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2 C. PARK AND TH.M. RASSIAS

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [32] con-
cerning the stability of group homomorphisms: Let (G, *) be a group and let (G, <, d) be a
metric group with the metric d(-,-). Given € > 0, does there exist a §(¢) > 0 such that if a
mapping h : Gy — G5 satisfies the inequality

d(h(z *y), h(z) o h(y)) <0
for all =,y € Gy, then there is a homomorphism H : G; — G5 with
d(h(z), H(x)) < €

for all z € G, 7 If the answer is affirmative, we would say that the equation of homomorphism
H(z *y) = H(x) o H(y) is stable. The concept of stability for a functional equation arises
when we replace the functional equation by an inequality which acts as a perturbation of the
equation. Thus the stability question of functional equations is: "How do the solutions of the
inequality differ from those of the given functional equation?"

Hyers [7] gave the first affirmative answer to the question of Ulam for Banach spaces. Let X
and Y be Banach spaces. Assume that [ : X — Y satisfies

[f(x+y) = flz) = fy)ll <e
for all x,y € X and some € > 0. Then there exists a unique additive mapping 7' : X — Y such
that
[f(x) =T(@)| <e
forall z € X.
Th.M. Rassias [27] provided a generalization of Hyers’ Theorem which allows the Cauchy
difference to be unbounded.

Theorem 1.1 (Th.M. Rassias). Let f : E — E’ be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

(1.1) 1f (@ +y) = f(z) = I < elllzl” + llyl]*)
forall x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit

271

L(x) = lim —f(2n:1:)

exists forall x € E'and L : E — E' is the unique additive mapping which satisfies

2e

_ P
I17@) = L@l < 5=l

forall x € E. Also, if for each x € E the function f(tx) is continuous int € R, then L is
R-linear.

The inequality (I.I)) has been influential in the development of what is now known as the
generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations. Be-
ginning around the year 1980, the topic of approximate homomorphisms, or the stability of
the equation of homomorphisms, has been studied by a number of mathematicians. Gdvruta
[6], following Th.M. Rassias’ approach for the stability of the linear mapping between Banach
spaces obtained a generalization of Th.M. Rassias” Theorem. The stability problems of several
functional equations have been extensively investigated by a number of authors and there are
many interesting results concerning this problem (see [3]], [41], [9], [10], (1], [13] — [25], [28]
— [30D).

We recall two fundamental results in fixed point theory.
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Theorem 1.2 ([[1, 2, 26]). Let (X, d) be a complete metric space and let J : X — X be strictly
contractive, i.e.,
d(Jz,Jy) < Ld(z,y), Vo,y e X
for some Lipschitz constant L < 1. Then
(1) the mapping J has a unique fixed point x* = Jx*;
(2) the fixed point x* is globally attractive, i.e.,

lim J"z = z*

n—oo

for any starting point x € X;
(3) one has the following estimation inequalities:

d(J"z,2") < L"d(x,z"),
1
n * < n n+1
d(J"z,z") < T _Ld(J x, J" ),
1
* < -
d(z,z") < - Ld(x,Ja:)

for all nonnegative integers n and all x € X.

Let X be a set. A functiond : X x X — [0, 00] is called a generalized metric on X if d
satisfies

(1) d(z,y) = 0if and only if x = y;
(2) d(z,y) = d(y,x) forall z,y € X;
(3) d(z,z) <d(x,y) +d(y, z) forall x,y, z € X.

Theorem 1.3 ([3]). Let (X, d) be a complete generalized metric space and let J : X — X be
a strictly contractive mapping with a Lipschitz constant L. < 1. Then for each given element
z € X, either
d(J"z, J"z) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J "z, J"Mx) < oo, Vn > ng,

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the setY = {y € X | d(J™x,y) < oo},

@) d(y,y*) < =2zd(y, Jy) forally € Y.

This paper is organized as follows: In Section [2} using the fixed point method, we prove
the generalized Hyers-Ulam stability of homomorphisms in Banach algebras for the Cauchy
functional equation.

In Section |3} using the fixed point method, we prove the generalized Hyers-Ulam stability of
derivations on Banach algebras for the Cauchy functional equation.

Throughout this section, assume that A is a complex Banach algebra with norm || - || 4 and
that B is a complex Banach algebra with norm || - || 5.

