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ABSTRACT. In this paper , we study the existence of a weak solutions for the initial-boundary

value problems of the strongly nonlinear degenerated parabolic equation,
0
5 AW gl tu, Vu) = 1,

whereA is a Leray-lions operator acted frof? (0, T, Wj’p(ﬁ w)) into its dual.g(z, t, u, Vu)
is a nonlinear term with critical growth condition with respec&ta and no growth with respect

to u. The source ternf is assumed to belong ' (0,7, W 1" (Q, w*)).
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2 L. AHROUCH, E. AZROUL AND M. RHOUDAF

1. INTRODUCTION

On a cylinderQ = Q x (0,T), over the bounded domain c R, T > 0 we consider the
parabolic initial-boundary value problem.

B+ A(u) + g(x,t,u, Vu) = fin Q
(P) =9 ulz,t)=0 on 9Q x (0,7T)
u($7 O) = Uo(x) in Q,

whereAu = —diva(zx, t,u, Vu) is a classical divergence operator of Leray-Lions type defined
from LP(0,T,W,7(Q)),1 < p < oo into its dual spacd.” (0,7, W~'#(Q)) and where the
perturbation terny satisfies the "natural” growth condition (of orggr

|9z, t,u, Vu)| < b(lul)[e(z, 1) + [V,

and the sign condition
g(x,t,u, Vu)u > 0.

The right hand sidg is assumed to belong " (0, 7, W17 (Q, w*)).

Landes-Mustonen have proved in [13] the existence of a solution for the parabolic initial-
boundary value problemg). Their result generalizes the analogous ones of Lions [16] and
Landes[[14] withg = 0 and of Brezis[[8] and Landes [15] with= g(z, ¢, u) (seel[6] 7, 9]).

In all the previous works, the principal partof the operatorA is supposed to satisfy the clas-
sical coercivity,

(1.1) a(z,t,s,§)§ > alf]?,

wherea is some strictly positive constant.
When the operatad becomes generated on the variable spadbat is(|1.1)) is replaced by the
following (called degeneracy),

N N

(1.2) D it 5,8 > wil@)|E),
=1 =1

whenw = {w;,1 < ¢ < N} is a family of weight functions of, (i.e., positive measurable

functions defined ir?), the operator likeA is not coercive in the classical Sobolev space,

thus we must change this setting by the more general one, called weighted Sobolev spaces

Wy (Q, w).

Note that little information is known about the degenerate parabolic problems. Similar problems

for degenerate nonlinear elliptic equations have been studiedin |2, 3, 4, 10].

It's our purpose in this paper to study the existence result for the strongly parabolic problem

(P), in the setting of weighted Sobolev space where the principakpant the nonlinearity

satisfy some general growth conditions ($élg) and(A3) below ). The simplest model of our

problem is the following,

2 _ div(|z|*| DufP~2Du) + coluf"2u = f in Q
(P)q ulz,t)=0 on 99 x (0,T)
u(z,0) = uo(x) in Q.
For that, we must extend the classical Sobolev techniques of parabolic problems, on the general

settings of weighted Sobolev space. Firstly, we have studied some functional properties of a
time-regularization,

(1.3) u, = u/t u(z, s)exp(u(s —t)) ds where a(z, s) = u(x, s)xo.1)($),

— 00
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for a functionu in L*(Q, w) (see sectioh 3|1 below).

Secondly, in Sectioh 3.2 we have established some embedding and some compactness results
in weighted Sobolev space (which give in particularly some trace result and an extension of
the Aubin’s and Simon’s results [18], and which, are sufficient to deal with our approximate
problem(P,).)

The last part of our paper is devoted to an example which illustrates our hypotheses.

2. BASIC ASSUMPTIONS

Let O be a bounded open set &", p be a real number such that < p < oo and
w = {w;(x), 1 < i < N} be a vector of weight functions, i.e., every componeriir) is
a measurable function which is strictly positive a.eQinFurther, we suppose in all our consid-
erations that, there exist

0

(21) ro > maX(N7 p) SUCh thatwir()ip € Llloc(Q)’
and
(22) pr_Tl S Llloc(Q)7

forany0 <i < N.
We denote byV1?(Q, w) the space of all real-valued functions= L?(£2,w,) such that the
derivatives in the sense of distributions fulfill

g;i € LP(Q,w;) forall i =1,..., N,
which is a Banach space under the norm
al ou(x) ’
(2.3) lells o = [ | @ da+ > | 5 rua) do

The condition(2.1]) implies thatC$°(Q2) is a subset ofV*(2, w) and consequently, we can
introduce the subspad®, ”(Q, w) of W*(Q, w) as the closure of;°(Q) with respect to the
norm (2.3). Moreover, the conditior2.2) implies thatiV'»(, w) as well asi¥y (2, w) are
reflexive Banach spaces.
We recall that the dual space of weighted Sobolev spHQ,b’é(Q, w) Is equivalent to
W' (Q, w*), wherew* = {w! = w; ¥, i=0,..., N} and where/ is the conjugate of i.e.
P = Z%. For more details, we refer the readeritol[11].
Now, since we have not some general compactness result in the compacted Sobolev spaces, we
need to assume the following:
Assumption (A;) For2 < p < oo, the expression

N ou p
(2.4) lfull = (Z [ Igpusta) dx>

is a norm or¥, ?(2, w) and its equivalent tg2.2)). There exists a weight functianon 2 such
that

(2.5) oc LYQ) and o' € L}(Q).
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The Hardy inequality,

P v - du P %
(2.6) ( JALC] ada:) s(z | Igrua) dx) |

holds for everyu € W, ”(Q, w) with a constant > 0 independent of.. Moreover, the embed-
ding

(2.7) Wy?(Q,w) — LP(Q,0)
expressed by the inequalif§.6)) is compact.
Note that(1W, (€2, w), |||.]||) is a uniformly convex ( and thus reflexive) Banach space.

