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2 STEFAN CZERWIK AND KRZYSZTOF KROL

1. INTRODUCTION

The problem of the stability of functional equations was posed by S. M. Ulam. In 1940,
during a talk before the Mathematics Club of the University of Wisconsin he presented the
following problem:

Let G and (H,d) be a group and a metric group respectively. Given a real number ¢ > 0,
does there exist a positive real number § such that if f: G — H satisfies the inequality

(L.1) df(zy), f(2)f(y)] <6 forallz,y € G,

then there exists a homomorphism F': G — H with
df(z), F(x)] <e forallx e G?
In other words, we can say that the homomorphism F'is "close" to the function f satisfying the
inequality (I.1).
2. ADDITIVE CAUCHY EQUATION

The first affirmative partial answer to Ulam’s question was given by D.H. Hyers in 1941 (see
[32]). His result reads as follows.

Theorem 2.1. Let f: FEy — E5 be a mapping between Banach spaces Ey, FEs such that

2.1 1f(@+y) = flx) = fll <e forallz,y € E,
for some ¢ > 0. Then there exists exactly one additive mapping A: F, — Es:

Alx+y) = A(z) + Aly) forall x,y € Ey,

such that

(2.2) |A(x) — f(z)|| <e forallz € Ey,
given by the formula

(2.3) A(z) = lim 27" f(2"z), x € E.

n—oo

Moreover, if f(tx) is continuous in t for each fixed x € E,, then A is a linear mapping.

Ulam’s question and the Hyers result became the basis for the so-called stability theory of
functional equations in the Ulam-Hyers sense.

Some of the most important results and a wide list of papers devoted to such kinds of stability
problems for different types of functional equations can be found for example in the survey
papers [20], [26], [31]], [46], as well as in the books [33], [9] and others.

It is worth noting that in 1978, Th. M. Rassias [47]] weakened the condition for the bound of
the norm of the Cauchy difference

fl+y) = fx) - f(y)
and obtained an interesting result. In fact, he proved the following generalization of Hyers’
result.

Theorem 2.2. Let Fy, Fs be Banach spaces. If f: Ey — Fs satisfies the inequality

2.4) 1f(z+y) = @) = W < alll=l” +[lyl") 2,y € B,

for some o > 0 and some 0 < p < 1, then there exists a unique additive mapping A: E; — Es

such that
2a

I1£() =A@ < 5=

If, moreover, f(tx) is continuous in t for each fixed x € F, then the mapping A is linear.

|z||P, =€ E.
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The result of Th. M. Rassias has stimulated a number of mathematicians working in the
area of functional equations and their applications to investigate similar problems for important
functional equations in mathematics. Such types of stability are refered to as Ulam-Hyers-
Rassias stability of functional equations.

During the last years many results concerning the Ulam-Hyers-Rassias stability of important
functional equations have been obtained by several mathematicians. The main goal of this paper
is to present a selection of some of the most relevant developments in this subject.

The first important result in this direction is the following:

Theorem 2.3 ([22])). Let (G, +) be an abelian group, k an integer, k > 2, (X, || - ||) a Banach
space, ¢: G x G — [0,00) a mapping such that

Oy (z,y) = Zk_(”“)ap(k"x, k"y) < oo forall x,y € G.
n=0

Let f: G — X satisfy the inequality

(2.5) If(z+y) = flz) = fW)l < pla,y), forallz,yed.
Then there exists exactly one additive mapping A: G — X such that

k—1
(2.6) If(x) = A@)]| < ) ®p(x,ma), z €.
m=1

Remark 2.1. In 1991 Rassias asked what the best possible value of £ in the estimation (2.6))
was. For the function

e(@,y) = 0([|[|” + [[y[["),
with @ > 0,0 < p < 1, this value is 2. For details, see [22].

Remark 2.2. Theorem[2.2]is true for all p € R\ {1}. The proof of this extension can be found
in [21], where an example that Theorem [2.2] cannot be proved for p = 1 is presented. Further
interesting counterexamples can be found in the paper [45].

