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ABSTRACT. The purpose of this paper is to develop a theory of best simultaneous approxima-
tion toε-simultaneous approximation. We shall introduce the concept ofε-simultaneous pseudo
Chebyshev,ε-simultaneous quasi Chebyshev andε-simultaneous weakly Chebyshev subspaces
of a Banach space. Then, it will be determined under what conditions these subspaces are trans-
mitted to and from quotient spaces.
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1. I NTRODUCTION

The theory of best simultaneous approximation has been studied by many authors (for exam-
ple, [1]-[8], [10]-[12]). The concept ofε-approximation has been studied by Singer [9]. In this
paper, we introduce the concepts ofε-simultaneous pseudo Chebyshev,ε-simultaneous quasi
Chebyshev andε-simultaneous weakly Chebyshev subspaces of a Banach space. Then, it will
be determined under what conditions these subspaces are transmitted to quotient spaces.

let X be a normed linear space,W a subset ofX andS a bounded set inX. we define

d(S, W ) = inf
w∈W

sup
s∈S

‖s− w‖.

An elementw0 ∈ W is called a best simultaneous approximation toS from W whenever
d(S, W ) = sups∈S ‖s− w0‖. The set of all best simultaneous approximation toS from W will
be denoted bySW (S). In the caseS = {x} (x ∈ X), SW (S) is the set of all best approximations
of x in W , PW (x). Thus, simultaneous approximation is generalization of best approximation
in a sense.

Definition 1.1. let X be a normed linear space,W a subset ofX andS a bounded set inX.
An elementw0 ∈ W is calledε-simultaneous best approximation toS fromW if

sup
s∈S

‖s− w0‖ ≤ d(S, W ) + ε.

The set of allε-simultaneous best approximations toS fromW will be denoted bySW,ε(S).

It is easy to see thatSW,ε(S) is a non-empty, convex and bounded subset ofW . In fact if
s ∈ S, 0 < λ < 1 andw1, w2 ∈ SW,ε(S), then

‖s− λw1 − (1− λ)w2‖ ≤ λ‖s− w1‖+ (1− λ)‖s− w2‖ ≤ d(S, W ) + ε

for all s ∈ S. Hence,

sup
s∈S

‖s− λw1 − (1− λ)w2‖ ≤ d(S, W ) + ε.

So,λw1 + (1− λ)w2 ∈ SW,ε(S). Also,SW,ε(S) is closed wheneverW so is.

We recall that for an arbitrary non-empty convex setA in X the linear manifold spanned by
A which is denoted bỳ(A) is defined as follows

`(A) := {αx + (1− α)y : x, y ∈ A; α is a scalar}.

For every fixedy ∈ A the set̀ (A− y) is a linear subspace ofX satisfying

`(A− y) = `(A)− y := {x− y : x ∈ `(A)}.

It is clear that for an arbitrary non-empty convex setA in X

`(π(A)) = π(`(A)),

whereπ is the canonical map in the correspondence quotient space. The dimension ofA is
defined by

dimA := dim`(A).

Then, for everyy ∈ A we have

dimA = dim`(A) = dim[`(A)− y] = dim`(A− y) = dim(A− y).

For more details see [9].
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Definition 1.2. let X be a normed linear space,W a subspace ofX andS a bounded set inX.
Then,W is called
(i) ε-simultaneous pseudo Chebyshev subspace ifSW,ε(S) is finite dimensional subset ofW for
all bounded subsetS in X.
(ii) ε-simultaneous quasi Chebyshev subspace ifSW,ε(S) is compact subset ofW for all bounded
subsetS in X.
(iii) ε-simultaneous weakly Chebyshev subspace ifSW,ε(S) is weakly compact subset ofW for
all bounded subsetS in X.

We shall use the following Lemmas throughout this paper.

Lemma 1.1. [2] Let X be a normed linear space andM a proximinal subspace ofX. Then,
for each non-empty bounded setS in X we have

d(S, M) = sup
s∈S

inf
m∈M

‖s−m‖.

