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2 M. K. AOUF

1. INTRODUCTION

Let 3, denote the class of meromorphic functions f(z) normalized by

(1.1) f2) =274+ @z (a>0pe N={1,2,...}),

k=p

which are analytic and p-valent in the punctured disc U* = U*(1), where

U'r)={2:2z€Cand 0 < |z| <r(0<r<1)} =Ur)\{0} (U(1)=U).
A function f(z) € ¥, is said to be meromorphically p-valent starlike of order § (0 < § < p)
in U(r) if

f(2)
On the other hand, a function f(z) € ¥, is said to be meromorphically p-valent convex of order
J(0<d<p)inU(r)if

(1.2) Re{zf(z>}<—6 (zeU@r):0<r<1,0<8<p).

(1.3) Re{1+zf,((z))}<—5 (zeU(r);0<r<1,0<8<p).
z
The Hadamard product (or convolution) of the function f(z) defined by (1.1 with the func-
tions g(z) and h(z) given, respectively, by

(1.4) 9(z) =27+ Y 2" P (b > 0;p € N)
k=1

and

(1.5) Wz) =27+ "7 (g = 0;p € N)
k=1

can be expressed as follows:

(1.6) (fx9)(2) =27+ arbepz” = (g f)(2)
k=p

and

(1.7) (f*h)(2) =27+ ) arcrep?® = (hx f)(2)
k=p

where we have assumed that
bj:C]:O(jzl,Q,,Qp—l,pEN)

Let f(z) and g(z) be analytic in U. Then we say that the function g(z) is subordinate to the
function f(z) and we write g(z) < f(z)(z € U), if there exists a Schwarz function w(z) with
w(0) = 0and |w(z)| < 1(z € U) such that g(z) = f(w(z))(z € U).

In recent years, various subclasses of the class Y., defined by using convolution were studied
by Raina and Srivastava [[18]] and Kumar et al. [[10].

Making use the above subordination definition, we introduce here a new class C,,,(g, h; A, B, A, )
of meromorphically multivalent functions, which is defined as follows.
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Definition 1.1. A function f(z) € X, is said to be in the class C,,, (g, h; A, B, A, ) if it satisfies
the following subordination condition:

((f % g)(2)™ _(A=-B)lp—N)z Jp-
(1.8) (e T G

(v > 0,0<B<A<LOSA<piby>cx >0k >p;pe N)ip>m
(199 m € N:={2j—1:jeN}u{0}),

provided that ((f*h)(2))™ # 0 (z € U*). Wenote that C,,,(g, h; A, B,0,7) = Cy.(g, h; A, B, )
(Raina and Srivastava [18]]).

Meromorphically multivalent functions have been extensively studied by (for example) Mo-
gra ([15] and [16])), Uralegaddi and Ganigi [22], Aouf ([1] and [2]), Aouf and Hossen [3]], Chen
et al. [5], Srivastava et al. [20], Owa et al. [[17], Joshi and Aouf [7], Joshi and Srivastava [8]],
Aouf et al. [4]], Raina and Srivastava [18]], Kulkarni et al. [9]], Liu [[11]], Liu and Srivastava ([12],
[13]] and [14]), Uralegaddi and Somanatha [23]] and Yang ([24] and [25])).

In this paper we obtain the coefficient estimates, distortion properties and the radii of starlike-
ness and convexity for functions in the class C,, (g, h; A, B, A\, ~y). We also derive many interest-
ing results for the Hadamard products of functions belonging to the class C,, (g, h; A, B, \, 7).
Several applications of the main results involving generalized hypergeometric functions are
considered. All the results are sharp.

2. PROPERTIES OF THE P-VALENTLY MEROMORPHIC FUNCTION CLASS
Cm(g,h; A, B, X, y)

We first determine a necessary and sufficient condition for a function f(z) € ¥, of the form
(1.1)) to be in the class C,,,(g, h; A, B, A, ~y) of meromorphically p-valent functions with positive
coefficients.

Theorem 2.1. Let f(z) € X, be given by . Then f(z) € Cn(g, h; A, B, \, ) if and only if

ax YL+ By + [(A = B)(p— N) = 7(1+ Blewss} (© )
k=p
ey < A-Be-N"TT ) 2 ppen).