The problem of stability with special "control function" ¢ occurring in the inequality (2.5])
has been studied by R. Ger. He obtained the following interesting result (see [27]).

Theorem 2.4. Let X be a real Banach space and let Y be a real normed linear space. Suppose
that p: X — R is a nonnegative subadditive functional on X and f: X — Y is a mapping
such that

1f(z+y) = fl@) = W)l < e(z) + o(y) — ez +y)
holds true for all x,y € X.

If, moreover, f and ¢ have a common continuity point or if the function X > x — || f(x)|| +
() is bounded above on a second category Baire set, then there exists a nonnegative constant
c such that

[f@) <c-llell+plx), zeX

We note also the following interesting result of this kind proved by P. Semrl.

Theorem 2.5 ([5Q]). Let 6 > 0 and assume that a continuous mapping f: R — R satisfies

f (Z ) DICD
n=1 n=1

for all m € N. Then there exists an additive mapping A: R — R such that

|f(x) — A(x)] < Olz|, zeR

m
Sez‘xnlv .Tl,...,ﬂfmeR,
n=1
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Another generalization of the Ulam-Hyers stability result has been proved by Th. M. Rassias
and P. Semrl [44]]. This result reads as follows.

Theorem 2.6. Let H : R%r — R be a positively homogeneous mapping of degree p with p # 1.
Given a normed space Fy and a Banach space Ey assume that f: F\ — FEy satisfies the
inequality

1f(x+y) = fl) = fW)ll < Azl lylD), 2,y € Er.
Then there exists a unique additive mapping A: E, — Fs such that

If(z) = A@@)ll < H(1,1)[2 = 2°|7Y|z||P, @ € B

Moreover,
lim 27" f(2"z)  forp <1,

Alz) =
lim 2" f(27"x)  forp > 1.

Remark 2.3. Interesting results about the stability of a generalized additive Cauchy equation

can be found in the papers: [3], [6], [38].

Remark 2.4. The historical background and many important results for the Ulam-Hyers-Rassias
stability of various functional equations are surveyed in the expository paper [36]] (see also [13]).

Remark 2.5. Further results on the stability of the Cauchy equation may be found in: [2], [S]],
(L8], [191], [201, 350, (48], [52].

3. MULTIPLICATIVE CAUCHY EQUATION
Let (G, -) be a semigroup and F a normed algebra with the norm satisfying the condition
[z -yl = ll=llllyll, forz,y € E.

A mapping f: G — E is said to be multiplicative iff f satisfies the equation (called the multi-
plicative Cauchy equation):

(3.1) fle-y)=fx)fly), =yed.

For this equation the situation differs from that of the additive Cauchy equation.
Namely, we have (see [4]):

Theorem 3.1. Let G be a semigroup and E a normed algebra with the multiplicative norm.
Given § > 0, let f: G — FE satisfy the inequality

(3.2) 1f(x-y) = f) fWl<d forz,yed.

Then either || f(z)| < 3 (1 + (1 + 45)%> or f is multiplicative.
We say that in this case we have the superstability.

It is known that the assumption of multiplicativity for the norm is essential in this theorem.
For the space M;(C) of all 2 x 2 matrices with the usual norm we have (see [42]]):

Theorem 3.2. If G is an abelian group and a mapping f: G — Ms(C) satisfies the inequality
for some § > 0, then there exists a multiplicative mapping m: G — Ms(C) such that
f — m is bounded.
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In other words, in this case we have the Ulam-Hyers stability instead of the superstability
phenomenon for the multiplicative Cauchy equation.

The reader may find interesting results concerning the superstability problem in [30] by R.
Ger and [25] by R. Ger and P. Semirl.

Now we state the result of P. Gavrutd [23] on so called mixed stability which answers the
problem of Rassias-Tabor.

Theorem 3.3. Let ¢, > 0 and 0 = [2° + (2% + 8¢)2]/2. Let B be a normed algebra with
multiplicative norm and X be a real normed space. If f: X — B satisfies the inequality

(3.3) 1f(z+y) = f@) fWI < ellzl” + 1yl
forall x,y € X, then either
| f(@)]| < 6llz||® forallz € X with ||z|| > 1,

or

flx+y)=f(x)f(y)  forallz,ye X.