Remark 2.1. Assume thatu,(z) = 1 and there exists € | &, +oco [ N [ 545, +oo[ such that

_N_
(2.8) w1t e L, (Q),w;” € L'(Q) forall i=1,...,N.

loc

Note that the assumptior{8.1)) and (2.8)) imply that

(2.9) lfull] = (Z / 2 () dx>

is a norm defined ofi’, * (2, w) and it's equivalent tq2.3) and that, the embedding
(2.10) Wy (Q, w) < LP(Q)

is compact [see [11], p. 46].
Thus the hypothesds!, ) is satisfied for = 1.

Assumption(As)
1 1 N o 1
(2.11) jai(w,t,5,6)] < Bwf () [er(w,t) + 07 [s[P~ + Y wr (2)|¢;[P]
j=1
(2.12) [a(z,t,5,6) —a(z,t,s,m)] (€ —n) >0 for all &€#necRY
N
(2.13) a(,t,5,€).6 > ad_wilg[”

=1

wherec, (z, t) is a positive function in.”' (Q), anda, 3 are strictly positive constants.
Assumption(Asj)

(2.14) l9(x,t,5,8)| < b(|8|)(zwz’(f€)|§i|p +c(z,1))
(2.15) g(x,t,s,&)s > 0.

whereb : R* — R is a continuous increasing function ani a positive function in’.!(Q).
We recall that forc > 1 ands in R the truncation is defined as

s if s<k
Tk<5):{ ke i fs| >k
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3. MAIN RESULTS

3.1. Characterization of the time mollification of a function w.
In order to deal with time derivative, we introduce a time mollification of a functitelonging
in some weighted Lebesgue space. Thus we define faralb and all(z, t) € Q,

u, = u/ u(z, s)exp(u(s —t)) ds where a(z, s) = u(x, s)xo.r)($)-

— 00

Proposition 3.1. If u € L?(Q, w;) thenu,, is measurable ird) and 6““ = pu(u —u,) and

(/Q s () da dt)p < (/Q lufPwi(2) da dt)i,

e @y < NlullLr(@uw)-

i.e.,

Proof. Since(z,t,s) — u(z, s)exp(u(s — t)) is measurable i x [0,7] x [0,T], u, then is

measurable by Fubini’s theorem.
0

By Jensen’s integral inequality and sinfe pexp(us) ds = 1, we have

—00

p

‘/ iz, 5) exp(u(s — t) ds

‘/ pexp(us)a(x,s+t) ds

0
S/ pexp(ps)|u(z, s +1)[" ds

—00

which implies,

upPus(x) da dt < U exp(us) |z, s + O ds ) wi(z) di di
J [ )
< /:Mexp(,us) (/QR iz, s + £)Pwi(x) da dt) ds

< /Ooouexp(,us) (/ lu(z, t)|Pwi(z) dx dt) ds

_ /|ux DPwi(x) d dt = Jullo -

Furthermore,
ou,, 1
Dl no _
(3.1) o éli% (e — Duy(x,t)
+ 6_)0 9/ u(z, s)et =0 gg = —puy, + .
|

Proposition 3.2. If u € Wy *(Q,w), thenu,, — w in Wy™(Q,w) asu — +oo.

Proof. First, by applying the statement of ProposﬁﬁS 1 tgrand for 6““ ( remark that

ng = ( xi)#) we can easily prove that, € W(}P(Q, w).

Now we can prove that,, — u in W, *(Q, w) asy — +oo.
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Let (¢,) € D(Q) such thatp, — uin W, ?(Q,w).
In virtue of Propositiof 3]1 we have,

1
2 - = —|—== < = |-
(3.2) [(or)u(z,t) — (. 1)] o (z,t)] < MII pr oo
On the other hand,

[ =P dede < Ju (o Pue) d d
Q Q
+ /Q () — plPwia) da dt

+ / lop — ulPw;(x) dz dt.
Q
This implies that

/ |, — ulPw;(z) de dt < / |(uw — ) pulPwi(z) dz dt
Q Q
" /Q (Pl — eulrwi(a) da dt

+ / | — ulPw;(x) dx dt.
Q
Thanks to Proposition 3.1 and the equality [3.2), we get

/ lu, — ulPw;(x) de dt < 2/ lu — @ [Pw;(x) dx dt
Q Q

T |8<pk
W)k, Ot

T
< 2/ lu — @ [Pw;(z) dx dt + —Cy,
Q e

+ Pw; (z) dz

whereC), = H%H&/ w;(x) dz and wherek, is a compact set such thatp ¢, C Kj.
K
Lete > 0, there exists: such that

/ |u — @ |Pw;(z) dz dt <
Q

Wl ™

and there existg,, such that
T €
ECk < 3 forall > py.
Hence
/ |, — ulPw;(x) de dt <,
Q
which implies that
(3.3) [wn = ullLr @y < e

SinceD¢(u,) = (D%u), (for all || < 1), then by applying the same argument as above for
eachD%u, we conclude the desired resuit.

