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1. INTRODUCTION

Consider the following second-order neutral differential equation

(L.1) (x(t) =) et - 50) +a(t)x(t) = Ab(t) f(z(t = 7(t))),

=1

where \ is a positive parameter; ¢; and 0;, « = 1,2,...,n, n € Z", are constants with
Sorglal # 1 f(z) € C(R,[0,00)), and f(x) > 0 for z > 0; a(t) € C(R,(0,00)) with
max{a(t) : t € [0,w]} < (£)? b(t) € C(R,(0,00)), 7 € C(R,R), a(t), b(t) and 7(t) are
w-periodic functions.

In recent years, the existence of positive periodic solutions for differential delay equations has
attracted much attention, see [1} 3, 6, [8] and the references therein. However, compared with
the ample results on the existence of positive periodic solutions for various types of first-order
or second-order ordinary delay differential equations, studies on positive periodic solutions for
neutral differential equations are relatively less. This is because the latter is much more intricate
than the former. In [11]], Zhang presents some results for the neutral operator (Ax)(t) = x(t) —
cx(t—¢) which become effective tools for research on differential equations with the prescribed
neutral operator, see [4} [7, 9, [10], etc. Lu and Ge in [5] obtain some results on the generalized
neutral operator Az (t) = z(t) — > ., ¢;x(t — 0;), and using Mawhin’s continuation theorem
they proved the existence of periodic solutions for a differential delay equation. However, the
results in [5] do not apply to the study of positive periodic solutions to the generalized neutral
differential equations.

Motivated by this problem, we first analyze properties of the generalized neutral operator
A which will be helpful for further study on differential equations with a generalized neutral
operator, and then by an application of the fixed-point index theorem, we obtain sufficient con-
ditions for the existence, multiplicity and nonexistence of positive periodic solutions to (1.IJ).
An example is also given to illustrate our results. Our results improve and extend the works in
[S, 9, [11].

2. ANALYSIS OF THE GENERALIZED NEUTRAL OPERATOR

Let X = {z(t) € C(R,R) : z(t + w) = x(t),t € R} with norm [[z]| = sup,¢(o ) [2()]-
Then (X, || - ||) is a Banach space. A cone K in X is defined by K = {z € X : z(t) > af|z||},
where « is a fixed positive number. Moreover, define operators A, A; : X — X by

(Az)(t) = z(t) — Z et —6;), (Arz)(t) = Z ca(t —6;),

respectively, here ¢; and ¢; are defined as in the previous section. We have

Lemma 2.1. If Y | |¢;| < 1, then A has a continuous bounded inverse A~' on X and

@1 [A7()
:y(t)+zzZ"'Zcmcm'”crjy(t_(sm _57‘2 _"'_5Tj)af0rally€X'

721 ri=1ro=1 r;=1
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Proof. From the definition of Ay, we obtain

[Aw]] = sup || Avy]l

llyll=1
= sup max ciy(t — ;)
lyll=1 1[0 2

max Z leil|y(t —

||yu 1t€ [0,w]

< Z|ci| < 1.
=1

Then, by the Neumann expansion of A~ i.e.,, A= = (I — A))"' =1+ > is1 A, we have

[A™ly +ZZZ Zcﬁ%- Yt = Gy = Gpy — - = 0,).

721 ri=1ro=1 ri=1

|
We now define an operator H : X — X by
H(y(t) = =) ci(A7'y)(t = 5y).
i=1

Lemma 2.2. If ¢; < 0 foralli =1,2,...,nand Y, | |¢;| < min{l, o}, we have fory € K
that:

o — Zn_ ‘Cl‘ 1 1
(a) —==lyl <A < = lvl;

1— (3 Ci)2 1= el

> i laal (o =320 Jail) iy lail

(b) : ——lyll < H(y(t) < =S Iyl

1- (30, ) 1= el

Proof. (a). Since ¢; < Oforalli =1,2,...,n,and ", |¢;| < min{1, o}, by Lemma[2.1]} we
have for y € K that

