : T — R. If f is Riemann-Stieltied—integrable with respect to
gfromttoo(t), then

o(t)
(3.1) f(T)Ag(r) = f(t) (97 (t) — g(t)) ,

t
whereg? = g o 0. Moreover, ifg is A—differentiable at, then

o(t)
(3.2 [ 10800 = w05 0.
t
Proof. Foro(t) = ¢ both equationd (3]1) anfd (3.2) hold. Wheft) > ¢, only one partition for

I = [t,o(t)|r is possible. In that case = {¢,o(t)} and we have one sék; = [t, p(c(t))]r =
{t}. Hence;ma, = Ma; = f(t), and

o (t) o)
/t fAg = / fAg=Ua(P. f.9) = La(P, f.9) = F(H)(g(o(t)) — g(t).
Aso(t) > t, then alsqu(t) # 0 andg®(t) — g(t) = u(t)g™(t). u

Theorem 3.3.Lett € Tandf : T — R. If f is Riemann-Stieltje§¥—integrable with respect to
g fromp(t) to ¢, then

3.3) / ;) V() = £ (9(8) — (1)

whereg” = g o p. Moreover, ifg is V—differentiable at, then

(3.9) / V80 =107 ().
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Proof. For p(t) = ¢ both equationd (3|3) anf (3.4) hold. When p(¢), only one partition for
I = [p(t),t]r is possible. In that case = {p(t),t} and we have one sét;, = [o(p(t)), t]T =
{t}. Hence;ny, = My, = f(t), and

/ IV9= / V9= U9(P.1.0) = Iy (P.1.9) = J0)(6(0) ~ glo(0)).

As p(t) <t_,then alsa/(t) > 0andg(t) — g?(t) = v(t)g" (t). u

Corollary 3.4. Leta,b € T anda < b.
i) If T = R, then a bounded functiofi on [a, b|r is Riemann-StieltjeSl-integrable with
respect to the increasing functignfrom a to b if and only if f is Riemann- Stieltjes

integrable on/ in the classical sense. Moreover, thfﬁf ()dg(t) f f(t)
where the integral on the right hand side is the classical Riemann-Stieltjes mtegral (see,
e.g..[7, Chapter 4}.
i) If T = Z, then each functiorf : Z — R is Riemann-StieltjeSl—integrable from to b
with respect to an arbitrarily increasing functicyw 7Z — R. Moreover,ff f(t)Ag(t) =

VLF(g(t+ 1) — g(t), [T F(2) =0 o FO(g(t) — gt — 1)).

Proof. i) Notice that forT = R Defmmon@ coincides with the classical definition of the
Riemann-Stieltjes integral. Moreover, since for= R the [I-differential coincides with the
standard differential, it follows that

/ F(6)0g(1) / F(t) ()t = /abf(t)dg(t)

i) Let I = [a, bz, a < b, a, b € Z. Consider the partitio®s € P(I) given bya = t; < t; <
...<tp,=b=a+n,wheret; =a+jforj=0,...,n Noticethatt;_,, p(t;)|r = {t;_1} for
eachj = 1,...,nandAg(t;) = g(t;)—g(t;—1). Adirect calculation shows thdts (P, f, g) =
Ua(Ps, f.9) = 25_y F(t;-)Ag(ty) = 3202, f()(g(t + 1) — g(t). HenceUs(Ps, f.g) =
La(Ps, f.g) and Theorerh 2|4 imply the desired formula for thecase. Similarly proof holds
for the V—casen

Theorem 3.5. (Linearity) Let functionsf; and f, be Riemann-StieltjeSl—integrable on the
interval [a, b]T with respect tgj, andc be a constant. Then,

) cfi € Raolg, I) andfab cfrdg = Cfab S1lg;
i) fi+ f2 € Ralg. Dyand [} (fi + f2)Og = [, £ilg + J, f.0g.
Proof. Let I; = (t;_1,t;]r, andp € P(I) be any partition of the interval. Denotel; =
[t;—1,t;]oand
mit = if fit), M= sup fi(t),

tEIDJ teIDJ
mi* = inf fot), M= suwp fot).
tGIDj teIDJ

i) Let us notice that for = 0 functioncf; € Ro(g, I). Suppose that # 0 and denote
m; = inf (cfi)(t) and ;= sup (cfi)(1).