Proposition 3.3. If u,, — uin W, *(Q,w), then(u,), — u, in Wy (Q, w).
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Proof. Using Proposition 3]1 and

D3 ((un)y) — D3 (uy) = (Dg (un))u — (D3 (w) = (Dg (un) — Dz (u)),,
we have,

[ D5 () = DS u)Puie) da dt < [ |D2(un) = D2(w)lPwi(o) do dt =0
Q Q

asn — oo.
Then(uy), — u, in WyP(Q,w) asn — oo. i

3.2. Some weighted embedding and compactness results.

In this section we establish some embedding and compactness results in weighted Sobolev
Spaces which allow in particular to extend in the settings of weighted Sobolev spaces, some
trace results and the Aubin’s and Simon’s results [18].

LetV = W, 7(Q,w), H = L*(Q,0) and letV* = W=17(Q, w*), with (2 < p < o0).

Let X = L7(0,T,V). The dual space of is X* = L”(0,T,V*) where; + 1 = 1 and
denoting the spacé’) (0,7,V, H) = {v € X : v' € X*} endowed with the norm

(3.4) lflwy = llullx + Il
which is a Banach space. Herestands for the generalized derivativewgf.e.,

/OT u'(t)p(t) dt = — /OT u(t)¢'(t) dt forall ¢ € C5°(0,T).

Lemma 3.4. The Banach spacé is an Hilbert space and its dudall’ can be identified with
himselfi.e., H ~ H.

X*,

Indeed, let
F :HxH—-R

(f.9) /Q fgo da.

Remark thatF' is a symmetric bilinear form which is also continuous and defined positively,

since . h
/fga dr = / fJ%ga% dr < (/ |fIo da:) </ g0 dx) .
Q Q Q Q

Then the Banach spacé is a Hilbert space.
Finally by a standard argumerit, is identified with its dualH' i.e., H' ~ H.

Lemma 3.5. The evolution tripld/ C H C V* is verified.
Indeed, by the embedding assumptipn|(2.7) and becasgse < oo, ando € L'(Q2), we can
write

Wy (Q,w) —— LP(Q,0) — H ~ H — W' (Q, w*).

Lemma 3.6. Assume that; <—— B — V, (where V}, B and V, are Banach spacesLet
F be bounded in?(0,7, V1) wherel < p < oo, and%—f = {g—{ : [ € F} be bounded in
LY(0,T,V,), thenF is relatively compact ir?(0, T, B)

Proof. (seel[18] Corollary 4 p.85)

Lemma 3.7. Assume thaf2.1)) and (2.5)) hold true. Then, for every compakt C {2 we have,
) Wy (K,w) —— LP(K,0) — WLh(K) with L+ 1 =1.
0
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i) WL (K, w*) — W70 (K).
Remark 3.1. Note that the statement of Lemra|3.7, holds true when the hypotfeesjsis

N

replaced byw' " € L .(Q) (it suffices to takey, = Np).

loc

Proof.
i) First, we claim that,

LP(K,0) — LY(K).
Indeed , we have

/K|f\d:c:/K]f|azloa_Pld:B§(/K\f\pada:)p</l(a§/dx)

On the other hand, sinde< ), < <= we can classically write,
LYEK) — WL (K).
Then, we deduce from the above embedding that,
LP(K,0) — Wb (K).

Hence, from[(2]7), the assertion i) follows.
i) In order to prove that,

e

W (K w') < Wb (K),
it suffices to show that
Wy (K) — Wy (K, w).
Indeed, letf be an element dfi,"° (K),
applying the Holder’s inequality for the exponents such ;43&& %’ = 1 we get,

TQ—P

e (s ([ 6)

Taking alsog—i instead off, we can deduce theﬁifﬂwg,p(KwN < C|]f||W01,T0(K). ]

Remark 3.2. The statement of Lemn@ﬁ, can be applied for the ttigle= W, ”(K,w), B =
IP(K, o), Vs = Wb (K)),

Lemma 3.8. Assume that
ou,,

5 =tk in D'(),
whereh,, andk, are bounded respectively ¥’ (0, 7, W5 (Q, w*) and in L1 (Q).
If w,, is bounded inL?(0, T, W, *(Q, w)), thenu,, — u in L? (Q,o). Furtheru, — u strongly

loc

in L1(Q).
Proof. Considerp(z, t) = ¢ (x)n(t) with ¢ in D(2) andn in D(0,7) and set
Un = (buna Qp = ¢hn + aa_fum ﬁn = ¢kn

Then for any bounded open subgétwith supp) C K C §2 we have,

% =, + 3, In D'(K x (0,T));
v, bounded inL?(0, T, Wy " (K,w));
o, bounded inL? (0, T, W5 (I, w*));

3, bounded inL'(K x (0,T)).
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Let p,, be a mollification sequence such that
35) 60 = vullinia) < =
n
where
Vp = Up % P,y Oy = Qp % p,, B, =B, %p,.
The function3,, belongs toL.!(0, T, Ll(K)) and is bounded in this space whilg is bounded

. ’ _ / % N 1
in L7 (0, T, W=7 (K, w*)). Sincel < r{ < 375, we can write

LYK) — W™t (K).
Then}, is bounded inZ.' (0, 7, W75 (K)) and by ii) of Lemma 3J7, we have, also bounded
in L*(0, 7, W~170(K)). Thus we get,

% = @, + 3, in D'(K x (0,T))
vn bounded inL?(0, T, Wy " (K, w))
9 pounded inL'(0, T, W~170(K))

By i) Lemmd 3. and Lemnja 3.6 we deduce thais relatively compactiii? (0,7, LF (K, 0)).
In view of (3.5 .) this implies that,, is relatively compact il (Q,o)).
Finally by using Holders inequality and™ € L!(Q), it is easy to deduce that, — u strongly

in L1(Q). 1

Lemma 3.9. Letg € L"(Q,~v) and letg, € L"(Q,), With ||g,||zr0y) < ¢, 1 <1 < o0. If
gn(x) — g(z) a.e in@, theng,, — gin L"(Q, ), where— denotes weak convergence ani
a weight function o).