(A1 +ZZZ Zcmcm- Yt —Opy — Oy — -+ — 0p;)

721 ri=1ro=1 rj=1

Z ZZ Zcrlcm' r t—5r1—5r2—~-—5”)

j=2(m+1) r1i=1rz2=1 rj=1

Z ZZ Zcmcrz' r t 57”1_57’2_"'_5rj)

j=2m+1 |r1=17r2=1 rj=1

t) + Z Z CTlcrzy(t - 57”1 - 5?“2) o=

ri=1ro=1

o zn: zn: zn: Crlcmcray(t - 57"1 - 5T2 - 57"3) o

ri=1ro=1r3=1

n

Z crly(t - 57”1)

r1=1

AJMAA, Vol. 6, No. 1, Art. 5, pp. 1-16, 2009 AJMAA


http://ajmaa.org

4 WING-SUM CHEUNG AND JINGLI REN AND WEIWEI HAN!

n

E Cry

r1=1

Iyl

>allyll + Y Y encnallyll + - —

ri=1re=1

n n n
E E E Cry CryCry

ri=1ro=1r3=1

n 2

= aflyl + (ZC) allyl[ +--- -
i=1
a—[> il

= —==—l
1—- (2 a)
o — Z?:l i

= —==—1lvl,

- (L)

where m € N. On the other hand, from [5]], we can obtain the other inequality.

Iyl =---

3
Iyl = Iyl =---

n
>
i=1

n
>
i=1

(b). It can be directly derived from the definition of H(y(t)) and part (a). §

Lemma 2.3. If¢; > 0 foralli=1,2,....,nand Y ;.  ¢; <1, a <1, then fory € K we have:

. -1 R T
(a) =5 CiHyH < (A7) = - s Ciy\y\|7
(b) i Ci”yH < Hiy(0) < ﬁ“y”,

1 - E?:l Ci T 1= Z?:l Ci

Proof. (a). Sincec; > Oforalls =1,2,...,n, Z?:l ¢; < 1. By Lemma we have fory € K
that

(A_ly)<t) = y(t) + Z Z Z e Z CriCry = C’I‘jy<t - 67"1 - 57‘2 - 57‘]-)

j>1 ri=1ro=1 r;j=1

= y(t) + Z cﬁy(t - 57‘1) + Z Z CTICTQy(t - 51”1 - 67”2)

ri=1 ri=1ro=1

+ Z Z Z CTlcT‘QCTsy(t - 67“1 - 61“2 - 5T3) T

r1=1ro=1r3=1

> allyll + Y enalyl + Y encnallyl

ri=1 ri=1rs=1

* Z Z Z Cry CryCrst||y|| 4+

ri=1ro=1r3=1

~alyl+ 3 el + (z ) oyl + (z ) oyl + -
=1 1

i=1
«

=15 ol

The proof of the remaining parts is similar to that for Lemma [2.2] and will be omitted. n
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3. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR (1.T))

Define the Banach space X as in Section[2] and let Cf = {z(t) € C(R, (0,400)) : z(t +
w) = z(t)}. Denote

M = max{a(t) : t € [0,w]}, m = min{a(t) : t € [0,w]}, 3 = VM,

1 cos 2«

23 sin &° 2(3sin 5°

L
k—vVk?—4LIMm  Im—(M+m)> ", |l

— —
1 2LM 0T T LMy )

It is easy to see that M, m, 3, L, 1, k, k; > 0.

Here, the cone K in X is defined by K = {z € X : 2(t) > «|/z||} as in Section 2] where
is as defined above. Note that K, = {z € K : ||z|| < r} and 0K, = {x € K : ||z]| = r}.