GD]

Then,
m; = cm?1 and 9M; = c]ij1 for ¢ > 0;

m; =cM]' and 9M; =cm!" fore<o0.
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This implies that
_ CLD(P7f17g>7 forC>O
Lo(P,cfrg) = { cUa(P, f1,g9), forc<0

and
_ CUD(Paflag)a forc>0
Un(P.chi,9) = { cLo(P, f1,q), fore<o.
Thus,
(35) UD(Pa Cflag) - LD(P7 Cfbg) = ‘C|<UD(P7 flvg) - LD(Pa flvg))

Becausef; € Rn(g, I), then for anye > 0 there exists a partitio®? such that/o(P, cf1, g) —
Lo(P,cfi,9) < f?‘ Together with) this leads t( P, cf1, g) — Lo(P, cf1, g) < €. Hence,
cfi € Ro(g, ). Moreover,

b
/Cflmg: sup LD(P70f1> )—C sup LD P fi,g —C/ fildg
Ja PeP(I) PeP(I)

and

b b
(g = inf P. =c¢ inf P = Llg.
/aCfl g Pg;)([)UD( ,cf1,9) cpgg([)Um( , f1,9) C/a f10g
Sincef; € Ro(g, I), thenf_abflmg = ffflilg, which proves the intended conclusion.

ii) Let
m; = inf (f1 + f2)(t) and M = sup (fi + f2)(t).

teln; teln,
Then,m; > m!' + mf* andd; < M + M. This implies
Lo(P, f1,9) + La(P, f2, 9) < La(P, fi + f2, 9)
Ua(P, f1,9) = Ua(P, f2,9) < U(P, f1 + f2, 9) -
The integrability criterion implies the existence of partitiadis€ P(/) and P, € P(I) such
that the inequalities

(36) UD(P17f>g>_LD(P17f>g)<% and UD<P25fag)_LD(P27fag)<§

also hold on their common refinemeRt = P, U . From ) follows thaUs( P, fi +
fa,9) — La(P-, fi + f2,9) < €. Hence,f; + f» € Ra(g, I). Additionally,

b
/(f1+f2)Dg: sup Lo(P, fi+ fa2, 9)

PeP(I)

< sup Lo(P, fi1,9)+ sup Lo(P, fa,9) /f1Dg+/f2[jg
PeP(I) PeP(I)

and
ey
[+ 200 = int Ui+ fo)

> inf Up(P, f1, )+ mf UDPf27 /fll:]g+/f2[jga

PEP(I)
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so that
/ab(f1+f2)DQZ/abﬁDg—l—/abszg and /ab(f1+f2)mgz/ibflmg+/ibfzmg.

Becausef; € Rpo(g,I) andf, € Ro(g, 1), thenf_abflmg = f_abflElg andf_;’fQDg = f_abeDg. ]
Similarly to the proof of Theorefn 3.5 item i), one can show the following:

Theorem 3.6.Let f € Rn(g1,I) and f € Ro(gq, ), Wwhereg, and g, are increasing functions
on[a, blr. Then,f € Ra(gr + go, 1) and [7 fO (g1 + g2) = [ fOg1 + [ fDge.

Theorem 3.7.Leta, b, ¢ € T witha < b < c. If f is bounded ora, c|r andg is monotonically

increasing ora, c]r, then
c b c
/ng=/ng+/ng.
a a b

Proof. There exist partition®, € P([a,b]r) andP, € P([b, c|r) such that foe > 0

[}

UD(Plafvg)_LD(Plaf7g) < and UD(PQafag)_LD(PQaf7g) < %

Then, there is a partitio® € P([a, c|r) such thatUg(P, f,g) = Ua(Py, f,9) + Ua(Pe, f,9)
andLo(P, f,g) = Lo(Py, f,9) + Lo(Pe, f,g) so thatUn(P, f,g9) — Lo(P, f,g) < €. Hence,
f is O—integrable with respect tpand

DO | ™

/ " f0g < Us(Py, f.9) + Un(Ps, f,9)

b c
SLD(P1>fag)+LD<P27f>g)+5§/ ng+/ fOg+e¢.
a b

/acfmgz/abmm/bcfmg—e.

Theorem 3.8. (Integration by substitution) Lef be a time scale. Assume that: T—Risa
strictly increasing continuous function afid= ¢(T) is a time scale. Moreovep maps an in-
terval [A, B]; onto|[a, b|r. Letg be monotonically increasing dn, b and f € R(g, [a, b]r).
Then,f o v € Ro(g o ¢, [A, Bls) and

/f Og (1) /f ((5).