Proof. Let f(z) € C.(g,h; A, B, \,7) be given by (1.1). Then, in view of (1.6) to (1.8), we
find for m € Nj that

o k
v 22 ar(brpgp—Chap)( )zhFP
k=p m

(2.2)

PEr— — A <1(zel).
)= > ar{VBbript+(A=B)(p—N)—yBlexyp J( )zkFP
m k=p m

(A=B)(p=2)(

Putting z = 7(0 < r < 1), and noting the fact that the denominator in the inequality (2.2)
remains positive by virtue of the constraints stated in (1.9) for all r € [0, 1), we easily arrive at
the desired inequality (2.1)) by letting z — 1~ in (2.2).
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Conversely, we assume that (2.1)) holds true. Then from (I.I]) and 2.1)), we get

V(S *9) ()™ = ((f + ) (2)™]
YBI((f % 9)(2)0) = ((f + h)(2) ] + (A = B)(p = M ((f * h)(2))™

[e')

k
'}’Zak(bk+p*0k+p)( m )
<

1 = k
e P T T S B A BN Bl )
m k=p m

23) < 1(zel).

Hence, by the maximum modulus theorem, we have f(z) € C,,(g, h; A, B, A, ), we complete
the proof of Theorem [2.1]

Corollary 2.2. Let the function f(z) defined by be in the class C,,(g, h; A, B, \,7). Then

(A-B)p-N(PTm

Q24) a < — (k=ppeN),
{71+ B)brip + (A= B)(p = A) =71+ B)lexspr ()
where the equality holds true for the function f(z) given by
a-mp-n Pt " b
(2.5) f(z)=2"+ - 2 (k>ppeN).

{1+ B)bpsp + (A= B) (p=2) ~7(1+B)]csp } ( m )

Next, we prove the following growth and distortion properties for the class Cy,(g, h; A, B, \, 7).

Theorem 2.3. Let a function f(z) € ¥, of the form belong to the class Cy,(g, h; A, B, \, 7).
If the sequence {n,,} is nondecreasing, then

(a-mp-x P T . b (a-me Pt "o L
rt— " < fEI <SP+ - r?
(2.6) 0 < |z|=r<1),
where
My = nk(p7 Aa B7 /\7 v, m)
k
Q1) = G+ By (A= Blp -2 — 11+ B} (1, ) (b2 ppe W)
If the sequence {%} is nondecreasing, then
+m—1
pA=B)p-N("TT ) ,
—pr T — i< f (Z)‘ S
My
+m—1
pA=B)p-N("TT T
(2.8) L0 <zl =r<1) .

Tl
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The results (@) and (IZZS’]) are sharp with the extremal function f(z) given by

A-B)p-N(PTm
(2.9) f(z)=2"P+ . 2X(peN).

Proof. Let a function f(z) of the form (I.1)) belong to the class C,(g,h; A, B, A, 7). If the
sequence {7, } is nondecreasing and positive, by Theorem 2.1} we have

o (A-Bp-N(PTM
(2.10) D ar <

Tl

and if the sequence { } is nondecreasing and positive, by Theorem [2.1, we have

M
T
pA-B)p- NPT

- m
(2.11) > kay <
k=p "p

Making use of the conditions (2.10) and (2.T1)), in conjunction with the definition (I.I]), we
readily obtain the assertions (2.6) and (2.8) of Theorem[2.3] 1

Remark 2.1. Putting A = Oin Theorem we obtain the correct result for the class C,,,(g, h; A, B, )
obtained by Raina and Srivastava [[[18]], Theorem 2].

We next determine the radii of meromorphically p-valent starlikeness of order (0 < 6 < p)
and meromorphically p-valent convexity of order §(0 < § < p) for functions in the class
Cn(g, h; A, B, \,7), which are given by Theorem 2.4] below.

