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ABSTRACT. The object of this paper is to study certain geometric properties of a family of
multivalent harmonic mappings in the plane convoluted with a multivalent analytic function in
the open unit disc.
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1. INTRODUCTION

A continuous complex-valued mappirfg= « + iv is defined afiarmonicin a simply con-
nected complex domaib in the complex plane if it is satisfies: = 0 onD, i.e.,u andv are
real harmonic functions ifd. Such a harmonic functiofi can be expressed as the canonical
representatiorf = h+ g, ¢(0) = 0, whereh andg are analytic ang denotes the function

z — ¢g(z). In [3], it was shown that the mapping — f(z) is sense-preserving and locally
univalent inD if and only if the Jacobia/; = |[//|* — |¢'|* > 0 in D. We observe that if

f=h+g,then
r_ _1 ﬁ_g P 7_1 ﬁ a_f
h_fz_2(8:c Z(9y)’ g_fz_Q(ax—Hay)

are always (globally) analytic functions db. In general, we do not requirg¢ to be uni-
valent inID. The study of functions which are multivalent harmonic in the open unit disc
A = {z:]z] < 1} was indicated in[1],[[4]. Fop > 1, denote byH (p), the set of all mul-
tivalent harmonic functiong = h + g defined inA, whereh and g are analytic functions
defined inA and of the form

1Y) k() =) a2 g (2) =D bup2"P g =1, [pl <1
n=1 n=1

Various subclasses af (p) were studied in[1],[2] and others. Denote By (p) the class of all
multivalent harmonic functions of the form

(12) f (Z) =p + Z an+p712n+p71 + Z bn+pflzn+pila

n=1 n=1
such thatRef(z) > 0, wherep > 1 is an integer. Fop = 1 various properties of the family
Py (1) and the subclasses 6%, (1) with real coefficients were studied inl [5],/[6]./[7]. A well-
known family

P(p) = {h(z) =p+ Zamp—lznﬂkl : Reh(z) >0,z € A}
n=1

is a subclass aPy (p). We also define
Ppi (p) = {f = h+3 € Pu(p) : 9(0) = 0}

Ry () = {f=h+§/€H(p) E (Zz’}; n (g)> ePSI@)}.

If f; =h; +g;,7 = 1,2 are in the clas${(p), then we define convolutiofy * f, of f; and f,
in the natural way a8, * hs + g1 * g2. If ¢ is a p-valent analytic function anfl= h + g isin
H(p), we define

and

[xo=fx(@+d)=hx¢+gx¢.
Clunie and Sheil-Small [3] considerg@¢ wheng is analytic andf is convex harmonic univa-
lent in A. The object of this paper is to study certain geometric properties of faRijlyp, o)
of mappings obtained g&:¢, , whenf € Ry, (p) andg, , is defined by

- p n+p—1
1.3 Gpal2) = 2P + Y —————"
( ) pv() n:2p+(

n—1)a
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wherep > 1is an integer and is a complex number different fromp, —£, —%,---. Note that
the functiong, , is analytic inA. Also, Ry, (p,0) = Ry, (p).
2. MAIN RESULTS

Theorem 2.1.1f F = H + G € RY% (p,a) and Rea > 0, then there exists afi € R (p) so
that

o U pia)a
~L [ eon - sea

=L [

whereRea > 0. Also for f = h + g € RY (p),

D o
h(z) * S ZC"_lan+p_1z”+p_1 = hi=¢)
n=2

Proof. Note that

Z

1—2C ¢?

2P = et z
g(Z) * 1 _ ZC = ZC 1bn+p712 el = g< C) .
n=1

CP
Therefore,
H(z) = h(2) 2()d¢
and
G(2) = 9(2) % By al2) /c 2= 0 (0)dC.
Hence
F(z) = —|—G’()
- / ¢ (1) + 900 ) e
pl-—a)—a
-z /0 ¢ f(=0)dc.
|

We next give the interrelation between clas&8s(p, o) and RY, (p).
Theorem 2.2.1f F € RY, (p, a) , then there exists a functighin RY (p) such that

(2.1) f(2) = TeF(2) + 2Fe(2)] + (1 = @) F(2).
Conversely, iff € RY, (p), then there exist8’ € R, (p, «) such thatF is a solution of(2.1)).

Proof. SinceF € R, (p, ), there existsf € R, (p) so thatF'(z) = (f(2)%¢,(2)). Also, it
is a routine manipulation to prove that

() + (1= )6,0(2) = 6y0().

Therefore we have
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az |,

F) = F(2)R,0(2) = ()3 (?¢p,a<z>+<l—a)¢p,a<z>)

% (f(z)%qu;’a(z)) +(1—-a) (f(z)% p,a(z>)
- % [2F.(2) + 2F:(2)] + (1 — a) F(2).

Conversely, supposg(z) = 22 + > ooy anip-12" P71+ 307 by, 127 P L is in RY, (p)
and let

(2.2) F(2)=2"4 Y Anpp12"P7 4> Buyp2m# 0,
n=2 n=2
be a solution off2.1). On comparing both sides ¢2.1]), we have
p p
23) Apyi=— P gy . Buyi=—L b n>2.
(2.3) +p—1 ijOé(n_l)@+p1 +p—1 p—i—a(n—l) +p—1 n =

ThenF € RY, (p, o) because
F(z) = (h(2) * dp0(2)) + (9(2) * ¢0(2))

|
Corollary 2.3. A functionF(z) = H(z) + G(z) whereH and G are the form(L.1), is in the
family RY, (p, «) if and only if ' satisfies the condition
(2.4)

Re { (a+p(l —a)H'(z) +(a+p(1 — @) G'(z) | aH"z) +aG"(z)

pzP~1 pzP—2

}>O, z € A.