Now we consider (I.1)). First let

and denote
ip = number of zeros in the set { fo, foo }, 70 = number of infinities in the set { fo, foo }-

It is clear that i, i = 0,1,2. We will show that (I.I)) has i, or i, positive w-periodic solu-
tion(s) for sufficiently large or small A, respectively.
In the following we discuss @ in two cases, namely, the case where ¢; < 0 for all

i=1,2,...,n,and >7  ¢; > —min {ky, 72—} [Z?:l i > —375, assures a > 0; when

1=

n : m LM—Im n m . n
Yo ¢ < min {M+m, (L_I)M_lm} [when >ie1 G < it then o > 05 when 37 ¢; <

(L’i]l\;[—]\}l_%, then o < 1]. Obviously, we have Y, |¢;| < 1 which makes Lemma hold for

both cases, and Lemma 2.2] or [2.3]also hold, respectively.
Let y(t) = (Az)(t), then from Lemma [2.1| we have x(t) = (A~'y)(¢). Hence (1.1) can be

transformed into

Yom ¢ > —ky, then D7 o] < oz]; and the case where ¢; < 0 foralli = 1,2,...,n and

(3.1 y"(t) + a(t)(A7y)(t) = Ab() F((A™ ) (t — (1)),
which can be further rewritten as

(3.2) y"(t) + a(t)y(t) — a(t)H(y(t)) = M) f((A'y)(t = 7(1))),
where

is defined as Section 2
Now we discuss the two cases separately.
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3.1. Casel. ¢; <Oforalli=1,2,...,n,and Y7 | ¢; > —min {ky, 772}
Denote

r

1= 3 ol

)

F(r)=max< f(t):0<t<

o= e
fi(r) =mind f(t): — = <t <

1—(;@)2 1_;|Cz|

r

Lemma 3.1. The equation

(3.3) y'(t) + My(t) = h(t), h € CJ,
has a unique positive w-periodic solution
t+w
(3.4) y(t) = / G(t, s)h(s)ds,
t
where

Cosﬁ(§+t—s)
Qﬁsin%w

(3.5) G(t,s) = ,  SE[tt+w].

Remark 3.1. The conclusion has been presented in [9] without a proof. For the convenience of
readers, we give the details here.

Proof. First it is easy to see that the associate homogeneous equation of (3.3)) has the solution
y(t) = c1 cos Bt + ¢y sin Gt. Applying the method of variation of parameters, we get

—sin gt cos [t
Noticing that y(¢), 3/(t) are periodic functions, we have

o)~ /+ A(s)eos (s—5) | o(t) = /+ h(s)sin (s —5)

2(sin %‘” 20 sin %‘"

Therefore
y(t) = c1(t) cos Ot + co(t) sin Gt

- [t smisyas

where G(t, s) is as defined in (3.3). &

Lemma 3.2 ([9]). We have j;tw G(t,s)ds = ;. Furthermore, if max{a(t) : t € [0,w]} <
()% then0 <1< G(t,s) < Lforallt € [0,w]and s € [t,t + w].

Proof. For the proof, readers are referred to [9]. 1

Now we study the following equation corresponding to (3.2)),
(3.6) y'() + alt)y(t) — a(®)H(y(t)) = h(t), h € CZ.
We define the operators T, B : X — X by

(3.7 (Th)(t) :/t MG(ta s)h(s)ds, (By)(t) = (M — a(t))y(t) + a(t) H (y(t)).
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Clearly T, B are completely continuous, (7°h)(t) > 0 for h(t) > 0 and
18] < (M oy m—azlal ) .

1= lal
By Lemma 3.1} the solution of (3.6) can be written in the form
(3.8) y(t) = (Th)(t) + (TBy)(t).
Inview of ¢; < Oforalli =1,2,...,n,and ) 7| ¢; > —min {ky, 372}, we have

M—-—m+md" |
M (1 - Z?ﬂ lcil)

ITBI < [ITIIBI < <1,

and so

(3.9) y(t) = (I = TB)"(Th)(t).

