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2 A. CHARIFI, B. BOUIKHALENE, E. ELQORACHI AND A. REDOUANI

1. INTRODUCTION

The stability problem of functional equations was posed for the first time by S. M. Ulam [47]
in the year 1940. Ulam stated the problem as follows:

Given a groupGy, a metric group (>, d), a numbers > 0 and a mapping
f: Gi — G, which satisfies the inequality( f(zy), f(z)f(y)) < e for all
x,y € Gy, does there exist an homomorphigmG; — G5 and a constant
k > 0, depending only oii/; andG, such thati(f(x), h(x)) < ke for all z in
Gl?
The first affirmative answer was given by D. H. Hyers|[13], under the assumptiotthetd
G4 are Banach spaces.
In 1978, Th. M. Rassias [32] gave a remarkable generalization of the Hyers’s result which
allows the Cauchy difference to be unbounded, as follows:

Theorem 1.1.[32] Let f : V — X be a mapping between Banach spaces ang let1 be
fixed. If f satisfies the inequality

1z +y) = ) = )l < 0=l” + [ly[1")

for somef > 0 and for allz,y € V (z,y € V \ {0} if p < 0). Then there exists a unique
additive mapping’ : V. — X such that

If(z) =T ()] <

forall z € V (x € V\ {0} if p <0).
If, in addition, f(¢z) is continuous irt for each fixedr, thenT' is linear.

20
2-2pr

"

In 1990, Th. M. Rassias during the 27th International Symposium on Functional Equations
asked the question whether such a theorem can also be proved for vajugeater or equal
to one. Z. Gajda [10] following the same approach as in [32] provided an affirmative solution to
Th. M. Rassias’question fqgr strictly greater than one. However, it was shown independently
by Z. Gajdal[10] and Th. M. Rassias and P. Sefnrl [39] that a similar result for the case of value
of p equal to one can not be obtained.

In 1982 J. M. Rassias [30] followed the innovative approach of Rassias’s theorem [32] in which
he replaced the factdr||? + ||y||” by ||z|?||y||? with p + ¢ # 1.

The concept of the linear mapping, that was introduced for the first time in 1978 by Th. M.
Rassias and followed later by several other mathematicians is known today as Hyers-Ulam-
Rassias stability. Several papers have been published in this subject and some interesting vari-
ants of Ulam’s problem have been also investigated by a number of mathematicians. We refer
the reader to the following references [3], [7]-[41].

In 1994 P. Gavrut [11] following the spirit of Th. M. Rassias approachl[32] obtained a gener-
alization of the Rassias stability Theorem ([32]) by replacing the function :
(x,y) — 0(|| = ||” + || v ||P) by @ mappingp(x, y) which satisfies the following condition

22 o2z, 2"y) < 00 OrZQ” 2:22%)<oo
n=0

for everyx,y ina Banach Spackg.
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Since then a number of stability results have been obtained for functional equations of the
forms

(1.1) flx+y)=g(x) +hy), z,yel

(1.2) flx+y)+ flz—y) =g@) +hy), z,yeq,

where G is an abelian group. In particular for the classical equations: Cauchy’s, Jensen’s
equations, the quadratic and the Pexider equations. The reader can be refereed fo [1]-[41] for a
comprehensive account of the subject.

B. Bouikhalene, E. Elgorachiand Th. M. Rassias ([4],[5]) in a very recent study have introduced

a new stability approach for the Pexider functional equation.

(1.3) fle+y)+g(@+o(y) =hlz)+Uy), zyedq,
whereo is an automorphism aff such thav o o = 1.

The first result of the stability of the Cauchy matrix functional equation

(1.4) flxy) = f(x)f(y), z,yed

has been obtained by J. Lawrencel[24].

Theorem 1.2.[24] Let S be a semigroup, lef: G — M,,(C) be a matrix function such that
(1.5) | flzy) = f(@)f(y) <0

for all x,y € S and for some) > 0, then there exists a functidn: S — M, (C) such that
f — his bounded ort and that

(1.6) (h(zy) — h(z)h(y))* =0
forall z,y € S.