Proof. If F = H + G € RY, (p,a), then by Theorenf2.2) there existsf = h +g € RY, (p)
such thaf(2.1) is satisfied and

h(z) = %zH'(z) +(1—a)H(z) , g(z)= %zG’(z) + (1 —a)G(z).

Sincef = h+g € RY% (p), it follows that

0 < Re (Z;,(_Zl) + (@)) < Re {—h,(zl::igl(Z)}

— Re { (a+p(l—a)H'(2)+ (@+p(l —a)) G (2) N aH"(z) +aG"(2) } .

pzp~1 pzP—2
Conversely, suppose that

F(z)=H(z)+ G(z)

— P S p n+p—1 S p b n+p—1

n=2

satisfies(2.4), wherea,,,, 1 andb, ., ; are the coefficients of € RY (p). Then using the
arguments in Theoretf2.2)), it follows that the function

f(2) = h(z) +9(z) = % [H'(2) + 2G'(2)] + (1 - ) [H(2) + G(2)|
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is in the classkY; (p). Hence, by Theorer{R.2)), F' € R, (p, ). 1

Theorem 2.4. RY, (p, o) is convex.

Proof. For I} = H, + G, Fy, = Hy + Gy € RY (p, a),we have to show that
AL+ (1—=NFy =M H + (1 = NHy + MGy + (1 — NGy

isin RY (p,«) for any A € [0,1]. In view of Corollary (2.3]), we only need to show thatF; +
(1 — \)F; satisfieg(2.4)). This follows because

(a1 p(L— @) A} + (L= N Hj) + (@ + p(1 - &) (AG) + (1 — \)Gy)
pzr~!
L OOH + (1= N H) +a(AGY + (1= A)gg))
pzP?
VY { (0 +p(L—a)H} + (a+p(l=a)G, | aHY+ aG’{}
pzp—1 =
(ot p(1— ) Hy + (@ +p(1 = 6)Gy | oy + aGg} »
pzP1 D2 :

Re(

+(1 = N)Re {
Therefore,RY, (p, a) is convex.a

In order to show thaky, (p, «) is also compact, we need the following.

Lemma 2.5.1f f = h+ g € R, (p), then’Z% € P(p). Conversely, ifr% € P(p), h(0) =

g(0) = (ph_):o 1= (ng’_l)zzo —0,thenf = h+g e RY (p)

Proof. If f = h+ g € RY% (p), since

A Wty
Re{]; Lp_l + (zp_1>]} > O:>Re{ P } > 0

the required result is obtained.

Conversely, if=2% € P(p) restricted by the given conditions érandg, then—2=+ ( pzf,/_l) €
Py (p). In view of the conditions of normalization, it follows thft= 1 + g € RY (p). 1
Remark 2.1. P(p) is compact and s&?; (p) is compact.

Theorem 2.6. RY (p, ) is compact.

Proof. If {F,} is a sequence of functions &), (p, o) whereF,, = H,, + G,,, then by Theorem
(2-2),

%@Hﬁ@) +(1—a)(H,+G,) € Ry (p).

SinceRY, (p) is compact and so if;,, — F = H + G, then
a(zH' + 2G")
pzr!
HenceRY, (p, «) is compact becaus€ = H + G € RY (p, «) by Theorem2.2). &
Theorem 2.7. If Rea > 0, thenRY, (p, ) C RY(p).

+(1—a)(H+G) e RY(p).
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Proof. Let F' € RY%(p, @) and Rear > 0. Then there existg € R% (p) such that

F=H+G = (h(2) % 6,,(2) + (9(2) * dpa(2)).
SinceRea > 0, it follows that

0 < { )}
B pH +pG’ alp—1)H +a(p 1)G’_aH”+aG”
n PP~ pzp~1 pzP—2
(H’+G’)
<
zp—1
However,

0 600~ () _, 1= (), =0

Hence by Lemma2.5), it follows thatF = H + G € R (p). &

Lemma 2.8.[7] If g(z) = 27 + > 7, cnip12" 71 and Re (;Z/f,f)l) > 0, then|c,yp-1] <
n > 1. The estimate is sharp.

n+p 1’

Theorem 2.9. If F/(2) = 22 + > 0, Apip 12" P+ 320, Boyp12" P Lis in RY (p, ),

then
2p?

, n>1.
n+p=1)p+(n—1a B

[ Antp—1] = [Bntp—1l| < (
The estimate is sharp.
Proof. In view of Theorem(2.2)), there exists
f) = h(=) 4 9G) = 2 4+ Y 127 4 Y By 12T € Ry (p)

sothatF’ = fx¢,, , whereA,,, ; andB, ., ; are given by(2.3). From Lemma(2.5)),

h+4q 53n+ —1
Re { pzp'? } = Re {1 ‘I’ +(an+p—l + bn-‘rp—l)Zn_l} > O,
n=2

and from Lemmad{2.5)), we have

2p
2.5 ntp—1 + bnip_1| < ————.
(2.5) |np—1 + +pﬂ_n+p_1
From (2.3) and(2.5)) we obtain
p
Apipi1| = |Bogp-1ll = —————— llantp—1| — [bntp—
Mgl = 1Buipall = e gy lonspal = buspal
D
< nip1 + bpip
>~ |p+(n_1)a||a +p 1+ n—+p 1|

2p?

(n+p—1lp+(n—1)a|
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