We define an operator P : X — X by

(3.10) (Ph)(t) = (I — TB)"Y(Th)(t)
<

(
Obviously, for any h € CF, if max{a(t) : t € [0,w]} < (I)
positive w-periodic solution of (3.6)).

2, y(t) = (Ph)(t) is the unique

Lemma 3.3. P is completely continuous and

M (1 — Z?: |Cz|)
3.11) (Th)(t) < (Ph)(t) < m = (M +m) 12?:1 el |Th||, forall h € Cj.

Proof. By Neumann expansions of P, we have
(3.12) P=(I-TB)™'T
= +TB+ (TB)?+ -+ (TB)"+---)T
=T+TBT + (TB)*T +---+ (TB)"T + - -- .
Since T" and B are completely continuous, so is P. Moreover, by (3.12)), and recalling that
M—-m+m}, |l

M1 =320 al)

ITB| < <1,

we get

M (1 =370 el)
(TW(0) < (PR)E) < =t 2 T
We define an operator () : X — X by
(3.13) Qy(t) = POAb(®) f((A y)(t — 7(1))).
Lemma 34. Q(K) C K.

Proof. From the definition of @), it is easy to verify that Qy(t + w) = Qy(t). Fory € K, we
have from Lemma [3.2] that

Qy(t) = P(Ab(t) f((A™My)(t — 7(1))))

AJMAA, Vol. 6, No. 1, Art. 5, pp. 1-16, 2009 AJMAA
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On the other hand,
Qy(t) = PAD(t) F((A™ ) (t — 7(1))))

M-S ) e
ST IO (A ) = )]

= M(l_zllm max s) s—T(s s
s HWGM/ G(t,5)b(s) F((A ) (s — 7(s))d

M(1-Y" )
S my

Hm — (M +m) 3, il
LM (1 =377, |ail)

g / b(s) F((A™ y)(s — 7(s)))ds.
Therefore

Qy(t) >
ie,Q(K)C K.

From the continuity of P, it is easy to verify that () is completely continuous in X. Com-
paring (3.2) with (3.6), it is obvious that the existence of periodic solutions for equation (3.2)) is
equivalent to the existence of fixed-points for the operator () on X. Recalling Lemma [3.4] the
existence of positive periodic solutions for (3.2)) is equivalent to the existence of fixed-points
of Q on K. Furthermore, if ) has a fixed-point y in K, it means that (A~'y)(¢) is a positive
w—periodic solution of (L.T).

1Qull = ol Qyll,

Lemma 3.5. If there exists n > 0 such that
FUAT )t —7(1) = (A7 y)(t = 7(t)n, fort € [0,w] and y € K,
then

a—> " lal (¥
Qy zAln—;_l/bsdsy,yEK.
1Qyl o, ) s (s)ds|[yll

Proof. By the assumption, we have for y € K that
Qy(t) =P (b(t) f((A™"y)(t — (1))
> T (b(t)f(A™"y)(t — (1))

t+w
- / Gt 5)b(s)F((A~"y)(s — 7(s)))ds
> Ay / “b(s) (A7) (s — (s))ds

a — Z?:I |Cz| “
> /\lﬁm/o b(s)ds|ly].

=zl Pyt e w
- (ZLie)

0

Hence

|Qyll > Aln

Lemma 3.6. If there exists ¢ > 0 such that

FAT Y = 7(1) < (A7My)(t = 7(t))e, fort € [0,w] and y € K,

then
LM [ b(s)ds

— (L m) S e

|Qyll < Ae lyll, y € K.
m |
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Proof. By Lemma[2.2] Lemma[3.2]and Lemma [3.3] we have

MOS0 Jel) [y
IQuH < 32 =R L [ (A ) s~ ()

MO =S 1aD o a s — rons

et te [ A s (o)
LM [ b(s)ds

== O ) T T

1yl

Lemma 3.7. Ify € 0K,, then
1Qull > Mfi(r) / b(s)ds.
0

Proof. By Lemma[2.2] we obtain

a—[> il —1 _ r
L (e ST s T

for y € OK,., which yields f((A™'y)(t — 7(¢))) > fi(r). The lemma now follows by imitating
the proof of Lemma[3.5] n

Lemma 3.8. Ify € 0K, then

1Qull < A

Proof. By Lemma[2.2] we have
0< (A7 y)(t—7(1)

LM =30 e FO) [,
m—<M+m>z;;11cz-r/o bls)ds.