Theorem 2.4. Let the function f(z) defined by be in the class C,,(g, h; A, B, \,v). Then
(i) f(2) is meromorphically p-valent starlike of order § (0 < § < p) in the disc |z| < ry, that
is,

(2.12) Re{—zjcc(g)}>(5(]z\<r1;0§6<p;p€]\7),
where
1
k+p
(2.13) ri = inf (p = 9 T
Tk A-B - )

(ii) f(2) is meromorphically p-valent convex of order § (0 < 0 < p) in the disc |z| < ro, that is,

(2.14) Re{—(1+zﬁ(i§))}>5 (2| <re;0<d<p;peN),
where
1
k+p
(2.15) ry = }££ p(p — 0)ny, P —
| k(k+0)(A=B)(p— A )

m
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The sequence {n,} occurring in and is given by (2.7). Each of these results is
sharp for the function f(z) given by .

Proof. (i) From the definition (I.1]), we easily get

of (2) > (k + p)ag|z|*P
7o) TP < k=p

TS 2| 2p— ) — 3 (k — p+ 26)ag|z]F+
k=p

(2.16)

Thus we have the desired inequality :

THON
2.17) S <1(0<6<ppeN)
G —p+20
if
L k+6 k
2.18 —ag|z|"P < 1.
(2.18) kZ;(p_é) el <

Hence, by Theorem 2.1] (2.18)) will be true if

k+06
(2.19) (ﬁ)lzr“ps I (k>ppeN).

(A-B)p-n(PFm

The last inequality (2.19 - 9)) leads us immediately to the disc |z| < 71, where ; is given by (2.13).
(i) In order to prove the second assertion of Theorem [2.4] we find from the definition (]'11'[)
that

> k(k + pag|2|**7

o (2)
L+ =y —p =

(2.20) zﬂ@” - :
L+ =P +20) 2p(p—6) — 32 k(k — p+20)ag|z[F+e
k=p

IN

Thus we have the desired inequality:

L+ 4
(2.21) 7 <1(0<dé<ppeN),
14 ) —p+26
if
~k(k+6) | .
(2.22) ——ag|z|"P < 1.
%;p@—5)

Hence, by Theorem 2.1 (2.22)) will be true if

(2.23)

5;——VW”§ L (k>p;peN).

=) (A-B)p-N(PTmT)

This last inequality (2.23) readily yields the disc |z| < 79, with r5 is defined by (2.15), and
the proof of Theorem [2.4]is completed by merely verifying that each assertion is sharp for the

function f(z) given by (2.5 - 1
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3. CONVOLUTION PROPERTIES FOR THE P-VALENTLY MEROMORPHIC FUNCTION
CLASS C,(g,h; A, B, A, )

For the functions
(3.1) fiz) =274 a2 (ar; > 055 =1,2;p € N),

we denote by (f; ® f2)(z) the Hadamard product (or convolution) of the functions f;(z) and
f2(2), that is,

(3.2) (fi®fo)(z)=2"P+ Z amak,gzk .

k=p

Throughout this section, we assume that the sequence {7, } is nondecreasing, where 7, is
given by (2.7).

Theorem 3.1. Let the functions f;(z)(j = 1, 2) defined by be in the class C,, (g, h; A, B, \, 7).
Then (fl ® f?)(z) € Om(.gv h, Aa B7 C)W ’ where

¢ = p-—

(3.3)

(57t ) ()t s e —cwga=
m)

(A Byt (V) (2 Y4 mro-

where 0,(p, A, B, \,v,m) is defined by ([2.7). The result is sharp for the functions f;(z)(j =
1,2) given by

(A=B)p-n (P

n,(p, A, B, A, 7y, m)

Proof. Employing the technique used earlier by Schild and Silverman [19], we need to find the
largest ( such that

)
(3.4) fi(z) =2+ 2(j=1,2;p€ N).

7]k<p7 A7 Ba Ca v, m)
wMA—mw—o(p+m‘1)

m

for f3(2) € Culg,h; A, B,(,7)(j = 1,2). Since f;(z) € Cn(g,h; A, B, A, 7)(j = 1,2), we
readily see that

(3.5) ap1ar2 <1

[e.e]

nk(pv A7 B7 /\7 v, m)
huA—m@—M(p+m‘1)

m

(3.6) an; <1(j=1,2).

Therefore, by the Cauchy-Schwarz inequality, we obtain
T/k;(pa Au B7 A? Y m)

S a-mp-n (T

(3.7) ) Variags < 1.

