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2 K. AL-SHAQSI AND M. DARUS

1. INTRODUCTION

Let.A denote the class of alnalyticfunctionsf(z) of the form:
(1.1) f(z):z+2anz” (zeU:={z€C:|z| <1}),
n=2

and letS denotes the subclass df consisting of all functions which are univalentlih For
two functionsf, g € A, we say that the functiorfi(z) is subordinateto ¢(z) in U and write
f < gorf(z) < g(2)(z € U), if there exists an analytic functiom(z) with w(0) = 0 and
lw(z)| < 1(z € U), such thatf(z) = g(w(z))(z € U). In particular, if the functiory is univa-
lent in U, the above subordination is equivalentfi®) = ¢(0) and f (U) C g(U).

Let P denote the class of functions of the fopifx) = 1 + p1z + p22% + - - <(z € U) analytic in
U which satisfy the conditioft{p(z)} > 0.

For¢ € P, let S*(¢) be the class of functiorf € S for which %S) < ¢(2),(z € U) and

C(¢) be the class of functiong € & for which 1 + 22 < ¢(z), (= € U). These classes
were introduced and studied by Ma and Minda [4]. Wh€n) = (1 + Az)/(1 + Bz),(—1 <
B < A < 1), the classS*(¢) reduces to the class*[A, B] studied by Janowski [3]. See also

Silverman and Silvia [10].

Sakaguchi([B] once introduced a claS$ of functions starlike with respect to symmetric
points, which consists of functionse S satisfying the inequality

2f'(2) .
(1.2) %{ﬂ§T7F5}>Q €U,

Many different authors following Sakaguchi [8] and discussed this class and its subclasses.

In 1979 Chand and Singhl[1] introduced a CI&@ of functions starlike with respect tb-
symmetric points, which consists of functiofisc S satisfying the inequality

(1.3) %{???}>0, zeu,
k\Z
where
k—1
(1.4) fulz) = % cVf(Es), (ke Nk =1).

AN
Il
o

Definition 1.1. [2] Let ¢(z) = 14 Byz+ Byz*+ B32® + - - - be a univalent starlike function with
respect ta which maps the unit diskl onto a region in the right half plane which is symmetric

with respect to the real axis, and Bt > 0. The functionf € A is in the clas§§k)(¢) if

2f'(2)
) < ¢(2) (z € V),

where¢(z) € P andk is a fixed positive integer anfl.(z) is defined by[(14).

The functionf € Ais in the clas€{* (¢) if

) Z
OB (z€U),
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where¢(z) € P andk is a fixed positive integer anfl(z) is defined by[(14).

Wheno(z) = (1+ Az)/(1 + Bz), (-1 < B < A < 1), we denote the subclassﬁg“)(gb)
and C{¥(¢) by SM[A, B] and C{M[4, B] respectively. Fo) < a < 1, let S¥(a) =
S = 20, —1] andCP (a) := CP[1 - 24, —1].

Note that if = 1, then the classes." (¢) andC{¥ (¢) reduces to the classe (¢) and
C(¢), respectivelyl[4]. Also that if: = 2 and@(z) = (1 + z)/(1 — 2), then the classes” (¢)

and Cﬁk)(gzﬁ) reduces to the classeég andC;, respectively, which were also introduced and
investigated recently by Ravichandran [7].

In the present paper, we obtain the Fekete-Szegd inequality for functions in the subclasses
Sﬁk)(gb) and C§k’)(¢). Also we give applications of our results to certain functions defined
through Hadamard product (or convolution) and in particular we consider cﬁ%%é&zﬁ) and
Cﬁk)’k(gzb) defined by fractional derivatives.

To prove our main result, we need the following:

Lemma 1.1.1f py(2) = 1 + 12 + 22 + - - - is an analytic function with positive real part in
U, then

—4duv+2 ifv<0,
lco —vd| < {2 if0<wv <1,
v -2 ifv>1.