< T

T 1= el

for y € OK,, which yields f((A™'y)(t — 7(t))) < F(r). Using a process similar to the proof
of Lemma 3.6, we obtain the conclusion. §

We now quote the fixed point theorem which our results will be based on.

Lemma 3.9 ([2]). Let X be a Banach space and K a cone in X. Forr > 0, define K, = {u €
K :||ul| < r}. Assume that T : K, — K is completely continuous such that Tx # x for
redK, ={ue K :|ul|=r}
) If | Tx|| > ||z| for x € OK,, then i(T, K,, K) = 0;
Gi) If | Tx| < ||z| for x € OK,, theni(T, K,, K) = 1.
Now we give our main results on positive periodic solutions for (1.1)).

Theorem 3.10.
(@) Ifig = 1 or 2, then has iq positive w-periodic solution(s) for

A > L >0
fl(l)lfow b(s)ds ’

(b) If ico = 1 0r 2, then (I.1) has i positive w-periodic solution(s) for
m— (M+m)3 0 el -
LM (1 =320 fei]) F(1) fg b(s)ds
(©) Ifico = 0 0r iy = 0, then (I.1) has no positive w-periodic solution(s) for sufficiently
small or sufficiently large \ > 0, respectively.

0< A<

AJMAA, Vol. 6, No. 1, Art. 5, pp. 1-16, 2009 AJMAA
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Proof. (a). Choose r; = 1. Take

N = 1
O Al [ b(s)ds’
then for all A > )y, we have from Lemma [3.7] that
(3.14) 1Qy|l > |lyl|, fory € OK,,.

Case 1. If fy = 0, we can choose 0 < 75 < ry, so that f(u) < eu for 0 < u < 7y, where the

constant € > ( satisfies

3.15) \ LM [ b(s)ds 1
: £ — :
m— (M +m) > 0 |l
Letry = (1 — Y7, |¢s]) 72. By Lemma 2.2} we have
. vl .
0< (Al t—r(t) < — <5
=32 el ’

for y € 0K,,, which yields
FUAT )t = 7(1))) < e(Ay)(t —7(1)).
In view of Lemma[3.6/and (3.15), we have for y € 0K, that
LM [ b(s)ds
ol < oot Jo U
m— (M +m) 3 |l
It follows from Lemma [3.9)and (3.14)) that
Z(Q? Kr27K) = ]'7 Z(Q? KTI7K) = 07

thusi(Q, K,,\K,,, K) = —1 and Q has a fixed point y in K, \ K,.,, which means that (A~y)(?)
is a positive w-positive solution of (L.I)) for A > .

Iyl < lyll-

Case 2. If f., = 0, there exists a constant H > 0 such that f (u) < euforu > H, where the
constant ¢ > 0 satisfies

(3.16) Ao EM Iy bds
m— (M +m) >, e
Let
r3 = max { 27 - [1 ~ (i Ci>2]
’ — i lail
Since

- a—[>0al %
(At —7(t) > — Sl = H
- (i a)
for y € 0K,,, we obtain
FUAT Y = 7(1))) < e(Ay)(t = 7(1)).
Thus by Lemma 3.6|and (3.16), we have for y € 0K, that
LM [ b(s)ds
IQul < e 2o M)
= (M m) S T
Recalling from Lemma 3.9 and (3.14) that
i(QaKr37K) = 17 i(QaKrlaK) = 07

|IIyII < lyll-
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then i(Q, K,,\K,,, K) = 1 and Q has a fixed point y in K,,\ K,,, which means that (A~1y)(t)
is a positive w-positive solution of (1.1)) for A > A,.