2. STABILITY OF HOMOMORPHISMS IN BANACH ALGEBRAS
For a given mapping f : A — B, we define

D, f(x,y) == pf(x+y) — f(ux) — f(uy)

foralpy e T':={veC:|v|=1}andall z,y € A.
Note that a C-linear mapping H : A — B is called a homomorphism in Banach algebras if
H satisfies H(zy) = H(z)H(y) forall z,y € A.
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We prove the generalized Hyers-Ulam stability of homomorphisms in Banach algebras for
the functional equation D,, f(z,y) = 0.

Theorem 2.1. Let f : A — B be a mapping for which there exists a function ¢ : A2 — [0, 00)

such that

(2.1 lim 277 (272, 27y) = 0,
Jj—00

(2.2) 1D f(x,9)llB < w(x,y),

(2.3) 1f(zy) — f(x)f(W)llB < oz, )

forall p € T and all z,y € A. If there exists an L < 1 such that p(x,x) < 2Lp(%, %) for all
x € A, then there exists a unique homomorphism H : A — B such that

2.4 1f(2) - H(@)|ls <
forall x € A.

Proof. Consider the set

7ol

X :={g:A— B}
and introduce the generalized metric on X:
d(g,h) =inf{C e Ry : ||lg(x) — h(z)||s < Co(x,x), Vre A}

It is easy to show that (X, d) is complete.
Now we consider the linear mapping J : X — X such that

1
Jo(a) = 59(20)

forall z € A.

By Theorem 3.1 of [1],

d(Jg, Jh) < Ld(g,h)

forall g, h € X.

Letting 1t = 1 and y = z in (2.2)), we get
(2.5) 1f(2z) = 2f(2)| 5 < p(z, )
forall x € A. So . )

I1£@) ~ 5 f@o)lls < le,2)

forall z € A. Hence d(f, Jf) < 1.
By Theorem|I.3] there exists a mapping H : A — B such that
(1) H is a fixed point of J, i.e.,
(2.6) H(2x) = 2H(x)
for all z € A. The mapping H is a unique fixed point of .J in the set
V={g€eX:d(f g) <oo}.

This implies that H is a unique mapping satisfying (2.6) such that there exists C' € (0, c0)
satisfying
[H(x) — f(z)l|p < Coplz, x)

forall x € A.

(2)d(J"f, H) — 0 as n — oo. This implies the equality
2TL

2.7) Tim / (Qn””) = H(z)
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forall z € A.
(3 d(f,H) < £2:d(f, J f), which implies,

1
2—-2L

d(f, H) <

This implies that the inequality (2.4) holds.
It follows from (2.1)), (2.2) and (2.7)) that

|H(z+y) — H(z) — H(y)|lp
- lim 2in|\ F@(x +y) — F(2%) — £(2"y)lls

1
< lim —p(2"2,2"y) =0

n—oo 21
forall x,y € A. So
(2.8) H(z+y)=H(z)+ H(y)
forall x,y € A.
Letting y = z in (2.2), we get
pnf(2x) = f(p2z)
for all ;1 € T! and all x € A. By a similar method to that above, we obtain
pH(2x) = H(2ux)

for all x € T' and all z € A. Thus one can show that the mapping H : A — B is C-linear.
It follows from (2.3) that

|H(ry) — H@)H@)5 = lim [ 7@") ~ £2'0)F2")]n

1
< lim e (2"x, 2" y)

1
< lim 2—ngp(2nm, 2"y) =0
forall x,y € A. So
H(xy) = H(x)H (y)
forall x,y € A.
Thus H : A — B is a homomorphism satisfying (2.4), as desired. §

Corollary 2.2. Letr < % and 0 be nonnegative real numbers, and let f : A — B be a mapping

such that
(2.9 [ D f (@, y)lls < 6-[lz)’ -yl
(2.10) 1f(zy) = f@) W)l <0zl - lylla

forall p € TV and all v,y € A. Then there exists a unique homomorphism H : A — B such
that

[E4l5

- H <
If (@) = H@)ls < 5—
forall x € A.
Proof. The proof follows from Theorem [2.1| by taking
p(z,y) =0 [zl - lylls
forall x,y € A. Then L = 2?"~! and we get the desired result. §
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Theorem 2.3. Let f : A — B be a mapping for which there exists a function @ : A?> — [0, 00)

satisfying (2.2) and (2.3) such that
im 475 (2 E) _
@2.11) Jim 4 ¢<2j,2j —0

forall z,y € A. If there exists an L < 1 such that ¢(x,z) < L Lo(2x,2x) for all v € A, then
there exists a unique homomorphism H : A — B such that

@12) () - H@)ls <
forall x € A.