The last result of this section is a very general and interesting theorem due to L. Székelyhidi
[53].

Theorem 3.4. Let G be a semigroup and V' a right invariant vector space of complex-valued
mappings on G. If f,m: G — C are mappings such that the mapping

flzy) = f(@)m(y)
in variable x belongs to V for each y € G, then either f € V or m is multiplicative.
4. JENSEN’S AND PEXIDER’S FUNCTIONAL EQUATIONS

Let us start from the following result for the Ulam-Hyers stability of Jensen’s functional
equation due to Z. Kominek [40]].

Theorem 4.1. Let D be a subset of R"™ with non-empty interior and Y be a real Banach space.
Assume that there exists an xq in the interior of D such that Dy = D — x fulfills the condition
% C Dy. Let a mapping f: D — Y satisfy the inequality

|27 (%5) - 0 - 500

for some 0 > 0 and for all x,y € D. Then there exist a mapping F': R — Y and a constant
K > 0 such that

(@.1) oF ("” ‘5 y) — F(z) + F(y)

forall x,y € R" and

<9

)

|f(z) — F(z)| < K, x€D.

The equation (4.1) is called Jensen’s functional equation.
The next result concerning the Ulam-Hyers-Rassias stability has been proved by S.-M. Jung
[37] and was applied to study the asymptotic behavior of additive mappings.

Theorem 4.2. Letp > 0,p# 1,0 >0, 0 > 0, be given. Let X and Y be a real normed space
and a real Banach space, respectively. Assume that f: X — Y satisfies the inequality

2 (S52) - ) - 1

42) ‘ < 54 0(=” + IylP)

AJMAA, Vol. 6, No. 1, Art. 6, pp. 1-15, 2009 AJMAA


http://ajmaa.org

6 STEFAN CZERWIK AND KRZYSZTOF KROL

forall x,y € X. Further, assume f(0) = 0 and § = 0 in (#.2) for the case of p > 1. Then there
exists exactly one additive mapping F': X — Y such that

17(x) — P < 5+ 1700+ g —lell? Gorp< 1)

or
2r—1

If (@) = F@)|| < g 0llzll”  (forp>1)

forall x € X.

The proof of this theorem is similar to the proof of the results presented in the previous
sections and such a method of proof is called the direct method or Hyers” method.

Now we shall present a result on the stability of the Jensen’s functional equation called a
stability on a restricted domain.

Theorem 4.3 ([37]]). Let d > 0 and 6 > 0 be given real numbers. Suppose that f: X — Y
(X,Y as in Theorem{.2) satisfies the inequality

27 (%52) - 00 - 50 <0

forallx,y € X with ||z||+||y|| > d. Then there exists exactly one additive mapping F': X — Y
such that

If(z) — F(z)|| <56+ || fO)], ze€X.

Let us remark that for convex functions the problem of stability is much more complicated
and one cannot prove the analogue of Hyers’ result for convex functions.

The reader may find more information on this problem in [7] and [33].

Finally, we state the result about the stability of the Pexider’s functional equation

(4.3) fle+y)=g(x)+ hy)
with unknown functions f, g, h proved by K. Nikodem [43]].

Theorem 4.4. Let S be an abelian semigroup with zero and let Y be a sequentially complete
topological vector space over Q (the set of rational numbers). Suppose that V' is a non-empty Q-
convex symmetric and bounded subset of Y. If, moreover, f,qg, h: S — V satisfy the condition

flx+y)—glx)—hz) eV, =zyebs,

then there exist functions f1, g1, h1: S — Y fulfilling the Pexider’s equation forall x,y €
S and such that

fi(z) — f(x) € 3seqcl V,
g1(x) — g(x) € 4seqclV,

hy(xz) — h(z) € 4 seqcl V,
forall x € S.
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5. D’ALEMBERT’S AND LOBACZEVSKI’S FUNCTIONAL EQUATIONS

In this section we shall discuss the D’ Alembert functional equation (called also the cosine
equation)
(5.1) fle+y)+ fl—y) =2f(2)f(y).
For this equation we discover a different kind of stability, usually called superstability (i.e. if
f satisfies some inequality, than f satisfies the equation). The first result for this equation has

been proved by J. Baker [4]. Here we will present the result proved by Gavruta [24] because of
the simplicity of the proof.