Proof. Sinceg,+ is bounded inL"(Q) andg,(z)y+ (z) — g7+, a.e. inQ, then by Lemm5
[17], we have

gy — g7 in L7(Q).
Moreover, for allp € L™ (Q,v~""), we havepy = € L (Q). Then

/gngo dx—>/g<p dx, i.e. g, — g in L'(Q,~).
Q Q

1
Lemma 3.10. Assume thatA,) and(A,) are satisfied and letu,,) be a sequence in
LP(0, T, Wy (Q, w)) such thatu,, — u weakly inL?(0, T, W, *(Q, w)) and
(3.6) / la(z, t, u,, Vuy,) — alx, t,u,, Vu)][Vu, — Vu] dedt — 0.
Q

Then,u,, — win LP(0,T, W, ?(Q, w)).

Proof. Let D,, = [a(z,t,u,, Vu,) — a(z,t,u,, Vu)][Vu, — Vu]. Then by [2.1R),D,, is
positive function and b. D, — 0in Ll(Q)
Extracting a subsequence, still denoted:hyand using[(2]7) we can write

u, —u a.e.in Q, D,—0 ae.inQ.

Then, there exists a subggt of (), of zero measure such that,
for (t,z) € Q\ B, |u,(x,t)| < oo, [Vu(z,t)| < oo, |c1(z,t)] < 0o, w;(x) > 0andu,(x,t) —

AJMAA Vol. 5, No. 2, Art. 13, pp. 1-25, 2008 AIJMAA


http://ajmaa.org

10 L. AHROUCH, E. AZROUL AND M. RHOUDAF

u(z,t), Dyp(x,t) — 0.
We sete,, = Vu,(z,t) ande = Vu(z,t). Then

Dy(x,t) = [a(x,t,u,, €,) — alx, t, uy, €)](e, — €)
N N
> aZwi|e;|p+aZwi|ez|p
i=1 i=1
N LT N N '
— Y pwf |e(mt) + o fu P> T w! [Pt ]
i=1 j=1
N 1 [ 1 N Lo )
— Zﬁwf 01(x,t)+a?|un|p_1+2w;’ [P~ €l |
i=1 i j=1
e,
N . N N1
(3.7) Dy(z,t) = a Y wilenP — cop |1+ w7 + Zw;ye;y] ,
i=1 j=1 i=1

wherec, , is a constant which depends orandt, but does not depend on
Sinceu,(x,t) — u(z,t), we have|u,(z,t)] < M,,, whereM, . iS some positive constant.
Then by a standard argumeat| is bounded uniformly with respect to Indeed,[(3.]7) becomes

1 1

- ¢ corw?  Cpqwf
D (ZL’ t) > Z ‘Ei |p QWs — :L‘,'t . :c,t( i x',t i
n\<, - n g N|E§1|P |€}n| |6%|p—1

If |e,| — oo (for a subsequence) there exists at leastigseich thate®®| — oo, which implies
that D,,(z,t) — oo, which gives a contradiction.

Let nowe* be a cluster point of,,. We havee*| < oo and by the continuity of with respect
to the two last variables we obtain

(a(z,t,u(z,t),€) —a(z, t,u(z,t),€)) (e —e€) = 0.
In view of (2.12) we have* = e. The uniqueness of the cluster point implies

Vu,(z,t) — Vu(z,t) a.e.in Q.

N

Since the sequencéz, t, u,,, Vu,) is bounded inH LY (Q,w}) and
i=1
a(z,t, u,, Vu,) — a(z,t,u, Vu) a.e. inQ Lemmd 3.9 implies

N
a(x,t,u,, Vu,) = a(z,t,u, Vu) in HLP/(Q,w;‘) and a.e. inQ.

i=1

We sety,, = a(x,t, u,, Vu,)Vu, andy = a(x,t,u, Vu)Vu. As in the proof of Lemma 5 in
[6] we can writey,, — 7 in L'(Q). By (2.13), we have

N
du,
o> w5 < alw, g, V) Vg,
=1

8.’171'
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N N
8un Ju Un 7l
Letz, = i|=—1P, z = il=—V, y. = = andy = £. Then, by Fatou’s Lemma we
o= Dol 2 = SSw s = % andy = £ Then, by
obtain
/ 2y dxdt < lim inf [ y+y, — |z, — 2| dxdt,

Q e Q

i.e.
0< lim sup | |z, — 2| dzdt,
n—oo Q
hence,
0 < lim inf/ |zn — 2| dedt < lim sup/ |2p — 2| dzdt < 0.
n—oo Q n—oo Q

This implies

N
Vu, — Vu in [ L7(Q,w:),
=1
which with (2.4) completes the present propf.

Now we recall the well-known general Sobolev embedding theorems for evolution equations
(se€el19]).

Lemma 3.11.[19]LetV C H C V* be an evolution triple. Then the embedding
W(0.T.V, H) C C((0.T)), H)
is continuous .