Lemma 1.2. [2] Let X be a normed linear space,M a proximinal subspace ofX and S an
arbitrary subset ofX. Then,S is a bounded subset ofX if and only ifS/M is a bounded subset
of X/M .

Lemma 1.3. Let W be a proximinal subspaces of normed spaceX, M a proximinal subspace
of X andM ⊆ W . Then, for each non-empty bounded setS with M ⊆ S ⊆ X we have

d(S/M,W/M) = d(S, W ).

Proof. It is easy to see thatd(S/M,W/M) ≤ d(S, W ). Fix w ∈ W . Then,sups∈S ‖s − w +
M‖ ≥ ‖s− w + M‖ for all s ∈ S. SinceM is proximinal, there existsms,w ∈ M such that

‖s− w + M‖ = ‖s− w −ms,w‖ ≥ inf
w′∈W

‖s− w′‖.

Thus,sups∈S ‖s− w + M‖ ≥ infw′∈W ‖s− w′‖ for all s ∈ S. Hence by Lemma 1.1,

sup
s∈S

‖s− w + M‖ ≥ sup
s∈S

inf
w′∈W

‖s− w′‖ = inf
w′∈W

sup
s∈S

‖s− w′‖ = d(S, W ),

for all w ∈ W . Therefore,

d(S/M,W/M) = inf
w∈W

sup
s∈S

‖s− w + M‖ ≥ d(S, W ).

Lemma 1.4. Let W be a proximinal subspaces of normed spaceX, M a proximinal subspace
of X, S a bounded set inX, M ⊆ W andε > 0. Then,

π(SW,ε(S)) ⊆ SW/M,ε(S/M),

whereπ : X → X/M is the canonical map.

Proof. If w0 ∈ SW,ε(S), then by Lemma 1.3

sup
s∈S

‖s− w0 + M‖ ≤ sup
s∈S

‖s− w0‖ ≤ d(S, W ) + ε = d(S/M,W/M) + ε.

So,w0 + M ∈ SS/M,ε(S/M).

Lemma 1.5. Let W be a proximinal subspaces of normed spaceX, M a proximinal subspace
of X, S a bounded set inX, M ⊆ W and ε > 0. If w0 + M ∈ SW/M,ε(S/M) and m0 ∈
SM(S − w0), thenw0 + m0 ∈ SW,ε(S).
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Proof. By lemmas 1.1 and 1.3, we have

sup
s∈S

‖s− w0 −m0‖ = inf
m∈M

sup
s∈S

‖s− w0 −m‖ = sup
s∈S

inf
m∈M

‖s− w0 −m‖

= sup
s∈S

‖s− w0 + M‖ ≤ d(S/M,W/M) + ε = d(S, W ) + ε.

So,w0 + m0 ∈ SW,ε(S).

Corollary 1.6. LetW be a proximinal subspaces of normed spaceX, M a simultaneous prox-
iminal subspace ofX, S a bounded set inX, M ⊆ W andε > 0. Then,

π(SW,ε(S)) = SW/M,ε(S/M),

whereπ : X → X/M is the canonical map.

Proof. By Lemma 1.4, we have

π(SW,ε(S)) ⊆ SW/M,ε(S/M).

Now, suppose thatw0 + M ∈ SW/M,ε(S/M). SinceM is simultaneous proximinal, there exists
m0 ∈ M such thatm0 ∈ SM(S − w0). Now by Lemma 1.5,w0 + m0 ∈ SW,ε(S). So,
w0 + M ∈ π(SW,ε(S)).

2. M AIN RESULTS

Now, we are ready to state and prove our main results.

Theorem 2.1. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM is
finite dimensional and simultaneous proximinal andW is proximinal. Then the following are
equivalent.
(i) W/M is ε-simultaneous pseudo Chebyshev subspaces ofX/M .
(ii) W + M is ε-simultaneous pseudo Chebyshev subspaces ofX.

Proof. (i) ⇒ (ii) Let S be an arbitrary bounded set inX andk0 be an element ofSW+M,ε(S).
Then, by using Lemma 1.2 we have

π(`(SW+M,ε(S)− k0)) = `(π(SW+M,ε(S)− k0))

= `(SW/M,ε(S/M)− (k0 + M)).