Case3. If fy = fo = 0, from the above arguments, there exist 0 < 73 < 71 < r3 such that () has
a fixed point y; (¢) in K,,\K,, and a fixed point y5(¢) in K,,\K,,. Consequently, (A~ y;)(t)
and (A~ 'y,)(t) are two positive w-periodic solutions of (1.1 for A > .

(b). Let r; = 1. Take
—(M+m)3 0 |l
LM (1 — Z?:l lci|) F(r1) fo b(s)ds
then by Lemma [3.8] we know that if A < ), then
(3.17) 1Qull < llyll, y € 0K,,.

Case 1. If f; = oo, we can choose 0 < 75 < 7y so that f(u) > nu for 0 < u < 79, where the
constant 7 > ( satisfies

/\0:

(3.18) Al o= dimlal / s)ds > 1.
z 1CZ
Letry = (1 — >, |e;|) 72. Since
_ Iyl _
0< Ay (t—7(t) < —<—— < T
- Zi:l i

for y € 0K,,, we obtain
FUAT )t = 7(t))) > n(A ) (t — 7(1)).
Thus by Lemma[3.5]and (3.18),
ZTL

a—> . | “
IRyl = M’?—Zle/ b(s)ds|lyll > |lyll, y € OK,,.
- (Zz 1 i 0

It follows from Lemma|[3.9]and (3.17) that
Z(Q KrzaK) = 07 i(QaKrnK) = ]-7

which implies that i(Q, K,,\K,,, K) = 1 and Q has a fixed point y in K, \(,,. Therefore
(A~1y)(t) is a positive w-periodic solution of (1.1 for 0 < X < Ag.

Case 2. If f,, = oo, there exists a constant H > 0 such that f (u) > nu for u > H, where the
constant 77 > 0 satisfies

(3.19) A7) o dimlal 1 i / s)ds > 1.

z 1 Cl
Let
1= (L a))
- Z?:l il

r3 = max { 271,

By Lemma [2.2] we have

-1 a— i el %
(A7)t —7(1) = mﬂyﬂ > H

for y € 0K, and then
FUAT )t = 7(1)) = (A7 y)(t — 7(1)).

AJMAA, Vol. 6, No. 1, Art. 5, pp. 1-16, 2009 AJMAA
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Thus by Lemma [3.5and (3.19), we have for y € 0K, that

a—> i lal ¢

@l = A= [ bs)aslyl >

1= a) Jo

It follows from Lemma [3.9]and (3.17) that
Z(Q, Koy, K) =0, Z(Qv K, K) =1,

ie.,i(Q, K,,\K,,, K) = —1and Q has a fixed point y in K,,\ K,,. This means that (4~1y)(t)
is a positive w-periodic solution of (1.1)) for 0 < A < Ag.

Case 3. If fo = f. = 0, from the above arguments, () has a fixed point y; in K. \K,,
and a fixed point y in K,,\K,,. Consequently, (A~'y;)(¢) and (A~ 1ys)(t) are two positive

w-periodic solutions of (1.1) for 0 < A < .
(c). By Lemmal2.2] if y € K, then
- a— iyl
(Ay)(t—7(t) =2 — ==yl >0
1— (X c)

fort € [0, w].
Case 1. If ip = 0, we have fy > 0 and f, > 0. Let b; = min{f(“);u > O} > (0. Then we

obtain
f(u) > biu, u € [0, +00).
Assume that y(t) is a positive w-periodic solution of for A > \g, where
Ao = -3 Cz)z ‘
Iy (o = 320 |eil) Jo b(s)ds
Since Qy(t) = y(t) for t € [0,w], then by Lemma[3.3] if A > Xo, we have

a— gl [
yl| = [|Qyll = Alb =1 / b(s)ds|ly|l > llyl|,
lyll = llQyl S e (s)dsllyll > Iyl

which is a contradiction.