Lemma 3.12.[19] Let 7,,Y, Z, be real reflexive Banach space. Assume that the embedding
7y CY C Z, are continuous, and the embeddiAdg C Y is compact) < T < co,1 < p,q <
oo. ThenW = {u € LP(0,T, Z,) : v’ € L0, T, Z5)} equipped with the norm

[ullw = l[ullzror,20) + W 200,7,22)
is a Banach space and the embeddi#igC L?(0,7,Y") is compact.
Definition 3.1. A monotone maf’ : D(T) — X* is called maximal monotone if its graph
G(T)={(u,T(u)) € X x X*forallu € D(T)}
IS not a proper subset of any monotone seXix X*.
Let us consider the operatgf which induces a linear map from the subset
D(L)={ve X:v e X* v(0)=0}of X into X* by
T
(3.8) (Lu,v)x = / (W' (t),v(t))y dt we D(L), veX.
0

Lemma 3.13.[19] L is a closed linear maximal monotone map.

In our study we deal with mappings of the fodh= L + .S whereL is a given linear densely
defined maximal monotone map from(L) C X to X* andS is a bounded demicontinuous
map of monotone type fromX to X*.

Definition 3.2. A mappings is called pseudo-monotone with respect20L), if for any se-
quence{u,} in D(L) with u,, — v and Lu,, — Lu and lim sup(S(u,),u, — u) < 0, we have

lim (S(uy), u, —u) = 0andS(u,) — S(u) asn — .
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Consider the following non linear parabolic problem
% + A(u) + g(z,t,u,Vu) = f in Q
(P):< u(z,t)=0 on 09 x (0,7)
u(z,0) = up(x) in €,
whereu is a given function inL?(Q, o).

Definition 3.3. A functionu is said to be a weak solution of the initial-boundary value problem
(P)if ue C([0,T), H) N LP(0,T,V), 2« € L¥(0,T, V*) andu satisfies the equation,
%+Au+G(u) =f 0<t<T u0)=u,

where the operatad + G : X — X* is defined by:

«A+mwm»=/

Q

3.3. The approximate problem .
We consider the sequence of approximate equations,

(P,) : % + A(ug) + gn(z, t,up, Vu,) = f
u,(0) = Ug

a(z,t,u, Vu)Vo dz dt + / g(z,t,u, Vu)v dz dt.
Q

)

where ( 6
g x? t? 87
gn(x7tvs7£) = 1
1+ E|g(l',t, S7£)|
Note that(2, is a sequence of compacts covering the bounded open aatl x, denotes a
characteristic function adDmega,,.

Xa,, Uy € Wol’p(Q,w).

Recall thaty, (z, ¢, s, £) satisfies the following conditions
gn(2:1,5,8).8 20, |gn(z,t,5,8)| < g(x,t,5,€) and |gn(z,t,5,8)| < n.

We define the operata@r,, : X — X* by (G, u,v) = / gn(z,t,u, Vu)v dz dt.
Q

Remark 3.3. Note that in the remainder of this section we will consider the approximate
problem(P,) with ug = 0, without losing the generalities, sinceudf # 0, we will change
a(x,t,u, Vu) bya(z,t,u, Vu) = a(x, t, u+uy, Vu+Vug) andg(z, t,u, Vu) by g(x, t, u, Vu) =
g<x7t7u+u07vu+u0) .

Lemma 3.14. The operatord + G,, : X — X*is:
a) bounded and demicontinuous
b) pseudo-monotone with respect/ig L)
c) strongly coercive, i.e.,
((A+Gp)(u), u)x

lullx

— +00, as ||lullx — +oc.

Proof.

a) We setB,, = A + G,. Using (2.11) and Holder’s inequality we can show thatis
bounded. Thanks of Hélder’s inequality, for alk X and allv € X we have

(3.9) \AMm%wmmws&Maquw@

AJMAA Vol. 5, No. 2, Art. 13, pp. 1-25, 2008 AJMAA


http://ajmaa.org

STRONGLY NONLINEAR VARIATIONAL PARABOLIC PROBLEMS 13

ThenB,, is bounded.
In order to show tha3,, is demicontinuous, let. — v in X ase — 0, and prove
that,
(B (ve), p) — (Bn(v), ) forall ¢ € X.
Since,a;(z, t, v, Vv.) — a;(z,t,v, Vv) ase — 0, for a.e.z € (2, then by the growth

conditions(2.11]) and Lemma 3]9 we get

a;(x,t,ve, Vo) = a;(x,t,v, Vo) in LPI(Q,w-lfpl) ase — 0.

Finally for all p € X,
<A(Ue)7 90> - <A(U)a 90> ase— 0.

On the other handy,(z,t,v., Vv.) — gn(x,t,v,Vv) ase — 0 for a.e. (x,t) inQ.
Also g, (z,t, v, Vv,). is bounded inl? (Q, o' 7' in fact,

/ |gn(, t, 00, VO [P 077 da dt < (n)plT/ o dx < e,
Q Qn
Then, Lemma 3]9 gives
gn (2,1, 0, Vo) = gp(x,t,v, Vo) in LPI(Q,JI*p/) ase — 0.
Sincey € L*(Q,0), forall o € X we have
(Gp(ve), py — (Gp(v), ) ase — 0.
b) Suppose thaftu;} is any sequence (L) with
i) u; — uweakly inX
i) Lu; — Lu weakly in.X™,
iii) limsuplA + Gy, (uj), u; —u)x <O0.