SinceW/M is aε-simultaneous pseudo Chebyshev subspaces ofX/M , so

dim[`(SW/M,ε(S/M)− (k0 + M))] < ∞.

Hence,
dim[π(`(SW+M,ε(S)− k0)] < ∞.

SinceM is finite dimensional, so

dim[`(SW+M,ε(S)− k0)] < ∞.

Therefore,W + M is ε-simultaneous pseudo Chebyshev subspace ofX.
(ii) ⇒ (i) Let S be an arbitrary bounded set inX. SinceW + M is ε-simultaneous pseudo
Chebyshev subspaces ofX, SW+M,ε(S) is finite dimensional. But(W + M)/M = W/M , so
we have

dim[SW/M,ε(S/M)] = dim[`(SW/M,ε(S/M))] = dim[`(S(W+M)/M,ε(S/M))]

= dim[`(π(SW+M,ε(S))] = dim[π(`(SW+M,ε(S))] < ∞.

Thus,W/M is ε-simultaneous pseudo Chebyshev subspace ofX/M .
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Corollary 2.2. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM
is finite dimensional and simultaneous proximinal,W is proximinal andM ⊆ W . Then the
following are equivalent.
(i) W/M is ε-simultaneous pseudo Chebyshev subspaces ofX/M .
(ii) W is ε-simultaneous pseudo Chebyshev subspaces ofX.

Theorem 2.3. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM is
finite dimensional and simultaneous proximinal andW is proximinal. Then the following are
equivalent.
(i) W/M is ε-simultaneous quasi Chebyshev subspaces ofX/M .
(ii) W + M is ε-simultaneous quasi Chebyshev subspaces ofX.

Proof. (i) ⇒(ii) Let S be a bounded set inX and{`n} a sequence inSW+M,ε(S). Then by
Lemma 1.3, for eachn ≥ 1 we have

sup
s∈S

‖s− `n + M‖ ≤ sup
s∈S

‖s− `n‖

≤ d(S, W + M) + ε = d(S/M, (W + M)/M) + ε.

Hence`n + M ∈ S(W+M/M),ε(S/M) . SinceS(W+M)/M,ε(S/M) is compact, there exist̀0 ∈
W+M and a subsequence{`nk

+M}k≥1 of {`n+M}n≥1 such that̀ 0+M ∈ S(W+M)/M,ε(S/M)
and{`nk

+ M}k≥1 converges tò0 + M . But, for allk ≥ 1 we have

‖`0 − `nk
+ M‖ = inf

m∈M
‖`0 − `nk

−m‖ = d(`0 − `nk
, M).

SinceM is proximinal inX, there existsmnk
∈ PM(`0 − `nk

). Hence,

‖`0 − `nk
−mnk

‖ = d(`0 − `nk
, M).

Therefore,

(2.1) lim
k→∞

‖`0 − `nk
−mnk

‖ = 0.

Since`n ∈ SW+M,ε(S) for all n ≥ 1, {`nk
}k≥1 is a bounded sequence. Hence by (2.1),{mnk

}
is a bounded sequence inM . SinceM is a finite dimensional subspace ofX, without loss of
generality we can assume that{mnk

}∞k=1 converges to an elementm0 ∈ M . Let `′ = `0 −m0.
Thus,`′ ∈ W + M and we have

‖`′ − `nk
‖ = ‖`0 −m0 − `nk

‖ ≤ ‖`0 − `nk
−mnk

‖+ ‖mnk
−m0‖,∀k ≥ 1.

Thus
lim
k→∞

‖`′ − `nk
‖ = 0.

Since`nk
∈ SW+M,ε(S) for all k ≥ 1 andSW+M,ε(S) is closed,̀ ′ is an element ofSW+M,ε(S).

