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ABSTRACT. In this paper , we study the existence of a weak solutions for the initial-boundary
value problems of the strongly nonlinear degenerated parabolic equation,

∂u

∂t
+ A(u) + g(x, t, u,∇u) = f,

whereA is a Leray-lions operator acted fromLp(0, T, W 1,p
0 (Ω, w)) into its dual.g(x, t, u,∇u)

is a nonlinear term with critical growth condition with respect to∇u and no growth with respect
to u. The source termf is assumed to belong toLp′

(0, T, W−1,p′
(Ω, w∗)).
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1. I NTRODUCTION

On a cylinderQ = Ω × (0, T ), over the bounded domainΩ ⊂ RN , T > 0 we consider the
parabolic initial-boundary value problem.

(P ) =


∂u
∂t

+ A(u) + g(x, t, u,∇u) = f in Q
u(x, t) = 0 on ∂Ω× (0, T )
u(x, 0) = u0(x) in Ω,

whereAu = −diva(x, t, u,∇u) is a classical divergence operator of Leray-Lions type defined
from Lp(0, T,W 1,p

0 (Ω)), 1 < p < ∞ into its dual spaceLp′(0, T,W−1,p′(Ω)) and where the
perturbation termg satisfies the "natural" growth condition (of orderp)

|g(x, t, u,∇u)| ≤ b(|u|)[c(x, t) + |∇u|p],

and the sign condition
g(x, t, u,∇u)u ≥ 0.

The right hand sidef is assumed to belong toLp′(0, T,W−1,p′(Ω, w∗)).
Landes-Mustonen have proved in [13] the existence of a solution for the parabolic initial-
boundary value problems(P ). Their result generalizes the analogous ones of Lions [16] and
Landes [14] withg ≡ 0 and of Brezis [8] and Landes [15] withg ≡ g(x, t, u) (see [6, 7, 9]).
In all the previous works, the principal parta of the operatorA is supposed to satisfy the clas-
sical coercivity,

(1.1) a(x, t, s, ξ)ξ ≥ α|ξ|p,

whereα is some strictly positive constant.
When the operatorA becomes generated on the variable spacex, that is(1.1) is replaced by the
following (called degeneracy),

(1.2)
N∑

i=1

ai(x, t, s, ξ)ξi ≥
N∑

i=1

wi(x)|ξi|p,

whenw = {wi, 1 ≤ i ≤ N} is a family of weight functions onΩ, (i.e., positive measurable
functions defined inΩ), the operator likeA is not coercive in the classical Sobolev space,
thus we must change this setting by the more general one, called weighted Sobolev spaces
W 1,p

0 (Ω, w).
Note that little information is known about the degenerate parabolic problems. Similar problems
for degenerate nonlinear elliptic equations have been studied in [2, 3, 4, 10].
It’s our purpose in this paper to study the existence result for the strongly parabolic problem
(P ), in the setting of weighted Sobolev space where the principal parta and the nonlinearityg
satisfy some general growth conditions (see(A2) and(A3) below ). The simplest model of our
problem is the following,

(P )


∂u
∂t
− div(|x|s|Du|p−2Du) + c0|u|p−2u = f in Q

u(x, t) = 0 on ∂Ω× (0, T )
u(x, 0) = u0(x) in Ω.

For that, we must extend the classical Sobolev techniques of parabolic problems, on the general
settings of weighted Sobolev space. Firstly, we have studied some functional properties of a
time-regularization,

(1.3) uµ = µ

∫ t

−∞
ũ(x, s)exp(µ(s− t)) ds where ũ(x, s) = u(x, s)χ(0,T )(s),
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STRONGLY NONLINEAR VARIATIONAL PARABOLIC PROBLEMS 3

for a functionu in Lp(Q,w) (see section 3.1 below).
Secondly, in Section 3.2 we have established some embedding and some compactness results
in weighted Sobolev space (which give in particularly some trace result and an extension of
the Aubin’s and Simon’s results [18], and which, are sufficient to deal with our approximate
problem(Pn).)
The last part of our paper is devoted to an example which illustrates our hypotheses.

2. BASIC ASSUMPTIONS

Let Ω be a bounded open set ofRN , p be a real number such that1 < p < ∞ and
w = {wi(x), 1 ≤ i ≤ N} be a vector of weight functions, i.e., every componentwi(x) is
a measurable function which is strictly positive a.e. inΩ. Further, we suppose in all our consid-
erations that, there exist

(2.1) r0 > max(N, p) such thatw
r0

r0−p

i ∈ L1
loc(Ω),

and

(2.2) w
−1
p−1

i ∈ L1
loc(Ω),

for any0 ≤ i ≤ N .
We denote byW 1,p(Ω, w) the space of all real-valued functionsu ∈ Lp(Ω, w0) such that the

derivatives in the sense of distributions fulfill

∂u

∂xi

∈ Lp(Ω, wi) for all i = 1, ..., N,

which is a Banach space under the norm

(2.3) ‖u‖1,p,w =

[∫
Ω

|u(x)|pw0 dx+
N∑

i=1

∫
Ω

|∂u(x)
∂xi

|pwi(x) dx

] 1
p

.

The condition(2.1) implies thatC∞
0 (Ω) is a subset ofW 1,p(Ω, w) and consequently, we can

introduce the subspaceW 1,p
0 (Ω, w) of W 1,p(Ω, w) as the closure ofC∞

0 (Ω) with respect to the
norm (2.3). Moreover, the condition(2.2) implies thatW 1,p(Ω, w) as well asW 1,p

0 (Ω, w) are
reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spacesW 1,p
0 (Ω, w) is equivalent to

W−1,p′(Ω, w∗), wherew∗ = {w∗i = w1−p′

i , i = 0, ..., N} and wherep′ is the conjugate ofp i.e.
p′ = p

p−1
. For more details, we refer the reader to [11].

Now, since we have not some general compactness result in the compacted Sobolev spaces, we
need to assume the following:

Assumption (A1) For2 ≤ p <∞, the expression

(2.4) ‖|u‖| =

(
N∑

i=1

∫
Ω

| ∂u
∂xi

|pwi(x) dx

) 1
p

is a norm onW 1,p
0 (Ω, w) and its equivalent to(2.2). There exists a weight functionσ onΩ such

that

(2.5) σ ∈ L1(Ω) and σ−1 ∈ L1(Ω).
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4 L. A HROUCH, E. AZROUL AND M. RHOUDAF

The Hardy inequality,

(2.6)

(∫
Ω

|u(x)|pσ dx
) 1

p

≤ c

(
N∑

i=1

∫
Ω

| ∂u
∂xi

|pwi(x) dx

) 1
p

,

holds for everyu ∈ W 1,p
0 (Ω, w) with a constantc > 0 independent ofu. Moreover, the embed-

ding

(2.7) W 1,p
0 (Ω, w) ↪→ Lp(Ω, σ)

expressed by the inequality(2.6) is compact.
Note that(W 1,p

0 (Ω, w), ‖|.‖|) is a uniformly convex ( and thus reflexive) Banach space.

Remark 2.1. Assume thatw0(x) ≡ 1 and there existsν ∈
]

N
P
,+∞

[
∩
[

1
P−1

,+∞
[

such that

(2.8) w
N

N−1

i ∈ L1
loc(Ω), w−ν

i ∈ L1(Ω) for all i = 1, ..., N.

Note that the assumptions(2.1) and(2.8) imply that

(2.9) ‖|u‖| =

(
N∑

i=1

∫
Ω

| ∂u
∂xi

|pwi(x) dx

) 1
p

is a norm defined onW 1,p
0 (Ω, w) and it’s equivalent to(2.3) and that, the embedding

(2.10) W 1,p
0 (Ω, w) ↪→↪→ Lp(Ω)

is compact [see [11], p. 46].
Thus the hypotheses(A1) is satisfied forσ ≡ 1.