Theorem 5.1. Let § > 0 and G be an abelian group and f: G — C be a function satisfying the
inequality
(5.2) [fle+y)+ fle—y)=2f(@)f(y)| <6 forallw,y e,
Then either f is bounded or satisfies the D’Alembert functional equation ([5.1)).
Recently, the author of this paper has proved a very general criterium on the stability of the
D’ Alembert functional equation (see [[17]).
Let GG be a group and C the set of complex numbers. Let f, g: G — C, then we denote
go(z) = g(x +a), =xz,a€q,
AN, y) = fle+y) + fle—y) = 2f(2)f(y), zyeq,
U':={g|g: G — C},
U?:={H|H: G x G — C}.
If U' has the property: if g € U then g, € U for a € G, then we say that U' has the

"translation property".
We have the following.

Theorem 5.2 ([17]). Let f: G — C be a function. Let U' be a linear space over C with the
"translation property". If, moreover,

() for everyu € G, A(f)(-,u) € U,
then
() feUtorA(f)=0.
Remark 5.1. Linear spaces U*, U? satisfying the conditions
(i) A(f) € U?,
(iv) forevery u € G, A(f)(-,u) € U?,
are called A-conjugate spaces.
Remark 5.2. The famous Baker superstability result for the D’ Alembert functional equation
(see [4]]) is obtained for
U' = B(G; C),
U? = B(GxG; C),
where U! and U? denote the A-conjugate linear spaces of bounded functions on G and G x G
respectively with values on complex numbers.

For the Lobaczevski’s functional equation

53) (%) = 1w
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we have the following result [24].

Theorem 5.3. Let 6 > 0 and G be an abelian 2-divisible group. Let f: G — C be such that

f? (x;—y) —f(a:)f(y)‘ <é forallz,yecd.

Then either
1 1
@] <5 17O+ (FOF + 4] foratz e,
or f satisfies the Lobaczevski’s functional equation ({5.3).

The equation

(5.4) flay) flzy™) = f(x) — f2(y)

is called the sine functional equation. For this equation P. Cholewa has proved the following
superstability result.

Theorem 5.4. Let G be an abelian group uniquely divisible by 2. Then, every unbounded
mapping f: G — C satisfying the inequality

[flay) flay™) = f22) + )l <0, 2y ed,
for some § > 0, is a solution of the sine equation ({5.4).
Another interesting equation
(5.5) flzy) = yf(x) +2f(y)

is known as the functional equation of derivation. For this equation we have the P. Semrl [49]
superstability result.

Theorem 5.5. Let E be a Banach space, let A be an algebra of operators on E and let B(E)
be the algebra of all bounded operators on E. Assume that ¢: R, — R, is a function with the

property
) 1
tli)r& {gSO(t)} =0
If, moreover, f: A — B(FE) satisfies the inequality
1f(zy) —yf (@) —af I < elllllvl), 2y € A,
then [ satisfies the derivation equation ({5.3).

For further interesting information about the Ulam-Hyers-Rassias stability of some general-
izations of the cosine and sine functional equations, the reader is referred to the paper of R. Ger
[29].

6. EQUATION OF HOMOGENEOUS MAPPINGS

The problem of Ulam-Rassias type stability for homogeneous mappings was originated by
the author of this survey paper. The first result was presented in [11].
We shall present here the following result.