Through the definition of the operatar, defined in(3.8), {u;} is a bounded sequence
in WL(0,7,V, H).
By virtue of Lemmd 3.12, we get,
u; — u strongly in LP(Q, o).
On the other hand,

(Gpuj,u; —u) = / gn(x, t,uj, Vu,)(u; —u) do dt.
Q

Thus Hdolder’s inequality and (i) imply,

1
v

(/Q |gal” ot d dt) |uj — ullzr(Q,0)

< Culluj — ullr(@.o),

IN

<Gnuj7 Uj — u>

i.e, (Ghuj,u; —u) — 0asj — oo. Combining the last convergence with (iii), we
obtain
lim sup(Au;, u; —u) < 0.

j—00
Also, by the pseudo-monotonicity of (see Proposition 1, [10]),we have
Auj — Au in X* and lim (Au;,u; —u) = 0.
j—00

Then,
lim (Au; + G (uj), u; — u) = 0.

J—00
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On the other handlim (Au;, u; — u) = 0, which implies that

Jj—00
0 = lim [ a(x,t,uj, Vu;)V(u; —u) de dt

Jj—00 Q

= lim [ [a(z,t,uj, Vuy) — a(z,t,uj, Vu)|[Vu; — Vu| d di

Jj—00 Q

+ lim [ a(z,t, 4, Vu)(Vu; — Vu) dz dt.

The last integral in the right hand tends to zero, since by the continuity of the Nemytskii
N

operatora(z,t,uj, Vu) — a(z,t,u, Vu) in HL”/(Q, wilfp/) asj — +oo.

=1

So,
lim [ [a(x,t,uj, Vu,) — a(z, t,u;, Vu)|[Vu; — Vu] dx dt = 0.
J—00 Q

By Lemmg 3.1ID we have

Vu; — Vu a.e. in@.
Henceg, (z,t,u;, Vu;) — g,(z,t,u, Vu) a.e. in@Q) asj — oo and since
(gn(,t, 15, V)| < nxg, € LY (Q, '),

by Lebesque’s dominated convergence theorem, we obtain

/

gn(xatauhvuj) - gn(xvtaua VU) in Lp,(Qvgl_p

).
Finally,
(A+G,)(uj) = (A+Gyp)(u) in X~
c) The strong coercivity follows fron2.13) and(2.15))

Definition 3.4. A function u is said to be a weak solution for the probldiR,) iff u €
C([0,T], H) n D(L) andu satisfies the evolution equation

(3.10) Lu+ (A+G,)(u) = f.

Theorem 3.15. Assume that the conditiortsl;) — (A3) hold, then the probleri?,) admits a
weak solution for any’ € X*.

Proof. By virtue of Lemmg 3.14, the operater + G, : X — X* is pseudo-monotone with
respecttd) (L), and the operatod + G, satisfies the strong coercivity condition, which implies
that both of the conditions (i) and (ii) in Theorem 4 lof [5] hold. So all the conditions of Theorem
4 in [5] are met. Therefore, there exists a solutigne D(L) of the evolution equatior (3.]10)
for any f € X*. In order to prove that, is also a weak solution of the probleif, ), we have

to show thatu,, € C([0,T], H). By the definition ofD(L) and Lemma 3.11, we obtain

D(L) € W,(0,T,V,H) € C([0,T], H).
This implies that.,, € C([0,T], H). &
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3.4. Existence results of the general problem.

Theorem 3.16.Assume that the conditionsl; )-(A3) hold true. Then the probler?) admits
at least one weak solutiom € D(A) N LP(0, T, W, *(Q,w)) N C([0, T], L*(2, ¢)) such that
g(z,t,u, Vu) € LY(Q), g(z, t,u, Vu)u € L(Q).

Furthermoreu(z, 0) = uy(x) for a.e.z € Q2 and we have

_ / u(?_(p dr dt + [/ u(t)p(t) dx)d +/ a(x,t,u, Vu)V dz dt
Q ot Q Q

+ /g(as,t,u, Vu)p dx dt = (f, )
Q

forall o € LP(0, T, WyP(Q,w)) N L>(Q) N C'([0,T], L*(Q, o)), forany f € X*.

Proof. Step 1: A priori estimates.
First, for all 7 in [0, T'], we choosex,, x|, ,; as test function it 7,), we have

1

B / u? (1) d +/ a(z, t,up, Vu,)Vu, dx dt +/ gn(T, t, Uy, Vg )uy, do dt
Q

T T

= fu, dr dt + c.
Qr

Sinceyg, verifies sign condition, by usin@.13)), for - = 7" we obtain

N
a;/QwA

Pnyp < / fuuy i dt,

ie.,

allunlzooryy < 1l orvallunlleoryy < clluallzeory)-
Then
(311) HunHLP(O,T,V) S ﬁl?

where 3, is some positive constant. Then and (2.11)) we conclude thati(u,) is
N

bounded inZ” (0, 7, V*), and there exists € H L”'(Q, w;), such that

i=1

(3.12) a(z,t, Uy, Vu,) — b in lN_[Lp'(Q, w;),
=1

and,

(3.13) /an(x,t, Up,y Vp )y, dx dt < [y,

where(, is some positive constant.