Assumption(A2)

(2.11) |ai(x, t, s, ξ)| ≤ βw
1
p

i (x) [c1(x, t) + σ
1
p′ |s|p−1 +

N∑
j=1

w
1
p′
j (x)|ξj|p−1]

(2.12) [a(x, t, s, ξ)− a(x, t, s, η)](ξ − η) > 0 for all ξ 6= η ∈ RN

(2.13) a(x, t, s, ξ).ξ ≥ α

N∑
i=1

wi|ξi|p

wherec1(x, t) is a positive function inLp′(Q), andα, β are strictly positive constants.
Assumption(A3)

(2.14) |g(x, t, s, ξ)| ≤ b(|s|)(
N∑

i=1

wi(x)|ξi|p + c(x, t))

(2.15) g(x, t, s, ξ)s ≥ 0.

whereb : R+ → R+ is a continuous increasing function andc is a positive function inL1(Q).
We recall that fork > 1 ands in R the truncation is defined as

Tk(s) =

{
s if s ≤ k

k s
|s| if |s| > k .
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3. M AIN RESULTS

3.1. Characterization of the time mollification of a function u.
In order to deal with time derivative, we introduce a time mollification of a functionu belonging
in some weighted Lebesgue space. Thus we define for allµ ≥ 0 and all(x, t) ∈ Q,

uµ = µ

∫ t

−∞
ũ(x, s)exp(µ(s− t)) ds where ũ(x, s) = u(x, s)χ(0,T )(s).

Proposition 3.1. If u ∈ Lp(Q,wi) thenuµ is measurable inQ and ∂uµ

∂t
= µ(u− uµ) and(∫

Q

|uµ|pwi(x) dx dt

) 1
p

≤
(∫

Q

|u|pwi(x) dx dt

) 1
p

,

i.e.,
‖uµ‖Lp(Q,wi) ≤ ‖u‖Lp(Q,wi).

Proof. Since(x, t, s) → u(x, s)exp(µ(s − t)) is measurable inΩ × [0, T ] × [0, T ], uµ then is
measurable by Fubini’s theorem.

By Jensen’s integral inequality and since
∫ 0

−∞
µ exp(µs) ds = 1, we have

∣∣∣∣∫ t

−∞
µũ(x, s) exp(µ(s− t) ds

∣∣∣∣p =

∣∣∣∣∫ 0

−∞
µ exp(µs)ũ(x, s+ t) ds

∣∣∣∣p
≤
∫ 0

−∞
µ exp(µs)|ũ(x, s+ t)|p ds

which implies,∫
Q

|uµ|pwi(x) dx dt ≤
∫

Ω×R

(∫ 0

−∞
µ exp(µs)|ũ(x, s+ t)|p ds

)
wi(x) dx dt

≤
∫ 0

−∞
µ exp(µs)

(∫
Ω×R

|ũ(x, s+ t)|pwi(x) dx dt

)
ds

≤
∫ 0

−∞
µ exp(µs)

(∫
Q

|u(x, t)|pwi(x) dx dt

)
ds

=

∫
Q

|u(x, t)|pwi(x) dx dt = ‖u‖p
Lp(Q,wi)

.

Furthermore,

∂uµ

∂t
= lim

θ→0

1

θ
(e−µθ − 1)uµ(x, t)(3.1)

+ lim
θ→0

1

θ

∫ t+θ

t

u(x, s)eµ(s−(t+θ)) ds = −µuµ + µu.

Proposition 3.2. If u ∈ W 1,p
0 (Q,w), thenuµ → u in W 1,p

0 (Q,w) asµ→ +∞.

Proof. First, by applying the statement of Proposition 3.1 foruµ and for ∂uµ

∂xi
( remark that

∂uµ

∂xi
= ( ∂u

∂xi
)µ), we can easily prove thatuµ ∈ W 1,p

0 (Q,w).

Now we can prove thatuµ → u in W 1,p
0 (Q,w) asµ→ +∞.
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Let (ϕk) ⊂ D(Q) such thatϕk → u in W 1,p
0 (Q,w).

In virtue of Proposition 3.1 we have,

(3.2) |(ϕk)µ(x, t)− ϕk(x, t)| =
1

µ
|∂ϕk

∂t
(x, t)| ≤ 1

µ
‖∂ϕk

∂t
‖∞.

On the other hand,∫
Q

|uµ − u|pwi(x) dx dt ≤
∫

Q

|uµ − (ϕk)µ|pwi(x) dx dt

+

∫
Q

|(ϕk)µ − ϕk|pwi(x) dx dt

+

∫
Q

|ϕk − u|pwi(x) dx dt.

This implies that∫
Q

|uµ − u|pwi(x) dx dt ≤
∫

Q

|(u− ϕk)µ|pwi(x) dx dt

+

∫
Q

|(ϕk)µ − ϕk|pwi(x) dx dt

+

∫
Q

|ϕk − u|pwi(x) dx dt.

Thanks to Proposition 3.1 and the equality (3.2), we get∫
Q

|uµ − u|pwi(x) dx dt ≤ 2

∫
Q

|u− ϕk|pwi(x) dx dt

+
T

µp

∫
Kk

|∂ϕk

∂t
|pwi(x) dx

≤ 2

∫
Q

|u− ϕk|pwi(x) dx dt+
T

µp
Ck,

whereCk = ‖∂ϕk

∂t
‖p
∞

∫
Kk

wi(x) dx and whereKk is a compact set such thatsupϕk ⊂ Kk.

Let ε > 0, there existsk such that∫
Q

|u− ϕk|pwi(x) dx dt ≤
ε

3

and there existsµ0 such that
T

µp
Ck ≤

ε

3
for all µ ≥ µ0.

Hence ∫
Q

|uµ − u|pwi(x) dx dt ≤ ε,

which implies that

(3.3) ‖uµ − u‖Lp(Q,wi) ≤ ε.

SinceDα
x (uµ) = (Dα

xu)µ (for all |α| ≤ 1), then by applying the same argument as above for
eachDα

xu, we conclude the desired result.

Proposition 3.3. If un → u in W 1,p
0 (Q,w), then(un)µ → uµ in W 1,p

0 (Q,w).
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Proof. Using Proposition 3.1 and

Dα
x ((un)µ)−Dα

x (uµ) = (Dα
x (un))µ − (Dα

x (u))µ = (Dα
x (un)−Dα

x (u))µ,

we have,∫
Q

|Dα
x ((un)µ)−Dα

x (uµ)|pwi(x) dx dt ≤
∫

Q

|Dα
x (un)−Dα

x (u)|pwi(x) dx dt→ 0

asn→∞.
Then(un)µ → uµ in W 1,p

0 (Q,w) asn→∞.

3.2. Some weighted embedding and compactness results.
In this section we establish some embedding and compactness results in weighted Sobolev
Spaces which allow in particular to extend in the settings of weighted Sobolev spaces, some
trace results and the Aubin’s and Simon’s results [18].
Let V = W 1,p

0 (Ω, w),H = L2(Ω, σ) and letV ∗ = W−1,p′(Ω, w∗), with (2 ≤ p <∞).
Let X = Lp(0, T, V ). The dual space ofX is X∗ = Lp′(0, T, V ∗) where 1

p′
+ 1

p
= 1 and

denoting the spaceW 1
p (0, T, V,H) = {v ∈ X : v′ ∈ X∗} endowed with the norm

(3.4) ‖u‖w1
p

= ‖u‖X + ‖u′‖X∗ ,

which is a Banach space. Hereu′ stands for the generalized derivative ofu, i.e.,∫ T

0

u′(t)ϕ(t) dt = −
∫ T

0

u(t)ϕ′(t) dt for all ϕ ∈ C∞
0 (0, T ).

Lemma 3.4. The Banach spaceH is an Hilbert space and its dualH ′ can be identified with
himself,i.e., H ′ ' H.

Indeed, let

F : H ×H → R

(f, g) 7→
∫

Ω

fgσ dx.