Furthermore, ifS is an abelian group and = 2, there exitsh : S — M,(C) such thatf — h
is bounded orp’ and that

(1.7) h(zy) = h(z)h(y)
forall z,y € S.

The argument used by Lawrence involves a development of the key idea in the proof of
Baker’s result/[3].

In a number of papersl([42]-[46]) H. Stetkeer have studied functional equations related to the
action by automorphisms on a groGpof a compact transformation group. Writing the ac-

tion of k € K onx € G ask - x and lettingdk denote the normalized Haar measurefothe
functional equations (1].1) and (1.2) have the form

(1.8) /K F@+ k- y)dk = g(2) + h(y), 7,y € G.

TakeK = {I}, or K = {I,—1I} (I denote the identity).

In [1] the Hyers-Ulam stability result of th&-quadratical equation

(1.9) /K fa+ k- y)dk = f(z) + fy), 2.y€G

has been obtained fdt a general commutative transformation subgroup of the abelian group
(G, +).
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Recently, A. Charifi , B. Bouikhalene, and E. Elgorachi [6] proved the Hyers-Ulam stability of
the generalized Jensen’s functional equation

(1.10) Yrex f(z +k-y) = |K|f(2), v,y € G,

whereG is an abelian groupk is a finite abelian subgroup ofut(G) (the group of automor-
phisms ofG), and| K| denotes the order df.

The purpose of the present paper is to investigate the Hyers-Ulam-Rassias stability of func-
tional equationg (1.10). Furthermore, we prove the stability offhgpherical(n x n)-matrix
functional equation

(1.11) ‘L¢®+hwwh=dwmw,%yeﬁ

whereH is a compact subgroup of automorphismsg:adnddh is the normalized Haar measure
of H.
The general functional equation

(1.12) ‘L¢®+hyﬂh=W@Mw,%y€G

in which¢ : G — B(H) is a continuous and bounded operator function on the Hilbert space
H and¢(e) is the identity operatof,; was solved by H. Stetkaer [44].

Some stability results of equation (I]11) with= 1 are obtained by R. Badoral[2] and by J.
Schwaigerl[41].

In this paper, our results are organized as follows: In Section 2, we prove the Hyers-Ulam-
Rassias stability theorem of the generalized Jensen’s functional equation (1.10). In Section 3,
we prove that equation (1.9) and equatipn (IL.10) are stable in amenable groups &nhé for
subgroup ofdut(G) not necessarily commutative.

In Section 4, we generalized the result obtained by J. Lawrénce [24] and T. lwona [18]. More
precisely, we obtain the Lawrence-stability theorem of the matrix equéation (1.11).

General Set-UpLet K be a compact transformation group of an abelian gr@eip+), act-
ing by automorphisms ofs. We letdk denote the normalized Haar measurefonand the
action ofk € K onx € G is denoted byt - z. WhenK is finite, the normalized Haar measure

dk on K is given by
1
h(k)dk = — h(k
[ nwy = i S i

foranyh: K — C, where| K| denotes the order df'.

2. HYERS-ULAM -RASSIAS STABILITY OF THE GENERALIZED JENSEN'S FUNCTIONAL

EQUATION (1.10)

In [6] A. Charifi B. Bouikhalene and E. Elgorachi proved the Hyers-Ulam stability of the
functional equation

(2.1) ke f(x+k-y) =|K|f(z), z,y € G.

By following the ideas established in [6], in the following theorem, we obtain the Hyers-Ulam-
Rassias stability of the above equation.
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Theorem 2.1. LetG be an abelian group, lek” be a finite abelian subgroup of automorphisms
of G. Lety : G x G — R* be a function. We define the sequence functions

()00:()07
oulzy)= > ¢ @—k-ay—k-y) foralz, yeG, neN.

keK\{I}

Suppose that
+o00 1

Ple,y) = gen(@y) < oo forallz, y € G.
n=0

If a functionf : G — B, whereB is a Banach space, satisfies the inequality

(2.2) ISkex f(x +k-y) — |K|f(2)|| < p(z,y) forall x,y € G.
Then, there exists a unique functidn G — B solution of [2.1) such that(e) = f(e), and
1
1£(2) = J@)| < 1 Ble,2) for all 2 € G.