Whenwv < 0 orv > 1, the equality holds if and only i, (z) is (1 + 2)/(1 — z) or one of its
rotations. If0 < v < 1, then equality holds if and only jf; (z) is (1 + z2)/(1 — z?) or one of
its rotations. Ifv = 0, the equality holds if and only if

1 18N1+42z /1 18N1—2z
(11 11 <A<1
pi(z) <2+2)\>1—z+(2 2>\>1+z O=A=<1)

or one of its rotations. 1f) = 1, the equality holds if and only if; (z) is the reciprocal of one
of the functions such that the equality holds in the case ef 0. Also the above upper bound
is sharp, it can be improved as follows wher: v < 1:

lco —vei| +vla) <2 (0<wv<1/2)

and
lco —vei] + (1 —v)|e]? <2 (1/2 <v <1).

2. FEKETE-SZEGO PROBLEM

Our main result is the following:

Theorem 2.1.Let¢(z) = 1+ Byz + Bo2* + ... If f(2) given by) belongs tﬁﬁ’“)(gb), then

( By _ _uB} by B2 . _
(B=13)  (2—¢y)? + (3=¢3)(2—5) if p<oy;
1) g —pay] << 57 if o < <oy
By pBY ¥y BY

\ ~ Gy T oo T Govgndy 1202
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where
S (2 — ) {(By — B1)(2 — ¥y) + ¥, BT }
b (3 —3) B} ’
0Bt BY@ ) +4,BF)
P (3 — 1) B? ‘
The result is sharp.
Proof. For f(z) € S (), let
(2.2) p(z) = Zf]’:f;) =14 biz+b2%+ ...
From the condition we know
1 k—1 1 k—1 o)
fr(z) = p eV f(e"z) = z e V"2 + Z a,(e7"2)"
v=0 v=0 n=2
= z+ Z an, 2"
n=2
where
1 k—1
Yo =2 gn=bv, (n>2¢"=1)
v=0

From (2.2), we obtain
2a9 = by + CL2¢2 and 3as = by + blang + a3w3.
Since¢(z) is univalent ang < ¢, the function
1+ ¢ 'p(z
(2) = cb_l(p( )
1—¢7(p(2))

is analytic and has a positive real partin Also we have

p() = o( 21,

pi(z) +1

:1+C12+0222+"',

and from this equation ,

+ o2 4 .
14 bz +by2? ... = ( @z )
Tt o1z 022" ¢ 24 ciz+ oz + ...
1 1 1
= ¢[§clz + 5(02 - 50?)2'2 + }
1 1 1o 5 1,5,
= 1+Bl§clz+31§(02—§cl)z +...+Bzzlclz + ..
we obtain
1 1 1, 1 9
by = 53101 ande = 531(02 — 561) + ZLBQCI.
Therefore we have
B 1 By (3 —g)p— (2 —1y)hy)
2 1 2 2 3 2)%2
e = 2t e[ B)]
A 2<3—w3>{02 (-5 (2 0y :
B 9
= Cy — VC
26— 4y 2
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where
1 _& (3 — gl — (2 = 1y)ty
U—2<1 5+ R Bl>.
If 1« < o4, then by applying Lemmfa 1.1, we get

By _ 1B + Wy BY
B=v3) (2=12)*  B—13)2—¢,)
which is the first part of assertiop (2.1).

las — pas| <

Similarly, if © > o4, we get
By MB% ¢2B%
|lag — pa3] < — + - :
TR By T 212 (B ) (2 1)
If 1 = o1, then equality holds if and only if
14+M\14+2 1—-XM\1—-2
pl(z)_< 2 )1— ( 2 )1+z
or one of its rotations.
Also, if y = o9, then

(0<A<1;z€eU)

1 By | (3= thg)u— (2= 1y)1hy) _
L RN ) Il
Therefore,
I T+ 1+z I—\1—-=2 '
p1(2)—< 2 )1—z+( 2 )1+z O<y<bLzel)
Finally, we see that
_ _b Lo, By (3=t — (2= t)thy)
s =pad] = grmgmle— Al (- T Z&H‘
and
1 B 3— ) — (2 =y
max 5( _é+( 3)(/21_122)2 2) 2)31)‘ (01 < 1 < 0»)