Remark thatF is a symmetric bilinear form which is also continuous and defined positively,
since ∫

Ω

fgσ dx =

∫
Ω

fσ
1
2 gσ

1
2 dx ≤

(∫
Ω

|f |2σ dx
) 1

2
(∫

Ω

|g|2σ dx
) 1

2

.

Then the Banach spaceH is a Hilbert space.
Finally by a standard argument,H is identified with its dualH ′ i.e.,H ′ ' H.

Lemma 3.5. The evolution tripleV ⊆ H ⊆ V ∗ is verified.

Indeed, by the embedding assumption (2.7) and because2 ≤ p < ∞, andσ ∈ L1(Ω), we can
write

W 1,p
0 (Ω, w) ↪→↪→ Lp(Ω, σ) ↪→ H ' H ′ ↪→ W−1,p′(Ω, w∗).

Lemma 3.6. Assume thatV1 ↪→↪→ B ↪→ V2 (where V1, B and V2 are Banach spaces). Let
F be bounded inLp(0, T, V1) where1 ≤ p < ∞, and ∂F

∂t
= {∂f

∂t
: f ∈ F} be bounded in

L1(0, T, V2), thenF is relatively compact inLp(0, T, B)

Proof. (see [18] Corollary 4 p.85)

Lemma 3.7. Assume that(2.1) and(2.5) hold true. Then, for every compactK ⊂ Ω we have,

i) W 1,p
0 (K,w) ↪→↪→ Lp(K, σ) ↪→ W−1,r′0(K) with 1

r0
+ 1

r′0
= 1.
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ii) W−1,p′(K,w∗) ↪→ W−1,r′0(K).

Remark 3.1. Note that the statement of Lemma 3.7, holds true when the hypothesis(2.1) is

replaced byw
N

N−1

i ∈ L1
loc(Ω) (it suffices to taker0 = Np ).

Proof.
i) First, we claim that,

Lp(K, σ) ↪→ L1(K).

Indeed , we have∫
K

|f | dx =

∫
K

|f |σ
1
pσ

−1
p dx ≤

(∫
K

|f |pσ dx
) 1

p
(∫

K

σ
−p′

p dx

) 1
p′

.

On the other hand, since1 ≤ r′0 ≤ N
N−1

we can classically write,

L1(K) ↪→ W−1,r′0(K).

Then, we deduce from the above embedding that,

Lp(K, σ) ↪→ W−1,r′0(K).

Hence, from (2.7), the assertion i) follows.
ii) In order to prove that,

W−1,p′(K,w∗) ↪→ W−1,r′0(K),

it suffices to show that
W 1,r0

0 (K) ↪→ W 1,p
0 (K,w).

Indeed, letf be an element ofW 1,r0

0 (K),
applying the Hölder’s inequality for the exponents such thatp

r0
+ r0−p

r0
= 1 we get,∫

K

|f |pw dx ≤
(∫

K

|f |r0 dx

) p
r0

(∫
K

w
r0

r0−p

i dx

) r0−p
r0

.

Taking also∂f
∂xi

instead off , we can deduce that‖f‖W 1,p
0 (K,w)) ≤ C‖f‖

W
1,r0
0 (K)

.

Remark 3.2. The statement of Lemma 3.6, can be applied for the triple(V1 = W 1,p
0 (K,w), B =

Lp(K, σ), V2 = W−1,r′0(K)).

Lemma 3.8. Assume that
∂un

∂t
= hn + kn in D′(Ω),

wherehn andkn are bounded respectively inLp′(0, T,W−1,p′(Ω, w∗) and inL1(Q).
If un is bounded inLp(0, T,W 1,p

0 (Ω, w)), thenun → u in Lp
loc(Q, σ). Furtherun → u strongly

in L1(Q).

Proof. Considerφ(x, t) = ψ(x)η(t) with ψ in D(Ω) andη in D(0, T ) and set

vn = φun, αn = φhn +
∂φ

∂t
un, βn = φkn.

Then for any bounded open subsetK with suppψ ⊂ K ⊂ Ω we have,
∂vn

∂t
= αn + βn in D′(K × (0, T ));

vn bounded inLp(0, T,W 1,p
0 (K,w));

αn bounded inLp′(0, T,W−1,p′(K,w∗));
βn bounded inL1(K × (0, T )).
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Let ρn be a mollification sequence such that

(3.5) ‖v̄n − vn‖Lp(Q,σ) ≤
1

n
,

where

v̄n = vn ∗ ρn, ᾱn = αn ∗ ρn, β̄n = βn ∗ ρn.

The functionβ̄n belongs toL1(0, T, L1(K)) and is bounded in this space whileᾱn is bounded
in Lp′(0, T,W−1,p′(K,w∗)). Since1 ≤ r′0 ≤ N

N−1
, we can write

L1(K) ↪→ W−1,r′0(K).

Thenβ̄n is bounded inL1(0, T,W−1,r′0(K)) and by ii) of Lemma 3.7, we havēαn also bounded
in L1(0, T,W−1,r′0(K)). Thus we get,

∂v̄n

∂t
= ᾱn + β̄n in D′(K × (0, T ))

v̄n bounded inLp(0, T,W 1,p
0 (K,w))

∂v̄n

∂t
bounded inL1(0, T,W−1,r′0(K))

By i) Lemma 3.7 and Lemma 3.6 we deduce thatv̄n is relatively compact inLp(0, T, Lp(K, σ)).
In view of (3.5) this implies thatun is relatively compact inLp

loc(Q, σ)).
Finally by using Hölders inequality andσ−1 ∈ L1(Ω), it is easy to deduce thatun → u strongly
in L1(Q).

Lemma 3.9. Let g ∈ Lr(Q, γ) and letgn ∈ Lr(Q, γ), with ‖gn‖Lr(Q,γ) ≤ c, 1 < r < ∞. If
gn(x) → g(x) a.e inQ, thengn ⇀ g in Lr(Q, γ), where⇀ denotes weak convergence andγ is
a weight function onQ.

Proof. Sincegnγ
1
r is bounded inLr(Q) andgn(x)γ

1
r (x) → gγ

1
r , a.e. inQ, then by Lemma 3.5

[17], we have

gnγ
1
r ⇀ gγ

1
r in Lr(Q).

Moreover, for allϕ ∈ Lr′(Q, γ1−r′), we haveϕγ
−1
r ∈ Lr′(Q). Then∫

Q

gnϕ dx→
∫

Q

gϕ dx, i.e. gn ⇀ g in Lr(Q, γ).

Lemma 3.10.Assume that(A1) and(A2) are satisfied and let(un) be a sequence in
Lp(0, T,W 1,p

0 (Ω, w)) such thatun ⇀ u weakly inLp(0, T,W 1,p
0 (Ω, w)) and

(3.6)
∫

Q

[a(x, t, un,∇un)− a(x, t, un,∇u)][∇un −∇u] dxdt→ 0.

Then,un → u in Lp(0, T,W 1,p
0 (Ω, w)).

Proof. Let Dn = [a(x, t, un,∇un) − a(x, t, un,∇u)][∇un − ∇u]. Then by (2.12),Dn is a
positive function and by(3.6),Dn → 0 in L1(Q).
Extracting a subsequence, still denoted byun, and using (2.7) we can write

un → u a.e. in Q, Dn → 0 a.e. inQ.