L o)
9 o P\ "

Proof. We consider the linear mapping J : X — X such that

Jg(x) =29 (g)

for all z € A.
It follows from (2.5)) that

21 ()], = (5.5) < S

forall z € A. Hence d(f, Jf) < £.
By Theorem|[I.3] there exists a mapping H : A — B such that:
(1) H 1s a fixed point of J, i.e.,

(2.13) H(2x) = 2H(x)
for all z € A. The mapping H is a unique fixed point of .J in the set
Y ={geX:d(f g) <oc}.

This implies that H is a unique mapping satisfying (2.13)) such that there exists C' € (0, c0)
satisfying
[1H(x) = f(2)]|s < Cp(x, )
for all x € A.
(2)d(J"f, H) — 0 as n — oo. This implies the equality

lim 2" f (3) = H(z)

n—00 on
forall z € A.
(3)d(f,H) < £2£d(f, J f), which implies,
L
<

which implies that the inequality (2.12)) holds.
The rest of the proof is similar to the proof of Theorem [2.1] §

Corollary 2.4. Let r > 1 and 0 be nonnegative real numbers, and let f : A — B be a mapping
satisfying and ([2.10). Then there exists a unique homomorphism H : A — B such that

If(z) = H(z)]s <

[E4l5

4r — 2
forall x € A.
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Proof. The proof follows from Theorem [2.3| by taking

p(z,y) =0 ||z’ - lyll's
forall z,y € A. Then L = 272" and we get the desired result. §

3. STABILITY OF DERIVATIONS ON BANACH ALGEBRAS

Note that a C-linear mapping § : A — A is called a derivation on A if § satisfies d(zy) =
d(x)y + xo(y) forall z,y € A.

We prove the generalized Hyers-Ulam stability of derivations on Banach algebras for the
functional equation D, f(x,y) = 0.

Theorem 3.1. Let f : A — A be a mapping for which there exists a function ¢ : A> — [0, 00)
satisfying (2.1) such that

(31) HDMf(x?y)“A < (,D(:L‘,y),
(3.2) 1f(xy) = f(@)y —2f(y)||la < o(z,y)

forall p € T' and all x,y € A. If there exists an L < 1 such that ¢(z,z) < 2Ly (%, %) for all
x € A, then there exists a unique derivation 6 : A — A such that

1
(33) 1£) = 8(@)la < 557 0(,2)
forall x € A.

Proof. By the same reasoning as the proof of Theorem there exists a unique C-linear map-
ping 0 : A — A satisfying (3.3]). The mapping § : A — A is given by

5(z) = lim L12%)

n—00 on

forall x € A.
It follows from (3.2) that

[0(zy) —é(x)y — x(y)|a
— lim | f(4may) — F(2'7) - 2y — 2 F(2")La

n—oo 4m
1 1
< lim 4—ng0(2”x,2”y) < lim 2—ng0(2”x,2"y) =0

forall z,y € A. So
o(zy) = d(x)y + x6(y)
forall z,y € A. Thus § : A — A is a derivation satisfying (3.3). 1

Corollary 3.2. Letr < % and 0 be nonnegative real numbers, and let f : A — A be a mapping

such that
(3.4) IDuf(z,y)lla <Ozl - Nlylls,
(3.5) 1 (@y) = f(@)y —2fW)lla <0 [lz]% - lylls
forall i € T and all z,y € A. Then there exists a unique derivation § : A — A such that
@) = 5@)lla < s—llaly
2—4r

forall x € A.
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Proof. The proof follows from Theorem [3.1| by taking

p(z,y) =0 ||z’ - lyll’s
forall z,y € A. Then L = 2?"~! and we get the desired result. §

Theorem 3.3. Let f : A — A be a mapping for which there exists a function p : A*> — [0, 00)
satisfying , and . If there exists an L < 1 such that p(x, ) < %Lgp(?z, 2x) for

all © € A, then there exists a unique derivation 6 : A — A such that

1f(z) = 6(z)[[a <

7ol )

forall x € A.
Proof. The proof is similar to the proofs of Theorems [2.3]and [3.1] n

Corollary 3.4. Let r > 1 and 0 be nonnegative real numbers, and let f : A — A be a mapping
satisfying and ([3.5). Then there exists a unique derivation 6 : A — A such that

1f(2) = d(z)l[a <

(E4l5

4r — 2
forall x € A.

Proof. The proof follows from Theorem [3.3| by taking
e(x,y) =0zl - lylla
forall x,y € A. Then L = 272" and we get the desired result. §
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