This implies that we only need to show that

nk(p7AuB7C777m) nk(p7A7B7/\777m)

3.8 < k>p;peN).
(3.8) =0 Af,10k2 < -\ Vakiarg (k> p;p )
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or, equivalently, that
(p - C)nk(p> Aa B: )\7 v, m)
(3.9 Vg 102 <
S (p_)‘)nk(pathaCaf)/?m)

Hence, by the inequality (3.7), it is sufficient to prove that
+m—1
-B)p-n (7T

(k>p;p€N).

B0 GBS G A B e 2P
It follows from (3.10)) that
¢ < p-—
(25t (0 )20 Bty - c)a - B A
A Bt = (P ) () - B Ay
(3.11) (k>p;p€N).
Now, defining the function (k) by
p(k) = p—
(PFm ) (6 ) By - A - B A7
i (p, A, B X, v, m)J2 = ( prm ) ( ]:n ) Ceap(A = B)*(p = A)?
(3.12) (k=p;peN),

we see that ¢(k) is an increasing function of k. Therefore, we conclude that
(<¢lp) = p-
+m—1
(” ) (2 )+ By - en)a - B a7

m

(A B A= (PF ) (P ) eta - B -

m

(3.13)

)

which evidently completes the proof of Theorem [3.1]
Using arguments similar to those in the proof of Theorem [3.1) we obtain the following re-
sult. 1

Theorem 3.2. Let the function fi(z) defined by be in the class Cp,(g,h; A, B, \1,7).
Suppose also that the function fy(z) defined by be in the class C,, (g, h; A, B, \a,7). Then
(fl ® fQ)(Z) € Cm<g7 h‘7A7 87577)’ where
£ = p—
p+m—1 P
"2 ) 414 By — o)A = B)(p— A)(p — )
[np(vaaB>/\17’Y7m)an(pa AaBaA%’%m)] —A ’

A= (PN (2 ) enta - 820 - o )

m

(3.14)
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The result is sharp for the functions f;(2)(j = 1,2) given by

=)= (P p

m

G-15) hz) == 1,(p, A, B, A1, v, m) < e,
and

=B (P
(3.16) fo(z) =27+ 22 (peN).

np(p7 A7 B, )‘27 s m)

Theorem 3.3. Let the functions f;(z)(j = 1, 2) defined by be in the class C,, (g, h; A, B, \, 7).
Then the function h(z) defined by

(3.17) hz) =27+ (a7, +a;,)7"

k=p

belongs to the class C,,(g,h; A, B,3,y), where

g = p—
2P TR (14 B)(bay — ) (A~ B)(p— N
(3.18) pe— )
(0 A, B ym)l =207 T (0 Yeay(A = B (p— )2

The result is sharp for the functions f;(z)(j = 1,2) given already by (3.4).

Proof. Noting that

@ A B AP e
= [(A — B)(p— \)( p“ﬁl_ Dy

io: nk(p7A7B>)\777m>

i (A-B)p- NPT

(3.19) a; ¢ <1(j=1,2),

for fi(z) € Cp(g,h; A, B, X\, v)(j = 1,2), we have

=1 A, B, )\ 2
(3.20) Z 5 i (p, 4, B, 2’917;&)]— 1 (aig + ai,z) <1.
b= S {(A=B)p-N(" T )P

Therefore, we have to find the largest & such that

< [nk(p7AaBa)‘777m)]2

=S - B - P

nk(paAvBa %7’77m)

(3.21) (k>p;p€N)
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that is, that

S < p—
+m—1., k
2P TN (14 B) (bt — i) (A= B)(p — )?
+m—1 k
m(p. A, By m) =207 T ey (A= BY (p— A)?
(3.22) (k>p;peN).
Now, defining a function ¥ (k) by
(k) = p-

p+m—1 )(k )

2( m m

YL+ B)(brsp — crep) (A = B)(p — A)?