Then, there exists a subsetB of Q, of zero measure such that,
for (t, x) ∈ Q \ B, |un(x, t)| <∞, |∇u(x, t)| <∞, |c1(x, t)| <∞, wi(x) > 0 andun(x, t) →
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u(x, t), Dn(x, t) → 0.
We setεn = ∇un(x, t) andε = ∇u(x, t). Then

Dn(x, t) = [a(x, t, un, εn)− a(x, t, un, ε)](εn − ε)

≥ α

N∑
i=1

wi|εin|p + α
N∑

i=1

wi|εi|p

−
N∑

i=1

βw
1
p

i

[
c1(x, t) + σ

1
p′ |un|p−1 +

N∑
j=1

w
1
p′
j |εjn|p−1

]
|εi|

−
N∑

i=1

βw
1
p

i

[
c1(x, t) + σ

1
p′ |un|p−1 +

N∑
j=1

w
1
p′
j |εj|p−1

]
|εin|

i.e,

(3.7) Dn(x, t) ≥ α
N∑

i=1

wi|εin|p − cx,t

[
1 +

N∑
j=1

w
1
p′
j |εjn|p−1 +

N∑
i=1

w
1
p

i |εin|

]
,

wherecx,t is a constant which depends onx andt, but does not depend onn.
Sinceun(x, t) → u(x, t), we have|un(x, t)| ≤ Mx,t, whereMx,t is some positive constant.
Then by a standard argument|εn| is bounded uniformly with respect ton. Indeed, (3.7) becomes

Dn(x, t) ≥
N∑

i=1

|εin|p
αwi −

cx,t

N |εin|p
− cx,tw

1
p′
i

|εin|
− cx,tw

1
p

i

|εin|p−1

 .

If |εn| → ∞ (for a subsequence) there exists at least onei0 such that|εi0n | → ∞, which implies
thatDn(x, t) →∞, which gives a contradiction.

Let nowε∗ be a cluster point ofεn. We have|ε∗| <∞ and by the continuity ofa with respect
to the two last variables we obtain

(a(x, t, u(x, t), ε∗)− a(x, t, u(x, t), ε))(ε∗ − ε) = 0.

In view of (2.12) we haveε∗ = ε. The uniqueness of the cluster point implies

∇un(x, t) → ∇u(x, t) a.e. inQ.

Since the sequencea(x, t, un,∇un) is bounded in
N∏

i=1

Lp′(Q,w∗i ) and

a(x, t, un,∇un) → a(x, t, u,∇u) a.e. inQ Lemma 3.9 implies

a(x, t, un,∇un) ⇀ a(x, t, u,∇u) in
N∏

i=1

Lp′(Q,w∗i ) and a.e. inQ.

We setȳn = a(x, t, un,∇un)∇un and ȳ = a(x, t, u,∇u)∇u. As in the proof of Lemma 5 in
[6] we can writeȳn → ȳ in L1(Q). By (2.13), we have

α

N∑
i=1

wi|
∂un

∂xi

| ≤ a(x, t, un,∇un)∇un.
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Let zn =
N∑

i=1

wi|
∂un

∂xi

|p, z =
N∑

i=1

wi|
∂u

∂xi

|p, yn =
ȳn

α
andy = ȳ

α
. Then, by Fatou’s Lemma we

obtain ∫
Q

2y dxdt ≤ lim
n→∞

inf
∫

Q

y + yn − |zn − z| dxdt,

i.e.

0 ≤ lim
n→∞

sup
∫

Q

|zn − z| dxdt,

hence,

0 ≤ lim
n→∞

inf
∫

Q

|zn − z| dxdt ≤ lim
n→∞

sup
∫

Q

|zn − z| dxdt ≤ 0.

This implies

∇un → ∇u in
N∏

i=1

Lp(Q,wi),

which with (2.4) completes the present proof.

Now we recall the well-known general Sobolev embedding theorems for evolution equations
(see[19]).

Lemma 3.11. [19]LetV ⊆ H ⊆ V ∗ be an evolution triple. Then the embedding

W 1
p (0, T, V,H) ⊆ C([0, T ]), H)

is continuous .

Lemma 3.12. [19] Let Z1, Y, Z2 be real reflexive Banach space. Assume that the embedding
Z1 ⊆ Y ⊆ Z2 are continuous, and the embeddingZ1 ⊆ Y is compact,0 < T <∞, 1 < p, q <
∞. ThenW = {u ∈ Lp(0, T, Z1) : u′ ∈ Lq(0, T, Z2)} equipped with the norm

‖u‖w = ‖u‖Lp(0,T,Z1) + ‖u′‖Lq(0,T,Z2)

is a Banach space and the embeddingW ⊆ Lp(0, T, Y ) is compact.

Definition 3.1. A monotone mapT : D(T ) → X∗ is called maximal monotone if its graph

G(T ) = {(u, T (u)) ∈ X ×X∗for all u ∈ D(T )}
is not a proper subset of any monotone set inX ×X∗.

Let us consider the operator∂
∂t

which induces a linear mapL from the subset
D(L) = {v ∈ X : v′ ∈ X∗, v(0) = 0} of X intoX∗ by

(3.8) 〈Lu, v〉X =

∫ T

0

〈u′(t), v(t)〉V dt u ∈ D(L), v ∈ X.

Lemma 3.13. [19] L is a closed linear maximal monotone map.

In our study we deal with mappings of the formF = L+S whereL is a given linear densely
defined maximal monotone map fromD(L) ⊂ X to X∗ andS is a bounded demicontinuous
map of monotone type fromX toX∗.

Definition 3.2. A mappingS is called pseudo-monotone with respect toD(L), if for any se-
quence{un} in D(L) with un ⇀ u andLun ⇀ Lu and lim

n→∞
sup〈S(un), un − u〉 ≤ 0, we have

lim
n→∞

〈S(un), un − u〉 = 0 andS(un) ⇀ S(u) asn→∞.
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12 L. A HROUCH, E. AZROUL AND M. RHOUDAF

Consider the following non linear parabolic problem

(P ) :


∂u
∂t

+ A(u) + g(x, t, u,∇u) = f in Q
u(x, t) = 0 on ∂Ω× (0, T )
u(x, 0) = u0(x) in Ω,

whereu0 is a given function inL2(Ω, σ).

Definition 3.3. A functionu is said to be a weak solution of the initial-boundary value problem
(P ) if u ∈ C([0, T ], H) ∩ Lp(0, T, V ), ∂u

∂t
∈ Lp′(0, T, V ∗) andu satisfies the equation,

∂u

∂t
+ Au+G(u) = f 0 < t < T, u(0) = u0,

where the operatorA+G : X → X∗ is defined by:

〈(A+G)(u), v〉 =

∫
Q

a(x, t, u,∇u)∇v dx dt+

∫
Q

g(x, t, u,∇u)v dx dt.

3.3. The approximate problem .
We consider the sequence of approximate equations,

(Pn) :

{
∂un

∂t
+ A(un) + gn(x, t, un,∇un) = f

un(0) = un
0

,

where

gn(x, t, s, ξ) =
g(x, t, s, ξ)

1 + 1
n
|g(x, t, s, ξ)|

χΩn
, un

0 ∈ W
1,p
0 (Ω, w).

Note thatΩn is a sequence of compacts covering the bounded open setΩ andχΩn
denotes a

characteristic function ofOmegan.

Recall thatgn(x, t, s, ξ) satisfies the following conditions

gn(x, t, s, ξ).s ≥ 0, |gn(x, t, s, ξ)| ≤ g(x, t, s, ξ) and |gn(x, t, s, ξ)| ≤ n.

We define the operatorGn : X → X∗ by 〈Gnu, v〉 =

∫
Q

gn(x, t, u,∇u)v dx dt.

Remark 3.3. Note that in the remainder of this section we will consider the approximate
problem(Pn) with un

0 = 0, without losing the generalities, since ifun
0 6= 0, we will change

a(x, t, u,∇u) by ā(x, t, u,∇u) = a(x, t, u+u0,∇u+∇u0) andg(x, t, u,∇u) by ḡ(x, t, u,∇u) =
g(x, t, u+ u0,∇u+ u0) .

Lemma 3.14.The operatorA+Gn : X → X∗ is :
a) bounded and demicontinuous
b) pseudo-monotone with respect toD(L)
c) strongly coercive, i.e.,

〈(A+Gn)(u), u〉X
‖u‖X

→ +∞, as ‖u‖X → +∞.