Moreover,

(3.14) |G (un) 1) < Bs.
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Indeed, 1eQ*" = {(z,t) € Q/ |un(z,t)| < k}. We get by(2.14) and([2.15),

Q

{lun|<k}

{lun|>k}
N

ou 1
< bk =P )| dxdt+ = t dx dt
< <></Q [sz|axi| +l, >] r +k/an<x, i, Vtg )y do

i=1

< B

Finally, denoting u), = (f + diva(x, t, u,, Vu,) + (—Gp(u,)) we observe that
h, = f 4+ diva(z,t,u,, Vu,) is bounded inL? (0, T, V*) andk, = —G,,(u,) is bounded in
L'(Q). Thus we can invoke a result of Lemna]3.8 to conclude fha} is relatively compact
in LY (Q,o), and we can deduee, — uin L (Q,0), andu, — u strongly inL'(Q).
Step 2Basic convergence results
Fix k > 0 and letp(s) = se?’, > 0. Itis well known that wher > (%£)2 one has

b(k)

(3.15) A(s) = 2 1000)) > % forall s € R.
(0%

Letvy; € D(Q) be a sequence which converges stronglydtin L*(Q, o).
Setw!, = (Ti(u)), + e *Ti(¢;) where(Ty(u)), is the mollification with respect to time of

Ty (u) see Sectiop 3]1.
Note thath is a smooth function having the following properties:

2 (wh) = p(Tu(w) — wh), wh(0) = Tu(,), [} < &
wy, — Ti(u) in LP(0,T, Wy (Q,w)) as p — oo ’

using in(P,) the test function:/" = (T} (u,) — w',), we get forr = T,

(ul, 2"+ /Qa(x,t, U, Vi) [V (uy) — V! @' (Ti(un) — w),) dadt

+ / gn (@5t i, Vuy )o(Ti (un) — w;) drdt = (f, p(Ti(u,) — wL)>
Q

which implies sincey,, (z,t, un, Vug)o(Ti(uyn) — w!,) > 0 0n{[u,| > k}:

n»n

(3.16)  (ul, %) + / a1, 4, Vi) [V T () — V) o! (Ti (1) — w},) derdt
Q

{lun|<k}

In the sequel and throughout the paper, we will omit for simplicity to den@tey, ) all
quantities (possibly different) such thalim lim lim €(n, i, 7) = 0” and this will be the order

in which the parameters we use will tend tg infinity, that is, firdheny and finally:. Similarly

we will write only e(n), or ¢(n, u),... to mean that the limits are made only on the specified
parameters.

We will deal with each term of3.16). First of all, observe that

(3.17) (f,o(Ti(un) — wy,)) = €(n, ),
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sinceT}(u,) — w;, = Ti(u) — w;, weakly inL?(0,T,V) asn — oo, andTy(u) — w), — 01in
LP(0,T,V) asp — +o0.
On the one hand, we have,

ou,, w‘)

(Ot ou,,
ot m

¥
o O

- /Q (T (wa))' + (Calun)) o (Ti () — ) dr

(Te(un) — wy,) da di

whereGy(s) = s — Ti(s). Hence

<a;nazﬁ’i> = /Q(Tk(un) — wi))'g@(Tk(un) — wiL) dz dt

+ /Cg(wi)’w(Tk(un) — wz) dz dt

[ Gl olTitun) = ) d
Q
= Il + .[2 + I3.

Setting®(s) = / ©(r) dr, itis easy to see that, sindgs) > 0
0

L = /Q [ /O O (D) = ) () = Y dt} do

— | [ oo - wie ac]

0
and

L o> / (Th(1n)(0) = w},(0)) da
_ _/QcD(Tk(uo)—Tk(%)) ds

— 0 ast — o
and I; > ¢(i).

About I, we have, sincew;,)’ = (T (u,) — w},)

I, = ,u/Q(Tk(u) —w;)o(Ti(up) — w),) da dt
= pu /Q[(Tk(U) = Ti(un)) + (Ti(un) — w,)(Ti(un) — wy,)] do dt
sincey(s)s > 0, then
B2 1 [ (Tafw) = Tu(wn)Jo(Tu(w) = w}) do df
Q

— 0 asn — +o0o

hence
IQ Z 6(71)
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Through integration, fof; we have,

I; = —/ Gre(tn) @' (Tio(un) — w),)(Ti(un) — w),) da dt
Q

T

+ [/Q G (un)o(Ti(uy) — w') dx]

0

since(Ty(uy))" = 0 on{|u,| > k} andGy(u,) = 0 on{|u,| < k}. Since

[ [ Gttt = ) dm} > — [ Guluo)eTitu) ~ T,) da
Q 0 Q
we have
3 > G () (Th(uy,) — w' ) (W) dx d
bz [ Guln)g (Tulm) —w))(wl) de b
- / G (o) p(Ti(uo) — Ty(1)) da
~ /Q Gt} @' (T () — w3 )(Te(ue) — ') d: dt
- / Gie(uo)p(Ti (o) — Ti(y)) da
o /Q G0 (T () — ) (Ti () — ') dr dt
—/QGk(uo)go(Tk(uo) —Tx(¥,;)) dz asn — o
> —/ Gr(uo)o(Tx(ug) — Ti(;)) de — 0 asi — oo
Q

where we have used (recall’ | < k)

/QGIC(U)WI(TI@(U) - w;)(Tk(u) — wz) dx dt
= [ = B =)
+/ (u+ k) (—k —w)(—k — w!,) dz dt >0
{u<—k}

we deduce then that

I3 > €(n,i).
Combining these estimates, we get
Juy, ; ,
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On the other hand, splitting the second term of the left hand sid& o) where|u,,| < & and
lun| > k, we can write

(3.19) / a(@,t, Un, V) [VTk(un) — Vi 1@ (T (uy) — w),) da dt
Q
> / a(@,t, Te(un), VIk(tn) (VT (un) — V)@ (T (up) — w),) da dt
{lun|<k}