Proof. Assume thaif: G — B satisfies the inequality (4.2). We use inductionoto prove
that the sequence functions

(2.3) fo(z) = f(z),

(2.4) fo(x) = Ekerx foo1(z — k- x) for x € G andn € N*

satisfy the following conditions

(2.5) fule) = K" f(e)

(2.6) [fn(@) = [K|for(@)]| < @, (2, —2)

(2.7) 1) = K" fl@)l] < D IK" (e, —a)
1=0

and

(2.8) [Erex fulz + k- y) — |K|fu(2)|| < @02, y).

By using the definition off; and by lettingr = y = e, one obtains
fi(e) = Z fole =k -e) =|K|[f(e).
keK
By using inequality[(2.]2), we get
1f1(x) — [K|fo(@)[| = [|Srex f(x — k- 2) = [K[f(2)]] < ¢olz, —).
Equation|(2.4) for = 1 implies that
Zterl(ZE +t- y) = ZteKZkzer(x +t- Yy — k - (l‘ +t- y))
|K|f(e) + SperinyBiex fx +t-y—k-(x+1-y))
= fl(e) + ZkeK\{I}Zter(m —k-x +t- (y — k- y))
However,
|K|fi(z) = [K[Srex f(z — k- 2) = fi(e) + |[K[Srer\(ny f(x — k- ),
hence, we deduce that
[Ster filz +t-y) — |K|fi(z)]]

AJMAA Vol. 6, No. 1, Art. 19, pp. 1-16, 2009 AJMAA


http://ajmaa.org

6 A. CHARIFI, B. BOUIKHALENE, E. ELQORACHI AND A. REDOUANI

= [[Zre\inyZeex fx —k -z +t-(y—k-y)) — [K|[Epex\iny fz — k- 2) |
< Srer\inlZexf(r —k-x+t-(y—k-y) — |K|f(x — k-2

< oi(x,y).
So that the inductive assumptiofs (2.9), [2.p),](2.7) (2.8) are truesorl. Now, the
inductive assumptions must be demonstrated to hold true for the next positive integerlt
follows from (2.4), [2.2) and the induction assumptions that

far1(e) = Shex fule — k- e) = |K|fule) = |[K[** f(e),
[ fni1(2) = |K|fu(@)|| = |Brer fulz — k- @) = [K|Spex fa-r(z — k- )|
= [lfale) + Zemrinpfulz — k- @) — [K[fa-1(e) — [K[Zkem\iry fa1(z = k- 2)]
< Skemvinllfalz — k- 2) = [K|fua(z — k- 2)||
< Sker\(@n1 (@ —k-z,—x+k-x) =, (r,—x).

[ frsr(z) = [K" 7 f @)l =] Z K" (i () — K| fi(2))]

n

< I figa(z) — K] fi(2)]

1=0
< YOI, —a).
=0

Now, for all x, y € G we get
[Zter fas1(z +t-y) — [K]frra(2)]
= 1K1 fnle) +Xterx Erer\iy fu(z +t-y — k- (2 +1y)) — | K| fule) = | K |Sre\iry fulz — k- 2)|
< Spe\in|Bexfulz —k-z+1t-(y —k-y) = [K[fulz — k- z)|

< EkEK\{I}(pn(I — k- T,y — k - y) = gOn+1<ZL’,y)7
which proves that the inductive assumptions are true for any positive integer
The inequality[(2.6), implies that the sequence functions

_ Jalz)

is a Cauchy sequence for every fixedn . Since B is a Banach space, the limit of this
sequence exists, and this limit isth DefineJ : G — B by

o falo)
(2.9) J(x) = nETOO K

Clearly, from [2.5), we gef(¢) = f(e).