Proof.

a) We setBn = A + Gn. Using (2.11) and Hölder’s inequality we can show thatA is
bounded. Thanks of Hölder’s inequality, for allu ∈ X and allv ∈ X we have

(3.9) |
∫

Q

gn(x, t, u,∇u)v dx dt| ≤ Cn‖v‖p
Lp(Q,σ) ≤ C ′

n‖v‖
p
X .
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ThenBn is bounded.
In order to show thatBn is demicontinuous, letvε −→ v in X as ε −→ 0, and prove
that,

〈Bn(vε), ϕ〉 −→ 〈Bn(v), ϕ〉 for all ϕ ∈ X.
Since,ai(x, t, vε,∇vε) → ai(x, t, v,∇v) asε −→ 0, for a.e.x ∈ Ω, then by the growth
conditions(2.11) and Lemma 3.9 we get

ai(x, t, vε,∇vε) ⇀ ai(x, t, v,∇v) in Lp′(Q,w1−p′

i ) as ε −→ 0.

Finally for all ϕ ∈ X,
〈A(vε), ϕ〉 → 〈A(v), ϕ〉 as ε −→ 0.

On the other hand,gn(x, t, vε,∇vε) → gn(x, t, v,∇v) asε −→ 0 for a.e. (x,t) inQ.
Also gn(x, t, vε,∇vε)ε is bounded inLp′(Q, σ1−p′) in fact,∫

Q

|gn(x, t, vε,∇vε)|p
′
σ1−p′ dx dt ≤ (n)p′T

∫
Ωn

σ1−p′ dx ≤ cn.

Then, Lemma 3.9 gives

gn(x, t, vε,∇vε) ⇀ gn(x, t, v,∇v) in Lp′(Q, σ1−p′) as ε −→ 0.

Sinceϕ ∈ Lp(Q, σ), for all ϕ ∈ X we have

〈Gn(vε), ϕ〉 → 〈Gn(v), ϕ〉 as ε −→ 0.

b) Suppose that{uj} is any sequence inD(L) with
i) uj ⇀ u weakly inX

ii) Luj → Lu weakly inX∗,
iii) lim sup〈A+Gn(uj), uj − u〉X ≤ 0.

Through the definition of the operatorL, defined in(3.8), {uj} is a bounded sequence
in W 1

p (0, T, V,H).
By virtue of Lemma 3.12, we get,

uj → u strongly in Lp(Q, σ).

On the other hand,

〈Gnuj, uj − u〉 =

∫
Q

gn(x, t, uj,∇uj)(uj − u) dx dt.

Thus Hölder’s inequality and (i) imply,

〈Gnuj, uj − u〉 ≤
(∫

Q

|gn|p
′
σ1−p′ dx dt

) 1
p′

‖uj − u‖Lp(Q,σ)

≤ Cn‖uj − u‖Lp(Q,σ),

i.e, 〈Gnuj, uj − u〉 → 0 as j → ∞. Combining the last convergence with (iii), we
obtain

lim
j→∞

sup〈Auj, uj − u〉 ≤ 0.

Also, by the pseudo-monotonicity ofA (see Proposition 1, [10]),we have

Auj ⇀ Au in X∗ and lim
j→∞

〈Auj, uj − u〉 = 0.

Then,
lim
j→∞

〈Auj +Gn(uj), uj − u〉 = 0.
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On the other hand,lim
j→∞

〈Auj, uj − u〉 = 0, which implies that

0 = lim
j→∞

∫
Q

a(x, t, uj,∇uj)∇(uj − u) dx dt

= lim
j→∞

∫
Q

[a(x, t, uj,∇uj)− a(x, t, uj,∇u)][∇uj −∇u] dx dt

+ lim
j→∞

∫
Q

a(x, t, uj,∇u)(∇uj −∇u) dx dt.

The last integral in the right hand tends to zero, since by the continuity of the Nemytskii

operator,a(x, t, uj,∇u) → a(x, t, u,∇u) in
N∏

i=1

Lp′(Q,w1−p′

i ) asj → +∞.

So,

lim
j→∞

∫
Q

[a(x, t, uj,∇uj)− a(x, t, uj,∇u)][∇uj −∇u] dx dt = 0.

By Lemma 3.10 we have

∇uj → ∇u a.e. inQ.

Hencegn(x, t, uj,∇uj) → gn(x, t, u,∇u) a.e. inQ asj →∞ and since

|gn(x, t, uj,∇uj)| ≤ nχΩn
∈ Lp′(Q, σ1−p′),

by Lebesque’s dominated convergence theorem, we obtain

gn(x, t, uj,∇uj) → gn(x, t, u,∇u) in Lp′(Q, σ1−p′).

Finally,

(A+Gn)(uj) ⇀ (A+Gn)(u) in X∗.

c) The strong coercivity follows from(2.13) and(2.15)

Definition 3.4. A function u is said to be a weak solution for the problem(Pn) iff u ∈
C([0, T ], H) ∩D(L) andu satisfies the evolution equation

(3.10) Lu+ (A+Gn)(u) = f.

Theorem 3.15.Assume that the conditions(A1) − (A3) hold, then the problem(Pn) admits a
weak solution for anyf ∈ X∗.

Proof. By virtue of Lemma 3.14, the operatorA + Gn : X → X∗ is pseudo-monotone with
respect toD(L), and the operatorA+Gn satisfies the strong coercivity condition, which implies
that both of the conditions (i) and (ii) in Theorem 4 of [5] hold. So all the conditions of Theorem
4 in [5] are met. Therefore, there exists a solutionun ∈ D(L) of the evolution equation (3.10)
for anyf ∈ X∗. In order to prove thatun is also a weak solution of the problem(Pn), we have
to show thatun ∈ C([0, T ], H). By the definition ofD(L) and Lemma 3.11, we obtain

D(L) ⊆ W 1
p (0, T, V,H) ⊆ C([0, T ], H).

This implies thatun ∈ C([0, T ], H).
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3.4. Existence results of the general problem.

Theorem 3.16.Assume that the conditions(A1)-(A3) hold true. Then the problem(P ) admits
at least one weak solutionu ∈ D(A) ∩ Lp(0, T,W 1,p

0 (Ω, w)) ∩ C([0, T ], L2(Ω, σ)) such that
g(x, t, u,∇u) ∈ L1(Q), g(x, t, u,∇u)u ∈ L1(Q).
Furthermoreu(x, 0) = u0(x) for a.e.x ∈ Ω and we have

−
∫

Q

u
∂ϕ

∂t
dx dt+ [

∫
Ω

u(t)ϕ(t) dx]T0 +

∫
Q

a(x, t, u,∇u)∇ϕ dx dt

+

∫
Q

g(x, t, u,∇u)ϕ dx dt = 〈f, ϕ〉

for all ϕ ∈ Lp(0, T,W 1,p
0 (Ω, w)) ∩ L∞(Q) ∩ C1([0, T ], L2(Ω, σ)), for anyf ∈ X∗.

Proof. Step 1: A priori estimates.
First, for allτ in [0, T ], we chooseunχ[0,τ ] as test function in(Pn), we have

1

2

∫
Ω

u2
n(τ) dx+

∫
Qτ

a(x, t, un,∇un)∇un dx dt+

∫
Qτ

gn(x, t, un,∇un)un dx dt

=

∫
Qτ

fun dx dt+ c.

Sincegn verifies sign condition, by using(2.13), for τ = T we obtain

α
N∑

i=1

∫
Q

wi|
∂un

∂xi

|p ≤
∫

Q

fun dx dt,

i.e.,

α‖un‖p
Lp(0,T,V ) ≤ ‖f‖Lp′ (0,T,V ∗)‖un‖Lp(0,T,V ) ≤ c‖un‖Lp(0,T,V ).