Theorem 6.1. Let E be a real linear space and F' a real Banach space. Let f,g: E — F and
p:R—=Randh: R x E— R, be given functions. Assume that

[ (ex) — p(@)g(@)]| < h(e, x)
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forall (a,z) € R x E and ¢(1) = 1. Suppose that there exists 5 € R such that p([3) # 0 and
the series

Z!so )| " H (B, 8"x)

converges pointwise for all x € E, and
lim inf |(5) | " H (, ") = 0,
forall (a,z) € R x E, where
H(a,z) = h(a,z) + |e(a)|h(1, ).
Then there exists exactly one p-homogeneous function A: £ — F':
Alaz) = p(a)A(x), (a,x) ERXE,
such that

Az ||<Z|90 )| H (B, 5" ),

|A(z |<Z|90 B)|"G(B, 8" ),

forx € E, where
G(o,x) :== h(a, ) + h(1,ax), (a,z) € R X E.
Let us note that the function A is given as the limit of the generalized Hyers-Rassias sequence

An(z) =" (B)f(B"x), weE, neN
Next we present a result about the stability of the homogeneous mappings in topological

spaces (see [10]).

Theorem 6.2. Assume that X is a real linear space and Y a sequentially complete locally
convex linear topological space. Let K C X be a cone and f,g: K — Y be given functions.
Suppose that there exist an A C [1,00), 1 € A, int A # 0 and a bounded subset U C Y such
that

a 'flar) —g(x) €U, a€AreK.

Then there exists exactly one positively homogeneous function I': K — Y such that
F(z)— f(z) € s(s— 1) telconv(U —U), w€K
and
F(x) —g(z) € s(s — 1) el conv[(U —U)UU U (-U)], z€K,
where s = sup A < oo. If s = 0o, then
F(z)— f(x) € clconv(U = U), ze€K

and

F(x) —g(x) € clconv[(U—-U)UUU(-U)], ze€kK.
Moreover,
f(z) = lim a " f(a"z) = lim a "g(a"z), z€ K

for o € A\ {1} and the convergence is uniform on K.

For further information concerning results on the stability of the homogenity condition, one
may see for example [34]], [39], [41] and [54].

AJMAA, Vol. 6, No. 1, Art. 6, pp. 1-15, 2009 AJMAA


http://ajmaa.org

10 STEFAN CZERWIK AND KRZYSZTOF KROL

7. QUADRATIC FUNCTIONAL EQUATION

The equation

(7.1) fle+y) + flz—y) =2f(x) +2f(y)

is called the quadratic functional equation. We define any solution of the equation to be a
quadratic function.

The Hyers-Ulam stability of the quadratic functional equation was studied by F. Skof [51]
and P. Cholewa [7]], whereas the Rassias type stability was studied by the present author in [12].

Here we shall present some main results and ideas obtained by S. Czerwik [14]].

Let X be a commutative semigroup with zero and the following law of cancelation:

a+c=b+c implies a=05b foralla,b cec X.

Moreover, we assume that in X is defined a multiplication by nonnegative real numbers with
the usual properties. Assume that in X is a metric d such that

dlx+y,x+2)=d(y,z) forallz,y,z € X,
d(tz,ty) = td(x,y) forallz,y € X, t € R,.
Denote
|z|| == d(z,0), ze€X.

A commutative semigroup with zero satisfying all the above conditions will be called a quasi-
normed space.

Now we can present the main results on stability of the quadratic functional equation due to
S. Czerwik [14].

Let £ be agroupand h: £ x ' — R, a given function. We denote

H(z,y) :=h(z,y) + h(z,0) + h(y,0) + h(0,0),
K(z,y) :=2h(z,y) + h(z +y,0) + h(z — y,0)

forx,y € E.

Theorem 7.1 ([[14]]). Let X be an abelian group and Y a complete quasi-normed space. Let
F.G: X — Y satisfy the inequality

(7.2) dlF(x+y)+ F(x —y),G(x) + Gy)] < h(z,y) forallz,y e X.
Let for some integer k > 2and m = 1, ... k — 1 the series

> h(mktz, kx)k™

s=0

and
> h(kix, 0)k>
s=0

be convergent for all x € X. If, moreover,

liminf h(k"z, k"y)k 2" =0 forall z,y € X,

n—oo
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then there exists exactly one quadratic mapping A: X — Y such that

B

WE

-1

d[A(z) + F(0), F(z)] < k2 (k —m)H (mk*z, k*x)k™2,

> 3

I

)
w
Il
o

NE

d2A(z) + G(0),G(x)] < k2 (k —m)K (mk*z, k*x)k™2*,

IN

3
I
A
V)
|
=)

forall x € X.
Similarly we can obtain the following result.