Dividing ) by |K|" to obtain|| f(z) — &2 < S K|~y (x, —x). Asn — 4o,

then the last inequality becomgg(x) — J(z)|| < ﬁ&(x, —z) forall x € G. From ), we

can easily verified thal: G — B satisfies the generalized Jensen'’s functional equatioh (2.1).
Suppose that there exists another mappfig(G — B solution of the generalized Jensen’s

functional equation
(2.10) YpexH(x + k-y) = |K|H(x) forall z,y € G
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which satisfied (e) = f(e) and|| f(x) — H(x)|| < ﬁ&(x, —z) forall x € G.
First we make the induction assumption
+oo
_ 1
(2.11) 1) = | K" H ()| < [K[" ) |K|psop(x, —).
p=n

In view of (2.10), [(2.4) and the conditiafi(¢) = f(e), we get
(2.12) 1f1(2) = [K[H (@) || = [|Skex f(x = k- 2) = Bper H(z = k - 2)
= |lf(e) + Exerviny f (& — k- 2) — H(e) — SpervinH(x — k- 2
< Srer\ipllf (@ — k- x) — H(x — k-2

1 1
EkeK\{I}|K| ( —k-x,—x+k- x) ZkeK\{I}|K| Z |K|ng0n( —k-x, —x—i—k.x)

- Z |K|n+1 (‘0”""1 Z |K|n90n )

Assuming that](2.71) is true for all integers< n, hence we have
(2.13)  [fasa(2) = [K["H(@)|| = [Skexfulz — k- @) — |K["Spexc H(z — k - @)
= [IK1"f(€) + Zrervinpfole — k- x) — |[K["H(e) — |[K["Epexiy H (x — k - )
< Srex\ipp I fu(z — k- x) — |K|"H(z — k- x)

+00 +oo
_ 1 1

< Skervin | K[ Z |K|p90p($ —k-x,—x+k-x)= |K|nz W%H(% —x)

p=n p=n

NS ,K,p —a)

p=n+1
By Ietting@ — 400 wWe get from inequality| 2= I“” —H(@)| < ot i (2, —) that
J = H. This completes the proof of Theor2|1.

Corollary 2.2. [6] Leté > 0 andp < 1, letG be a normed space, |& = {I, 0} whereo is an
involution ofG. If a functionf : G — B, whereB is a Banach space, satisfies the inequality

(2.14) 1f(z+y)+ flz+oy) = 2f ()| < (|| + [[yll") for all z,y € G.
Then, there exists a unique functipn G — B solution of equation
(2.15) fet+y)+ fle+oly) =2f(z), r,yeq

such that/(e) = f(e) and
1/ () = q(@)|| < o{]l=[]” +

Corollary 2.3. Lety > 0 andp,q such that0 < p + ¢ < 1, let G be a normed space, let
K = {I,0} whereo is an involution ofG. If a functionf : G — B, whereB is a Banach
space, satisfies the inequality

(2.16) 1f(x+y) + flz+o(y) = 2f @) < ollxlPllyll” forall z,y € G.
Then, there exists a unique functidn G — B solution of (2.15) such thak(e) = f(e) and

2pHx —o(z)||P} forall x € G.

| f(z) — J(2)| < 5W forall x € G.

2 — 9p+q
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Corollary 2.4. [6] Let G be an abelian group, letB, || . ||) be a Banach space, and let
G x G — [0, 00) be a mapping such that

(2.17) U, y) =) 27"p(2", 2"y) < oo
n=0

forall z,y € G.
Assume that the mafi G — B satisfies the inequality

(2.18) | flx+y)+ flx+oy) —2f(z) |< (2, y)

for all z,y € G. Then, there exists a unique mappihgG — B, solution of equatior] (2.15),
such that/(e) = f(e) and

(2.19) I £2) = (@) IS gl ) + 39— o(a).o(z) 2
forall x € G.

3. HYERS-ULAM -RASSIAS STABILITY OF THE GENERALIZED PEXIDER FUNCTIONAL
EQUATION IN AMENABLE GROUPS

In this section, we obtain the Hyers-Ulam stability of the following functional equations

(3.1) > flak-y) = |K|f(x) +|K[f(y), ©.y€G,
keK
(3.2) > flak-y) = |K|f(z) =,y €q,
keK
and
(3.3) > flak-y) = |Klg(z) + |K[h(y), =yeq,
keK

whereG is an amenable topological group alds a finite subgroup aflut(G) not necessarily
commutative.