P (e (A~ BR( - N

[nk(pa Aa B7 )‘7 e m)]2 - 2(

(3.23) (k>ppeN),
we observe that W(k) is an increasing function of k. We thus conclude that

I<VU(p) = p-

2P NP (14 B)(bay — c)(A — B)(p— A

m

(3.24)

)

m(p A By m) =2 P TP e (4 By A2

which completes the proof of Theorem[3.3] 1

4. APPLICATIONS INVOLVING GENERALIZED HYPERGEOMETRIC FUNCTIONS

In order to obtain some applications of Theorems [2.1}{3.3|to the generalized hypergeometric
functions, we first put the sequences {by} and {c;}, which are involved in (1.4) and (1.5), as
follows:

Oél—i‘k? (a1+1)k(a2)k...(aq)k i

4.1) br. = ( o Jer = B (B R
where
4.2) o = @)k (gl 1

We assume further that

a;>0(=1,....,¢)and 3, >0 (j =1,...,s) .
The corresponding functions g(z) and h(z) defined by (1.4) and (1.5)) then become

4.3) 9(2) = 2P gFs(on + 1,00, ...,aq:B1,..., B4 2)
and
4.4) h(z) =277 Fy(on,...,aq 0,04 2)

AJMAA, Vol. §5, No. 2, Art. 14, pp. 1-15, 2009 AJMAA
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where ,F(a1,...,0q;01,...,03,; %) is the familiar generalized hypergeometric function de-
fined by (see, for example, [21], p. 19)

Fslar, ... a0 0, ...,052) =

()i (ag)y 2" . _ .
(4.5) ;wnk...(ﬂs)k’k! (¢ < s+1;¢,s€e Ng=NU{0};z€U).

where (6), is the Pochhammer symbol defined, in terms of the Gamma function, by

I'0+v) 1, (v =0;60 € C\{0}),
(4.6) <9)”:W:{(0+1)...(0+k—1), (veN:geC).

Making use of (4.4), the Hadamard product defined by (I.7) can be used to represent the Dziok-
Srivastava linear operator (cf. [6], p. 3)

Hy(aq,...,00B,...,0,) 1 Xy = X,
by means of the following relation :

(HP(O‘IP"vaq;ﬁl"'wﬁs)f)(z) = Z_quS(ah'"7aq;61a"-7ﬁs§z)*f(z>

4.7) = 2P+ et = (fxh)(2),

where ¢y, is given by {#.2)). Also, in view of (4.1)), the Hadamard product defined by (1.6) repre-
sents a relation similar to (4.7), involving the Dziok-Srivastava operator H, (o, . .., aq; 34, ..., 5,),
which is given by

(Hp(o, .oy By, B) f)(2) = 277 F(a1+1 g By, B 2) x f(2)

k
48) ~ zp+2 (B2 o = (F 2 a)(2).

where ¢, is given by (4.2).
The subordination relation (I.8) in conjunction with (4.7) and (4.8) takes the following form:

((Hp(a1+177QQ7617763>f)(Z))(m) {,}/_ (A_B)(p_A)Z
(Hp(a, ... aq; By, .., B,) f)(2)m) 1+ Bz
4.9) (7>0,0<B<A<LO<A<p;p>m;pq,se€ N;me Ny).

Definition 4.1. A function f(z) € ¥, of the form (1.1) is said to in the class C}, ; 5. (a1; A, B, A, )
if it satisfies the subordination relation (#.9) above.

We note that:

(1) Cpgsm(ar; A, B,0,7) = Cpysm(a1; A, B,v) (Raina and Srivastava [[18]);

(i) Cpgsi(a; A, B0, aq) = qu Ja A B) (Liu and Srivastava [[13]]).

The following consequences of Theorem [2.1] to Theorem [3.3] can be deduced by applying
(4.1) and (4.2) along with Definition

Corollary 4.1. A function f(z) € ¥, of the form belongs to the class C, 4 s m(a1; A, B, X, 7)
if and only if

AJMAA, Vol. §, No. 2, Art. 14, pp. 1-15, 2009 AJMAA
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(4.10) O_o ax P(kﬂzfl +B) ., (A— B)(p— A)} ( il )cm
< -me-n ().

where ¢, is given by (#.2).

Corollary 4.2. Let the function f(z) defined by be in the class Cp 4 sm(a1; A, B, A, 7).
Then

(A-B)p-N(PTT

{v(k +p)(1+B)

(4.11) ap <

(k>pipeN).

k
HAE BN () e
The result is sharp for the function f(z) given by

(A-B)p-n(PTm 1

{v(k‘ +p)(1+ B)

@4.12) f(z) =27+ "(k=pipeN).

