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ABSTRACT. The purpose of this paper is to develop a theory of best simultaneous approxima-
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of a Banach space. Then, it will be determined under what conditions these subspaces are trans-
mitted to and from quotient spaces.
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2 H. ALIZADEH, SH. REZAPOUR, S. M. VAEZPOUR

1. INTRODUCTION

The theory of best simultaneous approximation has been studied by many authors (for exam-
ple, [1]-[8], [10]-[12]). The concept of-approximation has been studied by Singér [9]. In this
paper, we introduce the conceptsse$imultaneous pseudo Chebyshexsimultaneous quasi
Chebyshev and-simultaneous weakly Chebyshev subspaces of a Banach space. Then, it will
be determined under what conditions these subspaces are transmitted to quotient spaces.

let X be a normed linear spadéd; a subset ofX andS a bounded set itX. we define
d(S,W) = U}g&/ Sug |s — w||.

sE

An elementw, € W is called a best simultaneous approximationStdrom W whenever
d(S,W) = sup,.g ||s — wol|. The set of all best simultaneous approximatior twom 1V will

be denoted by, (S). Inthe cases = {x} (z € X), Sw(9) is the set of all best approximations

of x in W, Py (x). Thus, simultaneous approximation is generalization of best approximation
in a sense.

Definition 1.1. let X be a normed linear spacél” a subset ofX and S a bounded set irX .
An elementy, € W is calleds-simultaneous best approximation&drom W if

sup ||s — wol| < d(S, W) + e.
ses

The set of alk-simultaneous best approximationsdrom W will be denoted bysyy . (.5).

It is easy to see thaty . (S) is a non-empty, convex and bounded subsétiof In fact if
s€ 5,0 <A< 1andwy,wy € Swe(S), then

s — Ay — (1= Mwsl) < Mls — wy | + (1= N)lls — w]| < d(S, W) +=
forall s € S. Hence,
sup ||s — dwy — (1 = Nws|| < d(S, W) +e.

seS

S0, \wy + (1 — Nwy € Swe(5). Also, Sy .(S) is closed whenevdl so is.
We recall that for an arbitrary non-empty convex dah X the linear manifold spanned by
A which is denoted by(A) is defined as follows
U(A) :={ax+(1—a)y:z,y e A;ais ascalaf.
For every fixedy € A the set/(A — y) is a linear subspace of satisfying
UA—y)=LlA)—y:={x—y:xzel(A)}.
It is clear that for an arbitrary non-empty convex deh X
l(m(A)) = 7 (€(A)),

wherer is the canonical map in the correspondence quotient space. The dimensiois of
defined by

dimA = diml(A).
Then, for everyy € A we have
dimA = diml(A) = dim[l(A) — y] = diml(A — y) = dim(A — y).
For more details seel[9].
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Definition 1.2. let X be a normed linear spacé&/ a subspace ok’ and S a bounded set itX .

Then,W is called

(i) e-simultaneous pseudo Chebyshev subspagg if S) is finite dimensional subset @f for

all bounded subsef in X.

(i) e-simultaneous quasi Chebyshev subspag if(.S) is compact subset oF for all bounded
subsetS in X.

(iii) e-simultaneous weakly Chebyshev subspaég/if(.S) is weakly compact subset @f for

all bounded subsef in X.

We shall use the following Lemmas throughout this paper.

Lemma 1.1. [2] Let X be a normed linear space and a proximinal subspace of. Then,
for each non-empty bounded sein X we have

(S, M) = sup inf, |s = m].
Lemma 1.2. [2] Let X be a normed linear spacé/ a proximinal subspace ok and S an

arbitrary subset ofX. Then,S is a bounded subset &f if and only ifS/M is a bounded subset
of X/M.

Lemma 1.3. Let W be a proximinal subspaces of normed spacel/ a proximinal subspace
of X and M C W. Then, for each non-empty bounded Setith A/ C S C X we have

d(S/M, W/M) = d(S,W).

Proof. It is easy to see that(S/M,W/M) < d(S,W). Fixw € W. Then,sup,g ||s — w +
M| > ||s —w+ M|| forall s € S. SincelM is proximinal, there exists: ,, € M such that

|s —w+ M| = ||s — w — mg,|| > inf |s—u|.
w'eW

Thus,sup,cg ||s — w + M|| > inf,ew ||s — w'|| for all s € S. Hence by Lemmpa 11,
sup ||s —w + M| > sup inf [|s —w'|]| = inf sup|ls —w'|| = d(S, W),
up | | 2 sup fnf s~ w'| = nf sup||s v/ = (S, V)
for all w € W. Therefore,
d(S/M,W/M) = inf sup||s —w+ M|| > d(S,W).
weW geg
|

Lemma 1.4. Let W be a proximinal subspaces of normed spacelV/ a proximinal subspace
of X, S abounded set ik, M C W andes > 0. Then,

T(Swe(S)) C Swyme(S/M),
wherer : X — X/M is the canonical map.