We recall that a semigrou is said to be amenable if there exists an invariant mean on the
space of the bounded complex functions defined-orWe refer to [[12] for the definition and
properties of invariant means.

Theorem 3.1.LetG be an amenable group, l1ét> 0 and letf: G — C satisfies the inequality

(3.4) Skercf(xk - y) — [K|f(z) = |K[f(y)] < 6 forall z,y € G.
Then, there exists A'-quadratical mapping : G — C such that
(3.5) f(@) —q(@)] < 7=

/(@) = o) <

Proof. Assume thaf satisfies the inequality (3.4). Hence, for any fixed G the function
v Y flak-y) —|K|f(x)
keK

is bounded. Sincé&' is amenable, there exists a left invariant megnon the space of bounded,
complex-functions oid-. By usingm, we define the following function o&

(3.6) V() =ma{ D fey — K|S}

keK
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forally € G, wheref,(z) = f(zy), z € G.
Now, in view of {3.6) we get

(3.7) Z w(yk’ : Z) = Z mx{z fky kK- \K\f} mx{z kay kk')- ‘K‘ f}

k'eK k'eK keK k'eK keK
=ma{D> (D (ferhy = K| fe)} + 1K |malD foy — K| f}
keK keK keK
= m (D (fwz) = K|y} + | K||psi(y)
keK KeK

= [K|(2) + [K|¢(y)-

Consequently the functio% is a K-quadratical function and we have

39 58 = F)l = gl — K1)
= M!mﬁ{kezi(fk-y — |K|f = |K|f(y)}]
< e Supmecl Y Sek-) — K1 (o) = K1) <

K] ien
This completes the proog

Theorem 3.2.LetG be an amenable group, lét> 0 and letf: G — C satisfies the inequality

(3.9) |Yker f(xk -y) — |K|f(z)] <0 forall z,y € G.
Then, there exists a functioh: G — C solution of equatior| (3]2) such that
J
(3.10) flx)—J()| < —
() = J@)] < 1
forall z € G.

Proof. Let f: G — C be a solution of{(3]9), then we get

Srer flyk™" - 2) = |K|f(y)] <9
and consequently
Xkexch - f(k-yz) — |K[f(y)] <9,
wherek - f(z) = f(k™! - z), for z € G. Now we consider the function defined by

y) = mad > iyl - )}

3 o0k+) = 3l S lugues 1)
R > g{k.y(k;zw N

_ m{z;{glj({uf N

_ Z mf{ki(;{k.y% D}

. Zgzmz{ 2};({ (k- 1)

AJMAA Vol. 6, No. 1, Art. 19, pp. 1-16, 2009 AJMAA
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= |K|¢(y).

Now, if we takeJ = %, we get the rest of the proof.

The next two corollaries extends the results obtainedlin [1] and [6], for the particular case
whered is supposed to be an abelian group @@ commutative subgroup ofut(G).

Corollary 3.3. LetG be an abelian group, let > 0 and letf: G — C satisfies the inequality

(3.11) Srerf(z+k-y) = [K|f(z) = |K[f(y)] <6 forall z,y € G.
Then, there exists A-quadratical mapping : G — C such that
(3.12) flx)—q(x)| £ —

7(@) — al@)] <
Corollary 3.4. LetG be an abelian group, let > 0 and letf: G — C satisfies the inequality
(3.13) e f(x +k-y) — |K|f(x)] <6 forall z,y € G.
Then, there exists a functioh: G — C solution of [3.2) such that

)

(3.14) flx)—=J()| < +—

7@) = I@) <
forall x € G.

Corollary 3.5. Let G be an amenable group, lét > 0 and letg,h : G — C satisfy the
inequality

(3.15) Yrerxg(wk -y) — [Klg(z) — [K|h(y)] <6, z,y € G.

