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1. INTRODUCTION

Recall [2)14] that a positive functiofis called logarithmically completely monotonic on an
interval [ if f has derivatives of all orders dnand its logarithmin f satisfies

(1.1) (—1)"[n f(2)]* = 0

forall £ € Non /. For more detailed information, please refertd [2,13,/4, 9, 10, 13,17, 18] and
the related references therein.

It is well-known that the classical Euler’'s gamma functiofx) plays a central role in the
theory of special functions and has much extensive applications in many branches, for example,
statistics, physics, engineering, and other mathematical sciences. The logarithmic derivative of

['(x), denoted by)(z) = FF'(;”)), is called the psi or digamma function, ant (z) for i € N are
known as the polygamma or multigamma functions.

For real numbers: andg with o # 3, (o, 3) # (0, 1) and(«, 5) # (1,0) and fort € R, let

efat o efﬁt 0
_
(1.2) Gap(t) = { 1ot # 0,

06— a, t=0.

From necessary and sufficient conditions such that the funetiofit) is monotonic, which
were established in [5, 11, 12] and related references therein, the following logarithmically
complete monotonicity was obtained.

Lemma 1 ([5} [7,[8,[15]16]) Leta, b and ¢ be real numbers and = min{a, b, c}. Then the

function
_ ~L(@+a)
1.3) Hiope(z) = (z+ c)b m

is logarithmically completely monotonic {r-p, oo) if and only if
(1.4) (a,b,c) € Di(a—c,b—c) = {(a,b,c): (b—a)(l—a—b+2c) >0}
N{(a,b,¢c): (b—a)(la —bl —a—b+2c) >0}
\{(a,b,¢c):a=c+1=b+1}\{(a,b,c):b=c+1=a+1},
S0 iSHy q.c(x) In (—p, 00) if and only if

(1.5) (a,b,c) € Dy(a—c,b—c) = {(a,b,c): (b—a)(l —a—b+2c) <0}
N{(a,b,c): (b—a)(la—bl —a—b+2c) <0}
\{(a,b,¢c):b=c+1=a+1}\{(a,b,c):a=c+1=0b+1}.
Remarkl. The domainsD; («, 3) and Dy(«, 3) defined by[(1.4) and (1.5) can be described
respectively by Figurg|1 and Figyrg 2 below.

The first aim of this short note is to deduce a double inequality for the divided differences of
the polygamma functions from Lemrph 1 as follows.

Theorem 1. Letb > a > 0 andk € N. Then the double inequality
(@ +a) ™~ b—a = (z+ )
for z € (—a, o0) holds ifa > max{a, “*;’*1} and0 < g < min{a, Lg*l}

The second aim of this short note is to show some identities of the psi and polygamma func-
tions by using Theorein 1.

(1.6)

AJMAA Vol. 5, No. 2, Art. 18, pp. 1-7, 2009 AJMAA


http://ajmaa.org

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

ﬁn
l—«



http://ajmaa.org

4 B.-N. GUO AND F. QI

Theorem 2. Forv > 1 anda > 1, letvy > 1 denote the real root of equatiart — v — 1 =0,
then

(1.7) v [PV (0g) = E D (wo)] = () (k= DL
For0 < v < landa <0, letyy, < 1 be the real root of equation® — v — 1 = 0, then identity
(1.7)is also valid.

Corollary 1. Letk € N. then the following identities of polygamma functions are valid:

(1.8)  y*Y ((@“) ) -yt (ﬁ;l) = (=1 k= 1)! (“g;l) ,

(1.9) Y V9 — V69 + V9 + 69 3 gt V9 — 69 + V/9+ 69
| V18 /18

_ (_1\k1 .
IR 1)!<§”/9—\/@+€’/9+\/@

4
<\/a—b+\/[)2_—a+ ba))
e (L] 2 b—a
(0 (2\/a b+ — + 5

= (-1 2%k — 1)! (\/a_b+\/l)2——a +\/b—a) :

_ 2 _ 3/94+/849
whereq =4 3 —3(%@) andb = \/—18 )

Remark?2. In an e-mail to the second author on 24 November 2007, Dr. Abdolhossein Hoorfar
at the University of Tehran pointed out that the identities in Thedrem 2 and Corpjlary 1 are
special cases of the following recurrence formula

(1.11) P (z+1) =™ (2) = (=1)"nlz" !

listed in [1, p. 260, 6.4.6]. This shows us that Lenjrpa 1 and Theofem 1 above are generalizations
of formula [1.11).

ool —

(1.10) %D (

2. PROOFS OF THEOREMS

Proof of Theorer]1From the logarithmically complete monotonicity of the functiéip, .(x)
in Lemmd 1, it follows that
(2.1) 0<(=1)"[n Hyp ()]
(=1)*Yb—a)(k—1)!
(x 4+ c)F

for (a,b,c) € Di(a,b, c), then the left-hand side inequality [n (IL.6) is deduced straightforwardly
by standard arguments.