Therefore,SW+M,ε(S) is compact.
(ii)⇒(i) LetS be an arbitrary bounded set inX. Then,SW+M,ε(S) is compact. But the canonic
map is continuous, soπ(SW+M,ε(S)) is compact. Thus by Corollary 1.6,

π(SW+M,ε(S)) = S(W+M)/M,ε(S/M) = SW/M,ε(S/M).

Therefore,W/M is ε-simultaneous quasi Chebyshev subspaces ofX/M .

Corollary 2.4. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM
is finite dimensional and simultaneous proximinal,W is proximinal andM ⊆ W . Then the
following are equivalent.
(i) W/M is ε-simultaneous quasi Chebyshev subspaces ofX/M .
(ii) W is ε-simultaneous quasi Chebyshev subspaces ofX.
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Theorem 2.5. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM is
finite dimensional and simultaneous proximinal andW is proximinal. Then the following are
equivalent.
(i) W/M is ε-simultaneous weakly Chebyshev subspaces ofX/M .
(ii) W + M is ε-simultaneous weakly Chebyshev subspaces ofX.

Proof. (i) ⇒(ii) Let S be a bounded set inX and{`n} a sequence inSW+M,ε(S). Then by
Lemma 1.3,{`n + M} is a sequence in

S(W+M)/M,ε(S/M) = SW/M,ε(S/M).

Since SW/M,ε(S/M) is weakly compact, there exists a subsequence
{`nk

+ M}∞k=1 of {`n + M}∞n=1 such that{`nk
+ M}∞k=1 converges weakly to an element

`0 + M ∈ SW/M,ε(S/M). Then,`0 + m0 ∈ SW+M,ε(S/M) for somem0 ∈ M . But since
M is proximinal,Tf ∈ (X/M)∗ for all f ∈ X∗. Therefore,

f(`nk
) = Tf (`nk

+ M) → Tf (`0 + M) = Tf (`0 + m0 + M) = f(`0 + m0).

Hence,{`nk
}k≥1 converges weakly to `0 + m0 ∈ SW+M,ε(S). Thus,

SW+M,ε(S) is weakly compact and henceW + M is ε-simultaneous weakly Chebyshev sub-
spaces ofX.
(i)⇒(ii) Let S be an arbitrary bounded set inX and{wn + M} a sequence inSW/M,ε(S/M).
SinceM is proximinal andS − wn is a bounded set inX for all n ≥ 1, there existsmn ∈
SM(S − wn) for all n ≥ 1. But by Lemma 1.1, we have

sup
s∈S

‖s− wn −mn‖ = inf
m∈M

sup
s∈ S

‖s− wn −m‖ = sup
s∈ S

inf
m∈ M

‖s− wn −m‖

= sup
s∈ S

‖s− wn + M‖ ≤ d(S/M,W/M) + ε ≤ d(S, W + M) + ε.

Therefore,{wn +mn} is a sequence inSW+M,ε(S). SinceSW+M,ε(S) is weakly compact, there
exists a subsequence {wnk

+ mnk
}∞k=1 of

{wn + mn}∞n=1 such that{wnk
+ mnk

}∞k=1 converges weakly to an element`0 ∈ SW+M,ε(S).
By Corollary 1.6,̀ 0 + M is an element ofS(W+M)/M,ε(S/M) = SW/M,ε(S/M). Note that for
everyf ∈ (X/M)∗, we have

f(wnk
+ M) = f(wnk

+ mnk
+ M) = f ◦ π(wnk

+ mnk
) → f ◦ π(`0) = f(`0 + M).

It follows that{wnk
+ M}∞k=1 converges weakly tow0 + M . Hence,SW/M,ε(S/M) is weakly

compact subset ofX/M . Therefore,W/M is ε-simultaneous weakly Chebyshev subspaces of
X/M .

Corollary 2.6. Let ε > 0 be given,M and W subspaces of normed spaceX such thatM
is finite dimensional and simultaneous proximinal,W is proximinal andM ⊆ W . Then the
following are equivalent.
(i) W/M is ε-simultaneous weakly Chebyshev subspaces ofX/M .
(ii) W is ε-simultaneous weakly Chebyshev subspaces ofX.
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