u

Case 2. If i, = 0, we have fy < oo and f,, < co. Let by = max{f(")'u > 0} > 0. Then we
obtain

f(u) < bgu, u € [0,00).
Assume that y(¢) is a positive w-periodic solution of for 0 < A < A, where

m— (M+m) i il

Ao = w
0 boLM [ b(s)ds
Since Qy(t) = y(¢) for t € [0,w], it follows from Lemma 3.6 that
LM [;"b(s)ds

lyll = [|Qull < Abs

which is a contradiction. g

Theorem 3.11.

(a) If there exists a constant by > 0 such that f(u) > byu for u € [0, +00), then has
no positive w-periodic solution for

1 - (Z?:l Ci)2
A -2 o)) P e)ds

o lyll < llyll;
m— (M +m)> " |
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(b) If there exists a constant by > 0 such that f(u) < bou for u € [0,4+00), then has
no positive w-periodic solution for

m— (M+m)3y" o
boLM [ b(s)ds
Proof. From the proof of (c) in Theorem [3.10| we immediately obtain this theorem. 1

Theorem 3.12. If
(e o m- (M m) S ol
Ha =325 lal) fy b(s)ds max{ fo, foo} LM [ b(s)ds min{fo, foo}’
then (I.1) has one positive w-periodic solution.

Proof. Case 1. If fy < f., then

1- (Z?:l Ci)2 m — (M + m) Z?:l |Cz|
el (oS ) Job)ds S T LM [P b()ds

It is easy to see that there exists an 0 < £ < f., such that

L (T e L me M) S el
(foo =) (a =320 lail) J3 b(s)ds (fo+e)LM [ b(s)ds
For the above ¢, we choose 7, > 0 such that f(u) < (fo +e)ufor 0 < u < 7. Letr; =
(1 =37, |¢;]) 71. By Lemma[2.2] we have

0 < (A7)t =) < T <1

0< A<

and then
FUATY(E = 7(1)) < (fo+e) (AT y)(t — 7(1)).
Thus by Lemma 3.6/ we have for y € 0K, that
LM [ b(s)ds
m— (0 +m) S e
On the other hand, there exists a constant H > 0 such that f(u) > (fs —)u for u > H. Let

1Qull < A(fo+¢)

r [yl < [lyll-

1= (2 )
— i lail

ro = max { 271,

By Lemma[2.2] we have
a— 3 cil 2
1= (2 a)

for y € 0K, and then
(AT Y)(t = 7(1) = (foo — ) (ATTY)(t = 7(1)).
Thus by Lemma[3.5] for y € 0K,,
a

_ — i lal (¢
vl 2 Al fe =)= [ siastul > ol

It follows from Lemma [3.9] that
i(Q, K, K)=1,i1Q,K,,, K) =0,
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thus i(Q, K,,\K,,, K) = —1 and Q has a fixed point y in K,,\ K,,. So (A~1y)(t) is a positive
w-periodic solution of (I.1).

Case 2. If fy > f., in this case, we have
=)’ m—(Mam)Y el
fol(a =321 leil) Jy b(s)ds foo LM [5b(s)ds
It is easy to see that there exists an 0 < € < f such that
- (o )’ o= (Mem) S el
(fo— &)l = 320, lail) Jo b(s)ds (foo +€)LM [57b(s)ds

For the above ¢, we choose 71 > 0 such that f(u) > (fo —e)ufor 0 < u < 7. Letry =
(1 =>"", |¢;]) 71. By Lemma 2.2 we have

0< Ayt —r() < —d <

N Z?:l il —

for y € OK,, and then

F((AT )t = 7(1) = (fo— ) (AT )t — 7(1)).
Thus we have by Lemma 3.5] that for y € 0K,

sl 2 Mo = {5 [T oastol > ol

On the other hand, there exists a constant H > 0 such that f(u) < (f +&)u foru > H. Let

1= (2 )
a—> el

ro = max { 271,

By Lemma [2.2] we have

o — Z?:l i

— ==Lyl > H
1- (Zi:1 ci)

(A7)t — (1) >

for y € 0K, and then
FUAT Yt = 7(1))) < (foo +e)(ATNY)(E = 7(1)).
Thus by Lemma[3.6] for y € 0K,,,
LM [ b(s)ds
m — (M +m) 37 il

1Qull < A(f + )

It follows from Lemma that
i(Q, K., K)=0iQ,K,,,K)=1.