Then, there exists & -quadratical functiory : G — C, there exists a functiod : G — C
solution of equatior (3]2) such that

(3.16) h(e) = a(a)l <
and

75
(3.17) l9(z) — q(x) — J(z)| < 1Al
forall z € G.

Proof. By using the following computations,
[Kh(z) + [K[*h(y) — |K|Seexh(zk - y)|
= |[[KPg(2) + |[K[h(x) = |K[Srerg(zk - 2)]
HIEPh(y) + | K| Skerg(2k - @) = SpexSierg(at - (vk - y))]
+[ShexSierg(at - (vk - y) — [K[g(2) — | K|Skexch(zk - y))]|
= |[[KPg(2) + |K[h(z) = |K[Srerg(zk - 2)]
HIEK*h(y) + | K| Zkexg(2k - ) = BrexSierg((2k - 2)t - y))]
+[ShexSierg(at - (vk - y) — [K[Pg(2) — | K|Skexch(zk - y))]|
< | K|[Bkerg(zh - ) — [Klg(2) — [K|h(z)]
+8kex|Seerg((zh - 2)t - y)) — [Klg(zk - x) — [K[h(y)]
+8ker Yterg(zt - (ak - y) — |Kg(z) — [K|h(zk - y))]
< 3[K19,
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we obtain
(3.18) Ererh(wk - y) — [K|h(z) — |K[h(y)] < 30.
Now, in view of Theoren 3]1, there exists a functignG — C which is solution of the
K -quadratical functional equati.l) which satisfies the inequility) — ¢(«) < £ for all
x € Q.
By using the inequalitied (3.18)-(3]15) the new functipn= ¢ — h satisfies the following
inequality
Srercf(xk - y) — [K|f(z)|
< [Bkerg(ak - y) — |Klg(x) — [K[h(y)| + [Zrexch(eh -y) — |K[h(z) — [K[h(y)]
<46 forall z,y € G.

So, by Theorem 3|2, there exists a functibonG — C solution of the functional equation
) such thafg(x) — g(z) — J ()| < {4, for all z € G. This completes the prooi

Corollary 3.6. Let G be an amenable group, Iét> 0 and letf,g,h : G — C satisfy the
inequality

(3.19) Xrer f(xk - y) — [Klg(z) — |K|h(y)| < ¢ forall z,y € G.

Then, there exists & -quadratical mapping; : G — C, there exists a functiod : G — C
solution of equatior (3]2) such that

146

(3.20) f(x) = q(z) = J(z)| < I
(3.21) 9(o) = al) = J(o) + H(e)| < T35
and
(3.2 h(z) — q(e) — h(o)] < 1o

' ~ K]
forall x € G.
Proof. Settingy = e in (3.19), yields
(3.23) IK|f () — [Kg(z) — [K][h(e)| <4,
so inequality[(3.19) implies that
(3.24) [Srexf(ak -y) — |K|f(x) — |K|(h(y) — h(e))] < 26 forallz,y € G.

Now, from Corollary 3.5, we get the rest of the progf.

Corollary 3.7. LetK = {I, 0}, letG be an amenable group, Iét> 0 and letf,g,h: G — C
satisfy the inequality

(3.25) |f(xy) + f(zo(y)) — 2g(z) — 2h(y)| <6 forall z,y € G.
Then, there exists a quadratical mappingG — C,

(3.26) q(zy) + q(zo(y)) = 2q(x) +2q(y), 2,y € G
there exists a functiod : G — C solution of Jensen functional equation
(3.27) J(zy) + J(zo(y)) =2J(z), z,y € G

such that

(3.28) £(2) = q(a) = J(x)] < 75
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(3.29) o(x) — a(2) — J(&) + h(e)| < 120
and

(3.30) Ih(z) - q(x) — h(e)] < 35
forall z € G.

Corollary 3.8. Let G be an abelian group, let > 0 and letf,g,h : G — C satisfy the
inequality

(3.31) lf(x+y)+ flz—y) —2¢9(x) —2h(y)| < ¢ forall z,y € G.