= (-1 | (@ +a) —p* V(2 +b) +
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The right-hand side inequality ifi (1.6) can be deduced ftem)*[In H,, .(z)]*) > 0 for
(a,b,c) € Dy(a,b,c). n

Proof of Theorern|2Inequality [1.6) in Theorefn| 1 can be rearranged as

(k—1)! (~DF "V (w) ()]
@2 G, (wr o - D = u=v
(=1t " (k—1)!
foru > v > 0.

For0 < v < 1 anda < 0, since the functiorf,(v) = v* — v — 1 satisfying
(2.3) lim fo(v)=~1 and lim fu(v) = oo,
the equation® — v — 1 = 0 must have at least one rogfless thanl. Lettingu = v* > 1 > v

and taking limitv — v, in (2.2) leads to[(2.13). Hence, identify (IL.7) is proved(for v < 1
anda < 0. 1

Proof of Corollary[1. Substitutingu = v? for v > 1 in (2.2) yields

(k — D'(v* —v)
max{v, (v +v —1)/2}]

(2.4) - < (_1)k—1 [w(k—l)(v2) _ ¢(k—1)(v)}

(k—1D)!(v* —v)
~ [minf{v, (v 4+ v —1)/2}]F
Since equation? — v — 1 = 0 has a unique roo@ greater thar, then, ifl < v < —‘/52“,
1 1 e - (k= 1)2%(v 1)
(2.5) (k- 1)!(ka2 - —1) < (=DFHp* D (0?) — ()] < W o—1F

vk

I(]fﬁ)z @ the above inequality reverses. Taking- @ in (2.4) or [2.5) yields identity

It is easy to see that equatioh — v — 1 = 0 has a unique real root

31 1 1 23 \/9—\/@+\3/9+\/@

(2.6) -— = 5 = — 570 =1.324---
Substitutingu =v3forv > 1in @) ylelds
(27) (k - 1) (U — U) - < (_1)k—1 [¢(k—1)(v3> . @D(k_l)(?])}

max{v, (v3 +v—1)/2}]
(k—1D)!(v® —v)
= [min{v, (v3 +v—1)/2}]F

3/9—/69 + /9+/69
fl<ov< 75 75 '

(2.8) (k—1)! (% - Ll) < (—1)k71 W(kq)(vza) _ w(k—l)(v)] <

vk=

(k—1)12%0(v? — 1)
CGETES

- /9169 + 3/9+v69
if v > 7
v — \/97\/;5+§/\§/9+f in (2.7) or [2.8).

, the above inequality reverses. Identity {1.9) follows from taking
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It is not difficult to see that the quartic equatioh— v — 1 = 0 has a unique real root

/ 49
(29) 1 39+ 8
9+ V849 \/s 94VBI9 4, 2

3 9+ 849

1 \/4
MEN N R L —1.920-
2 3(9+/349)

Replacingu by v* for v > 1 in (2.2) gives

(k = D'(v* —v)
[max{v, (vt 4+ v —1)/2}]

(2.10)

P < (Gt — 0D ()]

(k — 1)(v* =)
~ [minf{v, (vt + v —1)/2}F

f1<v<g/a—b+ 2= +3Vb—a,then

(2.11) (k—1)! (% _ %) < (—1)k! [w(k—l)(v4) _ ¢(k—1)(v)}

ok
< (k—1)12%u(v® — 1)
(vi+ov—1)k

ifo>1/a—b+

2 \/ﬂ + Vb , the above inequality reverses. Identity (1.10) follows

from takingv — 3,/a — b+ &= + 3vb —a in @.I10) or [(ZI1).
Forv > 1 anda > 1, since the functiorf,(v) = v — v — 1 satisfying
(2.12) hI{lJr fo(v)==1 and lim f,(v) = oo,

the equation®—v—1 = 0 must have at least one rogtgreater than. Lettingu = v* > v > 1
and taking limitv — v, in (2.7) leads to

_ _ —1)F Yk — 1)!
(2.13) PE D (0g) — pFY () = =Y vé i3
Identity (1.7) is proved for > 1 anda > 1. i
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