Then

(3.11) ‖un‖Lp(0,T,V ) ≤ β1,

whereβ1 is some positive constant. Then by(3.11) and (2.11) we conclude thatA(un) is

bounded inLp′(0, T, V ∗), and there existsh ∈
N∏

i=1

Lp′(Q,wi), such that

(3.12) a(x, t, un,∇un) ⇀ h in
N∏

i=1

Lp′(Q,wi),

and,

(3.13)
∫

Q

gn(x, t, un,∇un)un dx dt ≤ β2,

whereβ2 is some positive constant.
Moreover,

(3.14) ‖Gn(un)‖L1(Q) ≤ β3.
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Indeed, letQk,n = {(x, t) ∈ Q/ |un(x, t)| ≤ k}. We get by(2.14) and(2.15),∫
Q

|gn(x, t, un,∇un)| dx dt

=

∫
{|un|≤k}

|gn(x, t, un,∇un)| dx dt+

∫
{|un|>k}

|gn(x, t, un,∇un)| dx dt

≤ b(k)(

∫
Q

[
N∑

i=1

wi|
∂un

∂xi

|p + c(x, t)

]
dx dt+

1

k

∫
Q

gn(x, t, un,∇un)un dx dt

≤ β3.

Finally, denoting u′n = (f + diva(x, t, un,∇un) + (−Gn(un)) we observe that
hn = f + diva(x, t, un,∇un) is bounded inLp′(0, T, V ∗) andkn = −Gn(un) is bounded in
L1(Q). Thus we can invoke a result of Lemma 3.8 to conclude that{un} is relatively compact
in Lp

loc(Q, σ), and we can deduceun → u in Lp
loc(Q, σ), andun → u strongly inL1(Q).

Step 2:Basic convergence results
Fix k > 0 and letϕ(s) = seδs2

, δ > 0. It is well known that whenδ ≥ ( b(k)
2α

)2 one has

(3.15) ϕ′(s)− b(k)

α
|ϕ(s)| ≥ 1

2
for all s ∈ R.

Let ψi ∈ D(Ω) be a sequence which converges strongly tou0 in L2(Ω, σ).
Setwi

µ = (Tk(u))µ + e−µtTk(ψi) where(Tk(u))µ is the mollification with respect to time of
Tk(u) see Section 3.1.
Note thatwi

µ is a smooth function having the following properties:{
∂
∂t

(wi
µ) = µ(Tk(u)− wi

µ), wi
µ(0) = Tk(ψi), |wi

µ| ≤ k

wi
µ → Tk(u) in Lp(0, T,W 1,p

0 (Ω, w)) as µ→∞ ,

using in(Pn) the test functionzµ,i
n = ϕ(Tk(un)− wi

µ), we get forτ = T .

〈u′n, zµ,i
n 〉 +

∫
Q

a(x, t, un,∇un)[∇Tk(un)−∇wi
µ]ϕ′(Tk(un)− wi

µ) dxdt

+

∫
Q

gn(x, t, un,∇un)ϕ(Tk(un)− wi
µ) dxdt = 〈f, ϕ(Tk(un)− wi

µ)〉

which implies sincegn(x, t, un,∇un)ϕ(Tk(un)− wi
µ) ≥ 0 on{|un| > k}:

〈u′n, zµ,i
n 〉+

∫
Q

a(x, t, un,∇un)[∇Tk(un)−∇wi
µ]ϕ′(Tk(un)− wi

µ) dxdt(3.16)

+

∫
{|un|≤k}

gn(x, t, un,∇un)ϕ(Tk(un)− wi
µ) dxdt ≤ 〈f, ϕ(Tk(un)− wi

µ)〉.

In the sequel and throughout the paper, we will omit for simplicity to denoteε(n, µ, i) all
quantities (possibly different) such that” lim

i→∞
lim

µ→∞
lim

n→∞
ε(n, µ, i) = 0” and this will be the order

in which the parameters we use will tend to infinity, that is, firstn, thenµ and finallyi. Similarly
we will write only ε(n), or ε(n, µ),... to mean that the limits are made only on the specified
parameters.
We will deal with each term of(3.16). First of all, observe that

(3.17) 〈f, ϕ(Tk(un)− wi
µ)〉 = ε(n, µ),
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sinceTk(un) − wi
µ ⇀ Tk(u) − wi

µ weakly inLp(0, T, V ) asn → ∞, andTk(u) − wi
µ → 0 in

Lp(0, T, V ) asµ→ +∞.
On the one hand, we have,

〈∂un

∂t
, zµ,i

n 〉 =

∫
Q

∂un

∂t
ϕ(Tk(un)− wi

µ) dx dt

=

∫
Q

[(Tk(un))′ + (Gk(un))′]ϕ(Tk(un)− wi
µ) dx dt,

whereGk(s) = s− Tk(s). Hence

〈∂un

∂t
, zµ,i

n 〉 =

∫
Q

(Tk(un)− wi
µ))′ϕ(Tk(un)− wi

µ) dx dt

+

∫
Q

(wi
µ)′ϕ(Tk(un)− wi

µ) dx dt

+

∫
Q

(Gk(un))′ϕ(Tk(un)− wi
µ) dx dt

= I1 + I2 + I3.

SettingΦ(s) =

∫ s

0

ϕ(r) dr, it is easy to see that, sinceΦ(s) ≥ 0

I1 =

∫
Ω

[∫ T

0

Φ′(Tk(un)− wi
µ)(Tk(un)− wi

µ)′ dt

]
dx

=

[∫
Ω

Φ(Tk(un)(t)− wi
µ(t)) dx

]T

0

and

I1 ≥
∫

Ω

Φ(Tk(un)(0)− wi
µ(0)) dx

= −
∫

Ω

Φ(Tk(u0)− Tk(ψi)) ds

→ 0 as i→∞
and I1 ≥ ε(i).

About I2, we have, since(wi
µ)′ = µ(Tk(un)− wi

µ)

I2 = µ

∫
Q

(Tk(u)− wi
µ)ϕ(Tk(un)− wi

µ) dx dt

= µ

∫
Q

[(Tk(u)− Tk(un)) + (Tk(un)− wi
µ)ϕ(Tk(un)− wi

µ)] dx dt

sinceϕ(s)s ≥ 0, then

I2 ≥ µ

∫
Q

(Tk(u)− Tk(un))ϕ(Tk(un)− wi
µ) dx dt

→ 0 as n→ +∞
hence

I2 ≥ ε(n).
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Through integration, forI3 we have,

I3 = −
∫

Q

Gk(un)ϕ′(Tk(un)− wi
µ)(Tk(un)− wi

µ)′ dx dt

+

[∫
Q

Gk(un)ϕ(Tk(un)− wi
µ) dx

]T

0

since(Tk(un))′ = 0 on{|un| > k} andGk(un) = 0 on{|un| ≤ k}. Since[∫
Ω

Gk(un)ϕ(Tk(un)− wi
µ) dx

]T

0

≥ −
∫

Ω

Gk(u0)ϕ(Tk(u0)− Tk(ψi)) dx

we have

I3 ≥
∫

Q

Gk(un)ϕ′(Tk(un)− wi
µ)(wi

µ)′ dx dt

−
∫

Ω

Gk(u0)ϕ(Tk(u0)− Tk(ψi)) dx

= µ

∫
Q

Gk(un)ϕ′(Tk(un)− wi
µ)(Tk(u)− wi

µ) dx dt

−
∫

Ω

Gk(u0)ϕ(Tk(u0)− Tk(ψi)) dx

→ µ

∫
Q

Gk(u)ϕ
′(Tk(u)− wi

µ)(Tk(u)− wi
µ) dx dt

−
∫

Ω

Gk(u0)ϕ(Tk(u0)− Tk(ψi)) dx as n→∞

≥ −
∫

Ω

Gk(u0)ϕ(Tk(u0)− Tk(ψi)) dx→ 0 as i→∞

where we have used (recall|wi
µ| ≤ k)∫

Q

Gk(u)ϕ
′(Tk(u)− wi

µ)(Tk(u)− wi
µ) dx dt

=

∫
{u>k}

(u− k)ϕ′(k − wi
µ)(k − wi

µ) dx dt

+

∫
{u<−k}

(u+ k)ϕ′(−k − wi
µ)(−k − wi

µ) dx dt ≥ 0

we deduce then that

I3 ≥ ε(n, i).