Proof. If wy € Sw,(S), then by Lemma 1|3

sup ||s — wo + M|| < sup||s —wol|| < d(S, W) +¢e=d(S/M,W/M) +¢.
s€S seS

So,wyg + M € SS/M7E(S/M) |

Lemma 1.5. Let W be a proximinal subspaces of normed spacel a proximinal subspace
of X, S a bounded set inX, M C W ande > 0. If wo + M € Sw/n(S/M) andm, €
SM(S — wo), thenwo +mg € SI/V,E(S)
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Proof. By lemmag 1.]l and 1.3, we have

sup ||ls — wg — mgl| = inf suplls — wy — m|| =sup inf ||s —wg—m
SEEH 0 oll meMsegH 0 | sEEmM” 0 |

=sup||s —wo + M| < d(S/M,W/M) +e=d(S,W) +e.
ses

So,wy + mg € SWﬂ.;(S) |

Corollary 1.6. LetWW be a proximinal subspaces of normed spaceV/ a simultaneous prox-
iminal subspace ok, S a bounded set ik, M C W ande > 0. Then,

T(Swe(S)) = Swyare(S/M),
wherer : X — X/M is the canonical map.
Proof. By Lemméd 1.4, we have

T(Swe(S)) € Swyre(S/M).

Now, suppose that, + M € Sy (S/M). SinceM is simultaneous proximinal, there exists
mo € M such thatmg € Sy(S — wo). Now by Lemmd 16wy + mo € Sw,(S). So,
wyg+ M € W(SW@(S)) |

2. MAIN RESULTS
Now, we are ready to state and prove our main results.

Theorem 2.1.Lete > 0 be given,M and W subspaces of normed spa&esuch that) is
finite dimensional and simultaneous proximinal dmdis proximinal. Then the following are
equivalent.

(i) W/M is e-simultaneous pseudo Chebyshev subspac&s bf.

(i) W + M is e-simultaneous pseudo Chebyshev subspac&s of

Proof. (i) = (i7) Let S be an arbitrary bounded setin andk, be an element a$yy /. (.5).
Then, by using Lemma 1.2 we have

T(U(Swire(S) — ko)) = U (Swiae(S) — ko))
SincelW/M is as-simultaneous pseudo Chebyshev subspacés/df, so
dim[l(Swyae(S/M) — (ko + M))] < oo.
Hence,
dlm[ﬂ(f(SW+M75(S) — k/’o)] < Q.
Sincel is finite dimensional, so
dzm[ﬁ(Sw+M75(S) — ko)] < Q.

Therefore /W + M is e-simultaneous pseudo Chebyshev subspaceé.of
(17) = (i) Let S be an arbitrary bounded set Xi. SincelW + M is e-simultaneous pseudo
Chebyshev subspaces &f Sy 1-(5) is finite dimensional. ButW + M)/M = W/M, so
we have

= dim[{(7(Swim(5))] = dim[m({(Swime(S))] < oo.
Thus,W/M is e-simultaneous pseudo Chebyshev subspacé/af . x
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Corollary 2.2. Lete > 0 be given,M and W subspaces of normed spag&esuch that)M
is finite dimensional and simultaneous proximindl, is proximinal andM C W. Then the
following are equivalent.

(i) W/M is e-simultaneous pseudo Chebyshev subspac&q bf.

(i) W is e-simultaneous pseudo Chebyshev subspac&s of

Theorem 2.3.Lete > 0 be given,M and W subspaces of normed spag&esuch that) is
finite dimensional and simultaneous proximinal dmdis proximinal. Then the following are
equivalent.

(i) W/M is e-simultaneous quasi Chebyshev subspaces/af .

(i) W + M is e-simultaneous quasi Chebyshev subspaces.of

Proof. (i) =(ii) Let S be a bounded set iX and{/,} a sequence ity ;1 -(S). Then by
Lemmd 1.8, for each > 1 we have

sup||s — £, + M| < sup||s — .||
sES sES

< d(S,W + M) +e=d(S/M,(W + M)/M) +e¢.

Hencel, + M € Sayymn)-(S/M) . SinceSuyyan . (S/M) is compact, there exigh
W+M and a subsequengé,, +M }i>, of {{,,+M},,>, suchthaly+M € Sy (S/M)
and{/¢,, + M };>, converges td, + M. But, for allk > 1 we have

€0 = o+ MI| = inf [[6g = b, —ml| = d(y — Loy, M)

SinceM is proximinal inX, there existsn,,, € Py (¢y — (5, ). Hence,
b0 — Ln,, — mip, || = d(lo — €y, M).