Proof. Sincey is a strictly increasing continuous function, there is a one-to-one correspon-
dence between the partitidp = {so, s1,...,s,} C [A4, Bls whered = 55 < s; < ... <
s, = B, and the partition® = {t¢,t1,...,t,} C [a,b]T, Wherea = tg = p(so) < t; =
o(s1) < ... < tp = p(sn) = b. Slncef([J 1L tlT) = f([e(sj-1,¢(t;)]5) for eachy, then

Lo(P, f,g9) = Lo(Q, f o p,g 0 ) andUg(P, f, g) Un(Q, fop,go go) The result follows
from Theoren 271

Similarly,
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4. FROM THE RIEMANN -STIELTJES TO RIEMANN [J-INTEGRAL

Theorenj 4.8 below establishes a relation between the Riemann-Stiétjetegral and the
Riemanri—integral for a functiory beinglJ—differentiable on the intervdl of integration. We
begin by noting that one can easily reformulate to nabla version, with the interval opened from
the left side, the delta mean value theorem [2, Theorem 1.14]:

Theorem 4.1.Let f be a continuous function dn, by that isV — differentiable or{a, b]. Then
there exist, 7 € (a, b] such that

o< 1021 < o).

In Corollary{4.2 we write together[2, Theorem 1.14] and Thedrein 4.1 with[G#riotation:

Corollary 4.2. Let f be a continuous function o, b]r that is(J — differentiable ona, b].
Then there exist, 7 € [a, b]g such that

f(bl)) : i:(a) < fD(T) )

Theorem 4.3.Let] = [a,b]r,a,b € T. Suppose thaj is an increasing function such that’
is continuous orja, b)T and f is a real bounded function oh Then,f € Rg(g, I) if and only
if f¢g € Ra(g,I). Moreover,

[/ s - [ 10

Proof. Let¢ > 0. Sinceg" is continuous, then™ € Ro(t, 1), i.e., g" is Riemann—Stieltjes
C—integrable on/. Hence, there exists a partitidh = {a = to,t1,...,t, = b} € P(I)
such thatUn(P, g2, t) — Lo(P, g%, t) < <, whereM = sup,.; |f(t)|. From the(J-version
of the mean value theorem on time scales (see Cordllaly 4.2), forjeach, ..., n there are
é-ijj S Ij = [tj—la t]’]D such that

go(r) Aty < Ag; < g7(€) At .
From Theorem 2.10 partii), forany € I;, j = 1,...,n,

> 197 — g )| AL < e
j=1

Then,Z?zl flsi)Ag; < 525 f(Sj)gD(Sj)Atj and

) <

)Ag; — Zf $;)g s] VA, DAY —Zf $;)g 5] VAL,

Hence,

n

M| " (g7(g) — g7(sy)) Aty| < e

J=1

foranys; € Ij. Thus,zjz1 f(s))Ag; < Un(P, fg=,t) +eandUn(P, f,g) < Un(P, fg°,t) +
e. Inequality (4.1) implies tha/o(P, f¢°,t) < Un(P, £, g) + e. Thus,

Ua(P, f,9) = Un(P, fg7, 1) < &

(4.1) )Ag; — Z F(s;)95(s;) At;
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Moreover,

b b
/ F(0)0g(t) - / FP 0| < e

Sincee is arbitrary, we conclude that

[ [ovs

In a similar way one prove thaﬁ1 fO f ft)g= ()0t n

Theorem 4.4. (Delta integration by parts) Lef = [a,b]r,a,b € T. Suppose thay is an
increasing function such that® is continuous orfa, b)t and f is a real bounded function oh

Then,
/abng— [fg]Z—/abg"Af,

where, as usualy” meangj o o.

Proof. Theoreni 4.3 and integration by parts for the Riema‘mintegral on time scales (see
[2]) imply that fbf f f() g™ () At andf g’ fAAL + f fAt = [fg]. Hence,
Il fAg=1[fgl - [ g”Af |

Theorem 4.5. (Nabla integration by parts) Lef = [a,b|t,a,b € T. Suppose thay is an
increasing function such that’ is continuous orfa, b)r and f is a real bounded function oh

Then,
b b
/ Vg = [fgl - / ¢S,

Proof. Theoren@ and integration by parts for the Riemﬁmintegral on time scales implies
thatfab f(t)Vg f f(t)gY () Vit andf g°fVVt + f Vvt = [fgl. Hence,fabng =
-/, g'”Vf- '

whereg? = g o p.

5. CONCLUSION AND FUTURE PERSPECTIVES

This article is about the concept of Riemann-Stieltjes delta integration on time scales. The
results of the paper may be used, e.g., to generaliz& theR inequalities proved in [8,/9] to
a general time scal&. Then, as the particular cagét) = ¢, one would obtain the previous
inequalities proved for the Riemann integral on time scales [15, 16].

Another interesting line of research is to investigate the possibility of extending all previous
notions of integration on time scales by putting together our present results with the Henstock-
Kurzweil integrals introduced by Peterson and Thompsan ir [14, 17]. Such Henstock-Kurzweil-
Stieltjes integrals on time scales are under study and will be addressed elsewhere.
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