Therefore using Lemnja 1.1, we get
By < By
2B —43) © B—¢s) N

|ag — pas|

If 01 < < o5, then we have

1+ \2?
G =15 (0=sA<),

Our result now follows by an application of Lemina]1.1. To show that these bounds are sharp,
we define the function& ,;(6 = 2,3, ...) by

2Kys(z)

Kies)(2)

and the functior¥), andG, (0 < A <1) by

2F(2)

Fry/(2)

(2"71), Kes(0) = 0 = (Kgs)'(0) — 1

=0("), FA(0)=0=(F)(0)-1
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and
2G\(2)
Gy (2)

Clearly the functions( s, F\, G\ € Sﬁk)(gb). Also we write K, := Kyo. If p < oy 0rpp > 09,
then the equality holds if and only jf is K, or one of its rotations. Whes, < ;1 < o3, the
equality holds if and only iff is K43 or one of its rotations. Ift = o, then the equality holds
if and only if f is F), or one of its rotations. Ifi = o5 then the equality holds if and only if f is
G or one of its rotationsy

=0(z'"), GaA(0) =0=(G\)(0) -1

Remark 2.1. If o1 < p < 09, then in view of Lemma 1|1, Theorgm .1 can be improved. Let
o3 be given by

(2 = ¥){(2 = ¥9) B2 + ¥, B1}

7 (3~ 03)B;
3 1
If 01 < pu < o3, then
b )2 _ (9 _
1
If 03 < u < 09, then
2 — 1),)?2 3— —(2- B
o+ B e SR I ol <
Proof. For the values of; < i < o3, we have
|ag — pa3] + (p — o) ag|?
_ By 2 i B% 2
B A e PN
B B, ) (2 — ) {(B2 — B1)(2 — ) + 9, BT } B 9
BETEET L (“_ G- 0B =g,
B 1
)
< B
T (3—1s)
Similarly, for the values o3 < u < g9, We write
|ag — paj| + (o2 — p)lag|?
_ By 9 B} 5
= m@ —vey| + (o9 — M)mkﬂ
B B 2 (2 — o) { (B2 + B1)(2 — ¢5) + ¢, B} } B 2
BT L +< (3= 04) 7 e
B 1
= G (3l v+ 0 - v}
< B
T (3—1)

Thus, the proof of Remafk 2.1 is evidently completgd.
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Example 2.1.Let—1 < B < A< 1. If f(z) given by) belongs ts") [A; B, then

( B(B—A)  w(A-B)? 1y (A—B)?2 . _
Govy) — =07 T Botpi—uy W =01

|ag — paj| < :134—_153 if o1 <p<oy;
| -5+ S - e ez
where
oy = —(2 = ) {(B+1)(2 = thy) — ¥5(A— B)}
' (3 —13)(A - B) 7
S (2= ¥o){(1 = B)(2 = ty) + 1hy(A — B)}
' (3 —v3)(A—B)

The result is sharp.
In particular, let0 < a < 1, if f € S (), then

( 2(1-a)  4p(l- a)? dap,y (1—ar)? ) .
(3—¢3) (2—1)? (3—$3)(2—¢2) if w<oy;

jag — pag| < § if ov<p<os;
|~ 0 T B — may  nZ o
where
N (2 - %)%7
(3 —13)
- (2_¢2){(2_¢2)+¢2(1_O‘)}_
(B—13)(1—0a)

The result is sharp.

Sincef € Cs(k)(gb) ifand only if z f/ € Ss(k)(gb), Theore, with an obvious change of the
parametey, leads to the following Corollary.
Corollary 2.2. If f(z) given by) belongs t@s(k)(gé), then

( By uB? v, B : .
By ae—iy? T aeuey W H=o1;

las — pa3] < Q 5E if o1<p<oy;
B B? 1o B2 .
| —559y T o0 ~ Gy W HZ 0
where
oo 42 — ) {(B2 — B1)(2 — ¥,) + ¥, B} }
1 D 5
3(3 — 3) B}
S 4(2 — ¢2){(B2 + By)(2 —v,) + 1/}23%}
’ 3(3 — v3) B2 '