Thus i(Q, K,,\K,,, K) = 1 and @ has a fixed point y in K,,\ K,,. This means that (A~'y)(?)
is a positive w-periodic solution of (I.1). §

Remark 3.2. When n = 1, (I.1) degenerates to
(x(t) — cx(t —0))" + a(t)x(t) = Nb(t) f(x(t — 7(t))),
and Theorems [3.10/—[3.12! still hold.

lyll-
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3.2, Casell ¢; > Oforalli=1,2,..,nand S0, ¢ < min { g2, Liom L

In this case, obviously we have o < 1. We denote

a r
= mi ) ————7r <t —m———— .
fo(r) = min {f( ) 1370 Cir I i Ci}
In a similar manner to Subsection [3.1] we obtain the following results.
Theorem 3.13.

(@) Ifip = 1 or 2, then ([I.1)) has i, positive w-periodic solution(s) for

1
A > ( > 0.

1)1 [ b(s)ds
(b) If ico = 1 0r 2, then (1) has i positive w-periodic solution(s) for
—(M+m)> L ¢
LM (1 =37 ci) F(1) [y b(s)ds

(©) Ifieo = 0 0rig =0, then has no positive w-periodic solution for sufficiently small
or large \ > 0, respectively.

0< A<

Theorem 3.14.

(a) If there exists a constant by > 0 such that f(u) > byu for u € [0,+00), then has
no positive w-periodic solution for

1 - Z? 1 Cz
A =1 "
lOébl fO

(b) If there exists a constant by > 0 such that f (u) < bou for u € [0,+00), then has
no positive w-periodic solution for

—(M+m)> 1 c

0< A< m
boLM [ b(s)ds

Theorem 3.15. If

bR TEST) v I
la [ b(s)ds max{ fo, foo } LM fo s)ds min{ fo, foo}’

then ([I.1) has one positive w-periodic solution.

Finally, we give an example to illustrate our results.

Example 3.1. Consider the following neutral functional differential equation:

1 1 T 1 ]’ 1
(3.20) {U(t) + U (t + 3> + 55 <t - 5) +o¢ (t - Eﬂ + gl
= X1 —sint)u(t — 7(t))a" "),

where X\ and 0 < a < 1 are two positive parameters, 7(t +2m) = 7(t). We see that 6, = —7,

10, a(t) = % b(t) = 1 —sint, w = 2m,

1
0y = 5 53:,612 Co = — G

2 12’ 20’ -
f(u) = ua® Addltlonally, maxue 0,00) =f(-0=)
Clearly, M = E <(£)= 4, fo= O foo = 0. Then we easily obtain:

C3
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Conclusion 1. The eq. has two positive w-periodic solutions for \ > ﬁ, where vy =

min { £(0.27), f (33) }.

In fact, by simple computations, we have

1 1 1 cos 22m
M=m=—, (== L=———1=2/2 |=—2_-2
) ) . (27 ’ . 27 ’
16 4 Q/BSIDT QﬁslnﬂT
2++2 V2+1-—+3 8
k= L k=t TV = 2V,
8 2 23
3 3
7 m V2+1—-4/3 7 8
’L:_< i k’ e , 74:—<— 2:’
2kl =55 mm{lM+m} 2 2l =35 < 3V2=na
and

[10]

[11]

1
m(1)l [ b(s)ds 4wy
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