Theorem 7.2 ([14]). Let X be an abelian group divisible by k € N, k > 2 and Y a complete
quasi-normed space. Let F,G: X — Y satisfy the inequality (7.2)). Suppose that for m =
1,...,k — 1 the series

(7.3) i h(mk ™5z, k™ 5x)k*
s=0
and
(7.4) S (", 0k
5=0
are convergent for all v € X. If, moreover,
(7.5) liiriioglfh(k:_”x, E"y)k* =0 forallz,y € X,

and F(0) = 0, then there exists exactly one quadratic mapping B: X — Y such that

d[B(x), F(x)] < k72> Y (k—m)H(mk "z, k—*z)k>,

d[B(z),G(x)] < k7>> Y (k—m)K(mk ™z, k™ z)k>,

forallz € X.
Finally, for the case F'(0) # 0, we have

Theorem 7.3 ([14]). Let X be an abelian group divisible by k € N, k > 2 and Y a Banach
space. Let the mappings F,G: X — Y satisfy the inequality

|F(e+y)+ Fla —y) — G(z) - G)I| < h(z,y) forallz,y € X.

Assume, additionally, that the series and are convergent for all x € X and the

condition is satisfied. Then there exists exactly one quadratic mapping C': X — Y such
that

|C(z) + F(0) — F(z)|| < k™2 y Z(kz —m)H(mk ™%z, k™ *x)k*,
12C(z) + G(0) — G(z)|| < k72 Y Z(k —m)K (mk™ 5z, k™ 5x)k*,

forall x € X.

AJMAA, Vol. 6, No. 1, Art. 6, pp. 1-15, 2009 AJMAA


http://ajmaa.org

12 STEFAN CZERWIK AND KRZYSZTOF KROL

Now we shall consider the Ulam-Hyers stability problem in LP—spaces.
Assume that (Y, 1) is a measure space. If f: Y — R is non-negative function, then we define
its upper integral (after J. Tabor)

n
/fd,u := inf /gpdu: v e Li(Y,R), f(x) <¢p(x), z€Y

Y
or

+
/fdu:=+oo
Y

if the corresponding set is empty.
For p > 0 and a metric abelian group £ we set

||| ;= d(z,0), =¢€E,
+
LIY,E) = f:Y - B /Hf(x)”pdu < 400
Y

Theorem 7.4 ([16]]). Let (X, i) be an abelian complete measurable group and E be a metric
abelian group without elements of order two. Let f: X — E be a such that Qf € Lj(X x
X, E), for some p > 0. If, moreover, 1(X) = +o0, then

Qf(z,y) =0,
where Q f(z,y) = 2f(x) +2f(y) — f(x +y) — f(z —y).

In other words, Theorem says that under the assumption that the quadratic difference of
f is bounded by an integrable function, the function f satisfies the quadratic equation almost
everywhere, that is, in this case the phenomenon of superstability occurs.

For more details about similar results, the reader is referred to [[15]], [55]].

To end, we shall present a result on the stability of the generalized quadratic functional equa-
tion on topological spaces.

Theorem 7.5 ([1]]). Let G' be an abelian 2-divisible group and let B C X be a nonempty
bounded set, where X is a sequentially complete locally convex linear topological space. If the
functions f,qg: G — X satisfy

flx+y)+ flx—y) —g(x) —g(y) € B, =,y €q,

then there exists exactly one quadratic function Q): G — X such that
Qx) + f(0) — f(x) € gcl conv(B—B), =€,
2Q(z) + g(0) — g(z) € ;Cl conv(B—B), z€G,.
Moreover, the function () is given by the formula
Q) = lim fu(x) = 5 ln gu(a), @€ G
where

falz) = 2% (2"z),  gn(z) = . (2"z), neN,zed

and convergence is uniform on G.
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