The result is sharp.
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Example 2.2.Let—1 < B < A < 1. If f(z) given by) belongs 6" [A; B], then

( B(B-A) _ pA-B)? Yy (A—B)? : )
3(3—13)  4(2—¢y)? + 3(3—2¢3)(2_¢2) if p<or;

las — pa3l < Q550 if o1 <p<o;
B(B-A A—B)? Yo (A-B)? .
x _3<(37¢3)) + Z((sz B 3(3—1(¢s><2—)¢2> if pz o
where
o = —4(2 - 1/’2>{(B +1)(2 = 9y) — ¥y(A - B)}
3(3 —v3)(A— D) ’
b o A=) {1 = B2 y) +y(A - B)}

3(3 —13)(A - B)

The result is sharp.
In particular, let0 < o < 1,if f € Oék)(a), then

( 20-a)  p(l-a)? 4y (1—a)? : :
56—y~ =0y T 3B—ug vy U H=01;

2(1—a)
3—13

|ag — pajz| < if o1<p<oy;

21-0) |, pl-a)?  _ ddy(l-a)®
T i T 3G—ie—uy W K202

\  3(3—vs)
where
b L A=)ty
3(3 —13)
- 4(2_1#2){(2_1?2)4‘1/12(1_0‘)}.

3(3—v3)(1 —a)
The result is sharp.
If 01 < u < o9, then, in view of Lemm@a 1|1, Corollafy 2.2 can be improved.

Corollary 2.3. Let f(z) given by) belongs tﬁs(k)((b). Letos be given by
,: 4(2 - 1/}2){(2 - w2>B2 + w2Bl}

78 33— Us)B?
If o1 < u < o3, then
4(2 —1hy)? 3(3 = 3)p — (2 —y) By
az — pal| + ————22 _| B, — By + 3 272 g2 a2§—.
R TF RN e (2 4y)? t{leel” < 3=
If 03 < pu < og, then
2 4(3 — ¢3) 3(3 - 1/13),“ — (2 = 1y)ty 2 2 By
_ 0 Vs _ < _ 21
a3~ no) g | Bt B CE e LS R Te Ry
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3. APPLICATIONS TO FUNCTIONS DEFINED BY FRACTIONAL DERIVATIVES

For two analytic functiong(z) = z+ Z a,z™andg(z) = z+ Y b,2", their convolution (or

n=2
Hadamard product) is defined to be the funct(gﬁps g)(z)givenby(f*g)(z) = f(2) xg(2) =
z + Z anby2". For fixedg € A, let S (qﬁ) be the class of functiong € A for which

n=2

(fxg) € SS('“)(¢) andC"?(¢) be the class of functions € A for which (f = g) € C¥ ().

Definition 3.1. (see([11],[6]). Letf(z) be analytic in a simply connected region of thelane
containing the origin. The fractional derivative Hf order\ is defined by

Dif(z)Zﬁ%/j (Zf_(gg))AdC (0<A<1).

where the multiplicity of(z — ¢)* is removed by requiring thasg(z — ¢) is real forz — ¢ > 0.
Using the above Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [5] introduced the opefator4 — A defined by

D f(2)=T2 =N DMf(2) (A#£2,3,4,..)

The classS"*(¢) andC"* (¢) consists of functiong € A for whichQ*f € S (¢) and
O f e ¢P(), respectively. Note thas!™*(¢) is the special case of the clas§”?(4) and
CF(¢) is the special case of the clas”?(¢) when

o0

n—i—l—)\) '

=2

Let
Z) :z—l—ZgnZ" (gn>0>
n=2

Sincef € S"9(¢) if and only if f(z) * g(z) € S (4), andf € CM(¢) if and only if
f(z)*xg(z) € Cék)(gzs) we obtain the coefficient estimate for functions in the claé,é@sq(@

and(]ﬁk)’g(gb) , from the corresponding estimate for functions in the cIaSé’%}sgb) andCﬁk)(ng).
Applying Theoren] 2]1 for the functioffi(z) * g(2) = 2 + asg22? + azgs2® + ... we get the
following Theorenj 3.]L after an obvious change of the parameter