Therefore,

(2.1) khi& 1lo — Cn,, — My, || = 0.

Sincel,, € Swim(S) foralln > 1, {¢,, }r>1 is a bounded sequence. Hence(2{ib)nk}
is a bounded sequence M. Sincel is a finite dimensional subspace &f without loss of
generality we can assume tHat,,, }3°, converges to an element, € M. Let? = {;, — my.
Thus,/ € W + M and we have

1€ = Lo |l = 11lo — mo — Loy | < [[lo = Luy, — M, || + [y, — mol|, VE > 1.
Thus
lim ||¢' = ¢, | = 0.
k—o00

Sincel,, € Swin(S) forall k > 1 andSy ;.(S) is closed/ is an element 0By ps(5).
Therefore, Sy (S) is compact.

(i1) = (i) Let.S be an arbitrary bounded setd Then,Sy, . -(S) is compact. But the canonic
map is continuous, so( Sy ,(S)) is compact. Thus by Corollafy 1.6,

T(Swrme(9) = Swnnyme(S/M) = Swyn(S/M).
Therefore W /M is e-simultaneous quasi Chebyshev subspaces/afl . a

Corollary 2.4. Lete > 0 be given,M and W subspaces of normed spadesuch that\M
is finite dimensional and simultaneous proximindl, is proximinal andM C W. Then the
following are equivalent.

(i) W/M is e-simultaneous quasi Chebyshev subspaces/af .

(i) W is e-simultaneous quasi Chebyshev subspaces.of
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Theorem 2.5. Lete > 0 be given,M and W subspaces of normed spag&esuch that) is
finite dimensional and simultaneous proximinal dmdis proximinal. Then the following are
equivalent.

(i) W/M is e-simultaneous weakly Chebyshev subspaces/of .

(i) W + M is e-simultaneous weakly Chebyshev subspaces. of

Proof. (i) = (i) Let S be a bounded set iX and{/,} a sequence iy ;. -(S). Then by
Lemmd 1.B{¢, + M} is a sequence in

S(W+M)/M7E(S/M) = Sw/M75(S/M>

Since  Swym(S/M) is weakly compact, there exists a subsequence
{€n, + M}, of {¢, + M}, such that{¢,, + M}, converges weakly to an element
bo+ M € Swne(S/M). Then,ly + my € Swinm(S/M) for somem, € M. But since

M is proximinal, Ty € (X/M)* for all f € X*. Therefore,

flny) = Ty (o, + M) — Ty(bo + M) = Ty(bo +mo + M) = [(lo +mo).

Hence{/(,, }r>1 converges weakly to /¢, + my € Swinre(S). Thus,
Swim:(S) is weakly compact and hend& + M is e-simultaneous weakly Chebyshev sub-
spaces ofX.

(i)=(i7) Let S be an arbitrary bounded set i and{w, + M} a sequence ity (S/M).
Since M is proximinal andS — w,, is a bounded set itX for all n > 1, there existsn,, €
Su(S — wy) foralln > 1. But by Lemmd 1.1, we have

—w, — — inf —w, —m| = inf |ls —w, —
Sstelglls Wy — M| WlLreleélglls W, — ml| jéllgm}nMHS wp, — ml|

=sup ||s —w, + M|| < d(S/M,W/M)+e <d(S,W+ M) +¢.
s€ S

Therefore {w,, +m,} is a sequence ifiyy - (S). SinceSy 1 -(S) is weakly compact, there
exists a subsequence {wy, + M, 1524 of
{w, + m,}>2, such that{w,, + m,, }3>, converges weakly to an elemefgt € Sy 1 pr-(.5).
By Corollary[1.6,(, + M is an element 05w 4 ar)/ar.(S/M) = Swyn(S/M). Note that for
everyf € (X/M)*, we have

f<wnk+M) :f<wnk+mnk+M) :foﬂ(wnk"i_mnk) —>fo7r(€0):f(€0—|—M).

It follows that {w,, + M}32, converges weakly tay, + M. Hence,Sy - (S/M) is weakly
compact subset ok’ /M. Therefore JW/M is e-simultaneous weakly Chebyshev subspaces of
X/M. n

Corollary 2.6. Lete > 0 be given,M and W subspaces of normed spade such that)
is finite dimensional and simultaneous proximind, is proximinal andM C W. Then the
following are equivalent.

(i) W/M is e-simultaneous weakly Chebyshev subspaceés/of .

(i) W is e-simultaneous weakly Chebyshev subspaces. of
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