Combining these estimates, we get

(3.18) 〈∂un

∂t
, ϕ(Tk(un)− wi

µ)〉 ≥ ε(n, i).
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On the other hand, splitting the second term of the left hand side of(3.16) where|un| ≤ k and
|un| > k, we can write∫

Q

a(x, t, un,∇un)[∇Tk(un)−∇wi
µ]ϕ′(Tk(un)− wi

µ) dx dt(3.19)

≥
∫
{|un|≤k}

a(x, t, Tk(un),∇Tk(un)(∇Tk(un)−∇wi
µ)ϕ′(Tk(un)− wi

µ) dx dt

−Ck

∫
{|un|>k}

|a(x, t, un,∇un)||∇wi
µ| dx dt

= J1 − CkJ2

whereCk = ϕ′(2k).
Now observe that

J1 =

∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))](3.20)

×[∇Tk(un)−∇Tk(u)]ϕ
′(Tk(un)− wi

µ)) dx dt

+

∫
Q

a(x, t, Tk(un),∇Tk(un))[∇Tk(u)−∇wi
µ]ϕ′(Tk(un)− wi

µ)) dx dt

+

∫
Q

a(x, t, Tk(un),∇Tk(u))[∇Tk(un)−∇Tk(u)]ϕ
′(Tk(un)− wi

µ)) dx dt

by the continuity of the Nymetskii operator, we have for alli = 1, ...., N
ai(x, t, Tk(un),∇Tk(u))ϕ

′(Tk(un)−wi
µ) → ai(x, t, Tk(u),∇Tk(u))ϕ

′(Tk(u)−wi
µ) strongly in

Lp′(Q,w1−p′

i ) and since∂Tk(un)
∂xi

⇀ ∂Tk(u)
∂xi

weakly inLp(Q,wi), the third term of the right hand
side of(3.20) tends to 0 asn→∞.
Thanks to(3.12) the second term of the right hand side of(3.20) tends to∫

Q

hk[∇Tk(u)−∇wi
µ]ϕ′(Tk(u)− wi

µ) dx dt

so that,
∫

Q

hk[∇Tk(u)−∇wi
µ]ϕ′(Tk(u)− wi

µ) dx dt→ 0 asµ→∞

then we have,

J1 =

∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))]

×[∇Tk(un)−∇Tk(u)]ϕ
′(Tk(un)− wi

µ) dx dt+ ε(n, µ)

and

J2 =

∫
{|un|≥k}

|a(x, t, un,∇un)||∇wi
µ|(ϕ′(Tk(un)− wi

µ)) dx dt

→
∫

Q

h|∇wi
µ|ϕ′(Tk(u)− wi

µ)χ{|u|>k} dx dt as n→∞

→
∫

Q

h|∇Tk(u)|ϕ′(0)χ{|u|>k} dx dt = 0 as µ→∞.
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Therefore(3.19) yields∫
Q

a(x, t, un,∇un)[∇Tk(un)−∇wi
µ]ϕ′(Tk(un)− wi

µ) dx dt(3.21)

≥
∫

Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))]

×[∇Tk(un)−∇Tk(u)]ϕ
′(Tk(un)− wi

µ) dx dt+ ε(n, µ).

For the third term of the left hand side of(3.16)

∣∣∣∣∫
{|un|≤k}

gn(x, t, un,∇un)ϕ(Tk(un)− wi
µ) dx dt

∣∣∣∣(3.22)

≤ b(k)

∫
Q

(c(x, t) +
N∑

i=1

wi

∣∣∣∣∂Tk(un)

∂xi

∣∣∣∣p)|ϕ(Tk(un)− wi
µ)| dx dt

≤ b(k)

∫
Q

c(x, t)|ϕ(Tk(un)− wi
µ)| dx dt

+ b(k)
α

∫
Q

(a(x, t, Tk(un),∇Tk(un))|ϕ(Tk(un)− wi
µ)| dx dt

sincec(x, t) belongs toL1(Q). Furthermore,

(3.23) b(k)

∫
Q

c(x, t)|ϕ(Tk(un)− wi
µ)| dx dt = ε(n, µ).

On the other hand, note that

b(k)

α

∫
Q

a(x, t, Tk(un),∇Tk(un))|ϕ(Tk(un)− wi
µ)| dx dt(3.24)

=
b(k)

α

∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))]

×[∇Tk(un)−∇Tk(u)]|ϕ(Tk(un)− wi
µ)| dx dt

+
b(k)

α

∫
Q

a(x, t, Tk(un),∇Tk(un))∇Tk(u))|ϕ(Tk(un)− wi
µ)| dx dt

+
b(k)

α

∫
Q

a(x, t, Tk(un),∇Tk(u))[∇Tk(un)−∇Tk(u)]|ϕ(Tk(un)− wi
µ)| dx dt

By Lebesque’s Theorem, we have

∇Tk(u)|ϕ(Tk(un)− wi
µ)| → ∇Tk(u)|ϕ(Tk(u)− wi

µ)| in
N∏

i=1

Lp(Q,wi).

Moreover, in view of(3.12) the second term of the right side of(3.24) tends to

b(k)

α

∫
Q

hk∇Tk(u)|ϕ(Tk(u)− wi
µ)| dx dt,

the third term of the right hand side of(3.24) tends to0 since for alli = 1, ...., N

ai(x, t, Tk(un),∇Tk(u))ϕ(Tk(un)− wi
µ) → ai(x, t, Tk(u),∇Tk(u))ϕ(Tk(u)− wi

µ)
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strongly inLp′(Q,w1−p′

i ), while

∂(Tk(un))

∂xi

⇀
∂(Tk(u))

∂xi

weakly in Lp(Q,wi).

From(3.22), (3.23) and(3.24), we obtain

∫
{|un|<k}

gn(x, t, un,∇un)ϕ(Tk(un)− wi
µ) dx dt(3.25)

≤ b(k)

α

∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))]

×[∇Tk(un)−∇Tk(u)]|ϕ(Tk(un)− wi
µ)| dx dt+ ε(n, µ).

By combining(3.16), (3.17), (3.18), (3.21) and(3.25) we get∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))][∇Tk(un)−∇Tk(u)]

×[ϕ′(Tk(un)− wi
µ)− b(k)

α
|ϕ(Tk(un)− wi

µ)|] dx dt ≤ ε(n, µ, i)

and so, because(3.15)∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))][∇Tk(un)−∇Tk(u)] dx dt

≤ 2ε(n, µ, i)

and by passing to the limit sup overn, we get

0

≤ lim
n→∞

sup
∫

Q

[a(x, t, Tk(un),∇Tk(un))

−a(x, t, Tk(un),∇Tk(u))][∇Tk(un)−∇Tk(u)] dx dt

≤ lim
n→∞

2ε(n, µ, i)

in which we let successivelyµ→∞ and i→∞ to obtain∫
Q

[a(x, t, Tk(un),∇Tk(un))− a(x, t, Tk(un),∇Tk(u))](3.26)

× [∇Tk(un)−∇Tk(u)] dx dt→ 0(3.27)

as n→∞

which implies that by using Lemma 3.10

(3.28) Tk(un) → Tk(u) strongly in Lp(0, T,W 1,p
0 (Ω, w)) ∀k ≥ 0

an thus, there exists a subsequence also denoted byun such that

(3.29) ∇un → ∇u a.e. inQ.