A+ BN (4 e

Corollary 4.3. Let a function f(z) € ¥, of the form belong to the class C,, 4 s.m(a1; A, B, A, 7).
If the sequence {n}} is nondecreasing, then

A-Bp-N(PTm

r P — - P < |f)| <r P+
My
+m—1
(A=B)p-N("T" ")
4.13) . rP(0 < |z|=r<1),
p
where
772 - 77 p,AB)\,'Y,mOQ)
v(k+p)(1+ B k
(4.14) = { il ) +(A=B)(p=N|( )k =pipeN).

==

If the sequence { } is nondecreasing , then

p(A-B)p-N(PTT )

—pr Pt — P < f(2)| < —pr P

Ty

pA-B)p-N(PTT T

m
(4.15) - PO < |zl =7 < 1).
"y

AJMAA, Vol. §5, No. 2, Art. 14, pp. 1-15, 2009 AJMAA


http://ajmaa.org

MULTIVALENT FUNCTIONS WITH APPLICATIONS 13

The results (4.13) and (4.15) are sharp with the extremal function f(z) given by

(A-B)p- NPT
(4.16) f(z)=2"+ o FpeN).

Remark 4.1. Putting A = 0 in Corollary ??, we obtain the correct result for the class C), ; s (13 A, B, )
obtained by Raina and Srivastava [[[18]], Corollary 3].

Corollary 4.4. Let a function f(z) € ¥, of the form belong to the class Cp 4 s m(a1; A, B, A, 7).
Then

(i) f(#) is meromorphically p-valent starlike of order 6 (0 < § < p) in the disc |z| < 77,
where

1
k+p

(4.17) ri = inf (b = O T
Tl ErA-Bp-n"TT T

(ii) f(z) is meromorphically p-valent convex of order § (0 < § < p) in the disc |z| < 7}, that
is,
1
k+p

(4.18) rj = inf p(p — )i 1
P ko)A - B)p- NPT

m

The sequence {7;} occuring in (4.17) and (4.18)) is given by (4.14). Each of these results is
sharp for the function f(z) given by (4.12)).

Corollary 4.5. Let the functions f;(2)(j = 1, 2) defined by be in the class Cp 4 s m(a1; A, B, X, 7).
If the sequence {1} } is nondecreasing, then (f1 @ f2)(z) € Cpqsm(1; A, B,(,7), where

¢ = p—
4.19 p i_]i(p—HZl_l><£>7(1+B)(A—B)(p_/\)2

where 1;5(p, A, B, A, 7y, m, o) is given by . The result is sharp for the functions f;(z)(j =
1,2) given by

(A-B)p-NPTm

(4.20) fi(z) =27+ 22 (j=1,2;p€ N).

771*;(1% A7 Ba )‘7 v, m, al)

Corollary 4.6. Let the function f,(z) defined by (3.1) be in the class C,  sm (01;A, B, A\1,7).
Suppose also that the function f5(z) defined by be in the class Cp 4 sm (13 A, B, Mo, y). If
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the sequence {n}} is nondecreasing, then (f; ® f2)(2) € Cpqsm(c1; A, B,E,7), where
£ = p—
2 (PEMTL) (P14 BYA - B - M) - M)
ar m m 1 2
[W;(p; A? B7 )\17 v, m, Oél)] [n;(pJ A? Ba )\27 v, m, al)] —

@= (7T (2 Y ena - B - M- 2.

4.21)

m

The result is sharp for the functions f;(z)(j = 1,2) given by

A-Bp-a) P
(4.22) fiz) =277+ 70 A, B, Ay, o) 2’ (peN),
and

(A-B)p-r)( P
(4.23) fa(z) = 27P + 2 (pe N).

7];;(]77 A7 B7 /\27 v, m, 041)

Corollary 4.7. Let the functions f;(2)(j = 1, 2) defined by be in the class Cp 4 s m(a1; A, B, A, )
. If the sequence {n}} is nondecreasing, then the function h(z) defined by belongs to the
class Cp o s.m(a1; A, B, S, ), where

S = p—
p, p+m—1 D
wpEm=1,p

)¥(1+ B)(A = B)(p—\)*

(4.24)

(. A B Ay man)2 =2 P T (P e a— B a2

The result is sharp for the functions f;(2)(j = 1,2) given already by .
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