Theorem 3.1.Letg(z) = z + ioj gn2", (gn > 0) and let the functio(z) be given by)(z) =
n=2

1+ i By2*. If f(2) given by) belongs t6{7(¢), then

=1
Bo pB3 %Bl . )
Gtbags ~ G2 T 505 C—v2)ss if p=o;
2
|CL3 - :U’a2| S B : .
(B3=3)93 if o1 <p<o,y;
MB% '¢2B%

_ By _ .
Goinss T @ T Bove-dom W HZ 0
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where
95(2 - ¢2){(B2 — B1)(2—1,) + 1/}23%}

T g3(3 — ¢3)B% 7
g3(2 — wg){(BQ + B1)(2 —y) + ¢2B%}.

93(3 - ws)B%

O9 =
The result is sharp.

Corollary 3.2. Letg(z) = z + i 2", (9, > 0) and let the functio(z) be given byp(z) =

n=2

1+ i By2*. If f(2) given by l ) belongs 6" (¢), then
k=1

(B _uB L 6B
3(3*’/’3)93 4(2*1112)29% 3(3*¢3)(2*’/’2)93

if p<or;

By

36-0y) if o1 <p<oy;

jag — pa3] <

pBf
4(2—1/12)295

¥y B}
3(3—13)(2—v2)g3

B .
(| ~ 389 if p> oy

where
42 = y)g3{(Bs — B1)(2 — ¥,) + ¢, B} }

o= 393(3 — ¥5) BY 7
42— )3 {(B2 + BI)(2 — ) + 4B}

393(3 — 13) Bf

09 =

The result is sharp.

Since
(@) =2+ F(;(j; 25(3 ;)A) <

we have

_TE)TE2-N) 2
PETTPE N 2-0a
and
_T@rE-a 6
BEZTTPA—N 2 NBoA)

For g, andgs given by above inequalities, Theorém|3.1 reduces to the following:

Theorem 3.3. Let the functionp(z) be given bys(z) =1+ > B,z" and\ < 2. If f(z) given
n=1

by (1.1) belongs t&{"*(¢), then

( C-NGB-NB: _ 2-N2uB? | (2-N)(3-N\,B?

_ ( : .
6(3—13) 4(2—v,)? + 6(3—13)(2—v3) Zf K <015
—\)(3-A)B i _
las — pa3] < § T if o1 <p<oy;
(2=N\)(3—-\)B (2—\)2uB? (2-N)(3-Nvy,B? .
NS 7 e ey MO e
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where

o = 4(3—)\)(2—1/12){(32—Bl)(g_w2)+¢23%}

6(2—A)(3 — ¥3) B}

4383 =N)(2 = ) {(B2 + B1)(2 — ¥y) + ¢, B} }
6(2 — ) (3 —¢3) B} '

02
The result is sharp.

Corollary 3.4. Letg(z) = z + i 2", (9, > 0) and let the functio(z) be given byp(z) =

n=2

1+ i Bpz*. If f(2) given by I ) belongs 6" (¢), then
k=1

( 2-NB-NBs _ (2-N2uB? | (2-X)3-A\B?

18(3—13)  16(2—95)2 T 18(3—1h3)(2—1y) if p<o
2—X)(3—A)B . .
|as — paz| < ( 18()3(171113)) : if or<p<os,
_(@2=NB=NB2 | (2=N)?uB} _ (2-M)3-N¢,Bf
S T = B =l =y B ey

where
16(3 — \)(2 — ¢y){(B2 — B1)(2 — ¥,) + ¥, B}

o1 = 9

18(2 = A)(3 — ¥3) BY

16(3 — A)(2 = o) { (B2 + B1)(2 — ,) + 1, B} }
18(2 = A)(3 — ¢3) B '

09 =

The result is sharp.

Remark 3.1. Whenk = 2 the above theorems reduces to a recent result of Shanmugam et al.

9.
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