We then deduce that, for allk > 0 a(x, t, Tk(un),∇Tk(un)) ⇀ a(x, t, Tk(u),∇Tk(u)) and

a(x, t, un,∇un) ⇀ a(x, t, u,∇u) weakly in
N∏

i=1

Lp′(Q,wi).
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Step 3: Equi-integrability of the nonlinearities
Sincegn verifies the sign condition, then by(3.13) we deduce,

0 ≤
∫

Q

gn(x, t, un,∇un)un dx dt ≤ γ.

For any measurable subsetE of Q and anym > 0, we have∫
E

|gn(x, t, un,∇un)| dx dt

=

∫
E∩Xn

m

|gn(x, t, un,∇un)| dx dt

+

∫
E∩Y n

m

|gn(x, t, un,∇un)| dx dt

where

Xn
m = {(x, t) ∈ [0, T ]× Ω, |un(x, t)| ≤ m},

and

Y n
m = {(x, t) ∈ Q, |un(x, t)| ≥ m}.

From these expressions,∫
E

|gn(x, t, un,∇un)| dx dt ≤
∫

E∩Xn
m

|gn(x, t, Tm(un),∇Tm(un))| dx dt

+
1

m

∫
Q

gn(x, t, un,∇un)un dx dt

≤ b(m)

∫
E

(
N∑

i=1

wi|
∂Tm(un)

∂xi

|p +

∫
E

c(x, t)) dx dt+ γ
1

m
.

Since the sequence(Tm(un)) converge strongly and the fact thatc(x, t) ∈ L1(Q),
there existsθ > 0 such that

|E| < θ ⇒
∫

E

|gn(x, t, un,∇un)| dx dt ≤ ε ∀ n.

This shows thatgn(x, t, un,∇un) is uniformly equi-integrable inQ as required.
Step 4: Passage to the limit.
Considering the approximate problem(Pn) one has:

−
∫

Q

un
∂ϕ

∂t
dx dt+

∫
Q

a(x, t, un,∇un)∇ϕ dx dt+

∫
Q

gn(x, t, un,∇un)ϕ dx dt = 〈f, ϕ〉

for all ϕ ∈ D(Q), in which, we can easily pass to the limit asn→∞, to get

(3.30) −
∫

Q

u
∂ϕ

∂t
dx dt+

∫
Q

a(x, t, u,∇u)∇ϕ dx dt+

∫
Q

g(x, t, u,∇u)ϕ dx dt = 〈f, ϕ〉.

Let now(ϕ ∈ C1([0, T ], L2(Ω, σ)) ∩ L∞(Q) ∩ Lp(0, T,W 1,p
0 (Ω, w)),

there exists(ϕj) ⊂ D(Q) such thatϕj → ϕ in
N∏

i=1

Lp(Q,wi) and weak inL∞(Q). Taking
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ϕ = ϕj in (3.30), and lettingj →∞, yields

−
∫

Q

u
∂ϕ

∂t
dx dt +

[∫
Ω

u(t)ϕ(t) dx

]T

0

+

∫
Q

a(x, t, u,∇u)∇ϕ dx dt

+

∫
Q

g(x, t, u,∇u)ϕ dx dt = 〈f, ϕ〉

for all ϕ ∈ Lp(0, T,W 1,p
0 (Ω, w)) ∩ L∞(Q) ∩ C1([0, T ], L2(Ω, σ)).

Step 5: Show thatu ∈ C1([0, T ], H).
As in [13], we have for allφ ∈ D(Ω), by lettingφ̃(x, t) = φ(x) ∈ D(Q)

〈u′n, φ〉+

∫
Q

a(x, t, un,∇un)∇φ̃ dx dt+

∫
Q

g(x, t, un,∇un)φ̃ dx dt

=

∫
Q

fφ̃ dx dt.

This implies (see [13]), that(un(t)) is weakly convergent inH for all t and also thatu(t) is
weakly continuous inH.
Let nowwi,k

µ = (Tk(u))µ − e−µtTk(ψi). On the one hand, we have for everyτ ∈ [0, T ]

(3.31) 〈(wi,k
µ )′, un − wi,k

µ 〉Qτ → µ

∫
Qτ

(Tk(u)− wi,k
µ )(u− wi,k

µ ) dx dt ≥ 0 as n→∞.

On the other hand, by using(un − wi,k
µ ) as test function in(Pn), we can write,

〈u′n, un − wi,k
µ 〉 = 〈f, un − wi,k

µ 〉+

∫
Qτ

a(x, t, un,∇un)∇(wi,k
µ − un) dx dt

+

∫
Qτ

g(x, t, un,∇un)(wi,k
µ − un) dx dt

in which we can use Fatou’s Lemma and Lebesgue theorem to pass to the limit sup first overn
andµ, k, to get

(3.32) 〈u′n, un − wi,k
µ 〉Qτ ≤ ε(n, µ, k).

Therefore, by writing

1

2
‖un(τ)− wi,k

µ (τ)‖2
H = 〈u′n − (wi,k

µ )′, un − wi,k
µ 〉Qτ +

1

2
‖u0 − Tk(ψi)‖2

H

= 〈u′n, un − wi,k
µ 〉Qτ − 〈(wi,k

µ )′, un − wi,k
µ 〉Qτ

+
1

2
‖u0 − Tk(ψi)‖2

H

and observing

0 ≤ 1

2
‖u(τ)− wi,k

µ (τ)‖2
H = lim

n→∞

1

2
‖un(τ)− wi,k

µ (τ)‖2
H

we deduce that, in view of (3.31) and (3.32),
‖u(τ)− wi,k

µ (τ)‖2
H ≤ ε(µ, k, i) not depending onτ ∈ [0, T ].

Implying thatwi,k
µ is a Cauchy sequence inC([0, T ], H) converging tou and thusu ∈ C([0, T ], H).
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4. EXAMPLE

Let Ω be a bounded domain ofRN(N ≥ 1), satisfying the cone condition. Let us consider
the Carathéodory functions:

ai(x, t, s, ε) = wi|εi|p−1sgn(εi) for i = 1, ..., N

g(x, t, s, ε) = ρs|s|r
N∑

i=1

wi|εi|p, ρ > 0, r > 0

wherewi(x) (i = 0, 1, ..., N) are given weight functions, strictly positive almost everywhere in
Ω. We shall assume that the weight functions satisfy,wi(x) = w(x), x ∈ Ω, for all i = 0, ..., N .
Then, we can consider the Hardy inequality(2.6) in the from,(∫

Q

|u(x, t)|pσ(x) dx dt

) 1
p

≤ c

(∫
Q

|∇u(x, t)|pw dx dt

) 1
p

.

It is easy to show that the functionsai(x, t, s, ε) are Carathéodory functions satisfying the
growth condition(2.11) and the coercivity(2.12). Also the Carathéodory functiong(x, t, s, ε)
satisfies the conditions(2.14) and (2.15). On the other hand, the monotonicity condition is
satisfied, in fact,

N∑
i=1

(ai(x, t, s, ε)− ai(x, t, s, ε̂))(εi − ε̂i)

= w(x)
N∑

i=1

(|εi|p−1sgnεi − |ε̂i|p−1sgn̂εi)(εi − ε̂i) > 0

for almost all(x, t) ∈ Q and for allε, ε̂ ∈ RN with ε 6= ε̂, sincew > 0 a.e. inΩ. In particular, let
us use the special weight functionsw andσ expressed in terms of the distance to the boundary
∂Ω. Denoted(x) = dist(x, ∂Ω) and set

w(x) = dλ(x), σ(x) = dµ(x).

In this case, the Hardy inequality reads(∫
Q

|u(x, t)|pdµ(x) dx dt

) 1
p

≤
(
c

∫
Q

|∇u(x, t)|pdλ(x) dx dt

) 1
p

.

For

λ < p− 1,
µ− λ

p
+ 1 > 0.

(See for example [10])

Remark 4.1. The last condition is sufficient for the hypotheses(A1)− (A3) are satisfied, there-
fore the problem(P ) has at least one weak solution.
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