Then, there exists a unique quadratical mapping, there exists a unique funcohution of
Jensen functional equation such that

(3:32) F@) — alw) = T(@)] <75
(3.33) o) — a(2) — (@) + h(e)] < o
and

(3.34 h(@) = 4(2) = h(e)] < 39
forall z € G.

Corollary 3.9. Let G be an amenable group, Iét> 0 and letf, g, h : G — C satisfy the
inequality

(3.35) |f(xy) —g(z) — h(y)| <6 forall z,y € G.
Then, there exists € C, there exits an additive functian such that
(3.36) |f(z) —a(z) — A < 146

(3.37) l9(z) — a(x) — A+ h(e)| < 150

and

(3.38) |h(x) — a(x) — h(e)] < 6§

forall z € G.

4. THE STABILITY OF K-SPHERICAL MATRIX FUNCTIONAL EQUATION

In this section we investigate the Hyers-Ulam stability of fliespherical matrix functional
equation

(4.) (A¢@+kwﬂk=wﬂww,%yea

whereK is a compact subgroup of automorphismsg-of

In addition to the terminology introduced in the introduction, we shall need the following nota-
tions:

The norm inM,,(C) is given by/|| (a; ;)1<ij<n ||= mazi<ij<n | aij | - We setU = {f(x),z €

G} andV = { [, f(z+k-y)dk — f(2)f(y) =,y € G}.

In the following we prove some lemmas that we need later

AJMAA Vol. 6, No. 1, Art. 19, pp. 1-16, 2009 AIJMAA


http://ajmaa.org

HYERS-ULAM -RASSIAS STABILITY 13

Lemma 4.1. Assume that the mapping G — M,,(C) satisfies the inequality

(4.2) I ] fa k)i = s <3

forall =,y € G and for some > 0.
Letv € V, then there exista > 0 such that|uv|| < A and|jvu|| < Aforall u € U.

Proof. Letv = [, f(x + k- y)dk — f(x)f(y) andu = f(z) for z,y,z € G. By using the
triangle inequality, we get

17(2)] /K fx+ k- y)dk — F(@) )|
<| /K /K Fe 4K (ot k-y)dkdk — f() /K fle+ k- y)d]
+H/K/Kf(z—|—k’-(:U+k~y))dkdk'—/Kf(z—l—k'-x)dk’f(y)H

[+ b)) = 1@ )],
According to [4.2), we obtain

H /K /K Fe+ K- (ot k- y)dkdk — f(2) /K f(@+k-y)dk|

-y /K [ /K F 4t - (o4 k- y)dk — f(=)f(ak - y))dk]| < 6
and
H /K Fletk-2)dkf(y) — F(2)F @) = I /K Fetk-2)dk— F(2) F @)W < 8117 )

By using the invariance of the normalized Haar meagéteve deduce that

1 [ Gk otk pydbdid = [ G+ ajai sl
1 [ [ A G ko) = £ ) )R
1 [ [ ek K= £ K ) )0

1 [ [ SR k)i e+ k) S <6

Hence
IIf(Z)[/K fla+k-y)dk — f(z)f W <02+ [[fwID),
which proves the desired resuit.
The following lemma extends the one obtained in [24].

Lemma 4.2. Let f : G — M,,(C) be a solution of the inequality (4.2) andan inner au-
tomorphism of\L,(C). Then the functiory given byg = a o f satisfies the inequality (4.2).
Moreover, f can be approximated by a solution of the functional equation

(4.9 [ £+ bk — f@F WP =0, 2.y G
K
if and only ifg is approximated by a solution gf (4.3).
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Now, by using the above lemmas, the superstability ofkhepherical mappingd [2] and by
following the Lawrence’s proof [24], we get the following theorem.

Theorem 4.3.Let f : G — M,,(C) satisfying[(4.2). Then there exifs: G — M,,(C), and
~ > 0 such that

(4.4) 1f(x) = (@)l <

and

(4.5) [/K Y(x+k-y)dk —v(x)yY(y))> =0 forall z,y € G.
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