—C’k/ |a(x,t, tn, V)|V, | da dt
{lun|>k}
= Jl - ijg

whereCy, = ¢'(2k).
Now observe that

(3.20)J; = /Q[a(af,t,Tk(un),VTk(un)) —a(z,t, Tp(uy), VTi(u))]
X (VT (up) = VT (w)lg' (Ti(un) — wl,)) da dt

+ /Qa(ac,t,Tk(un), VT (un)) [VTk (1) — Vw, @' (Ti(un) — wy,)) da dt
+ /Qa(as,t,Tk(un), VT (u) [V Tk (un) — VT ()] (T (un) — wy,)) da dt

by the continuity of the Nymetskii operator, we have foria# 1,...., N
ai(x,t, T (un), VTir(1) ' (Ti(un) — w},) — ai(x,t, Tr(u), VTi(u))@'(Ti(u) — wj,) strongly in

I
L7(Q,w; ") and since”kn) . 2Te() \yeakly in L(Q, w;), the third term of the right hand

ox T;

side of (3.20) tends to O as — oo.
Thanks to(3.12) the second term of the right hand side(®f20)) tends to

/Qhk [VTi(u) — V] (Ti(u) — w!,) da dt

SO that,/ hi[VTie(u) — V] (T (u) — w;,) do dt — 0 asp — oo

Q
then we have,

J = /Q[a(x, t, Tie(un), VIi(uy)) — a(z, t, T (uy,), VIi(u))]
X[V (un) = V()] (Ti(un) — w),) da dt + €(n, 1)

and
J = / a2, b,y V) [V | (¢ (T () — ) i dit
{lunl >k}
— / hVw @' (T (u) — w],) X gujsry dz dt @S n — oo
Q

— / AN T (w) €' (0)X fjujsky do dt =0 a@s p — oo.
Q
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Therefore(3.19) yields
(321) /Qa’(xa Ly Un, vun)[VTk(un) - VU)L]QO/(T;C(UH) - UJL) dx dt

> [ fale . Tin). V() = ala,t, Tiun). Vi)
Q
X[VTi(un) = VTi(u)]@' (Ti(upn) — w!,) dx dt 4 e(n, p).
For the third term of the left hand side

(3.22) [ ot Vun)elTutun) — ) d
{lun|<k}

N

< b(k) /Q (o) + 3w

=1

(9Tk (Un) p
8.%‘2'

)o(Th(un) — wl,)| da dt

< b(k) /Q ()T (1) — wl)| d dt

(67

+bE) /Q (a(x, t, T (un), VI3 (un)) | o(Ti () — wi)| da dt
sincec(z, t) belongs tol.}(Q). Furthermore,

(3.23) b(k) /Q (o, 1) (T () — w')] i dt = e(m, 1),

On the other hand, note that

324y M) /Q a2, 1, T(tn), VT (1) o0(Tiltt) — )| der dt

= —/Q[a(x,t,Tk(un),VTk(un))—a(x,t,Tk(un),VTk(u))]

X[V (un) = VT (w)]lo(Te(un) — w),)| da dt

"‘@/QCL($,t,Tk;(Un)aVTk(Un))VTk(U))hO(Tk(un) — wi)| dr dt
+@/Qa($,t,Tk(Un),VTk(U))[VTk(Un) — VTi(w)]|o(Th (1) — wZ)| de dt

By Lebesque’s Theorem, we have

V() p(Ti(un) = w))| = VTi(u)lo(Te(u) —w))| in [ L7(Q,w)).

1=1
Moreover, in view of(3.12)) the second term of the right side tends to

o /Q WV T () (T () — )| de dt,

the third term of the right hand side tends ta) since foralli = 1,...., N
a;(x,t, Tp(uy), VI (uw)o(Ti(u,) — wL) — ai(z,t, Tp(u), VI(u))p(Ti(u) — wL)
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strongly inL? (Q, w; '), while

(T (un))  O(Tk(w))

From (3.22), (3.23) and(3.24)), we obtain

weakly in LP(Q, w;).

(3.25) / gn(x, t, Up, Vu,)o(Tk(uy,) — w:L) dx dt
{lun|<k}

b(k)

7/@[@(%t,Tk(un),VTk(Un)) —a(z,t, T (uy), VTi(u))]

X[V (un) = VTi(w)]|o(Te(un) — wi)| da dt + e(n, ).
By combining(3.16)), (3.17)), (3.18)), (3.21)) and(3.25]) we get

/Q[a(:p,t, Ti(un), VIi(uy)) — alz, t, Ty(u,), VI (u)][VTi(u,) — VT (u)]
X[/ (T (un) = wi,) = 2 [op(Tie(wn) — wi)|] da dt < €(n, p, i)
and so, becaus8.15)
/Q[a(x, t, Te(un), VIp(uy)) — a(z, t, T (un), VIp(u)][VTk(u,) — VIg(u)] do dt
< 2¢(n, p, 1)
and by passing to the limit sup overwe get

0
< lim sup [ [a(z,t, Te(un), VTi(uy,))

n—oo Q

—a(x,t, Tp(un), VI ()] [V (un) — VIi(u)] dx dt
< lim 2e(n, p, 0)

in which we let successively — oo and i — oo to obtain

(3.26) /[a(x,t, Ty (un), VIi(uy)) — a(z, t, T (uy), VIi(u))]
(3.27) X [VQTk(un) — VTi(u)] dx dt — 0
asn — oo
which implies that by using Lemnja 3]10
(3.28) Tis(un) — Ti(u) strongly in LP(0, T, Wy (Q,w)) Yk > 0

an thus, there exists a subsequence also denoteg fiych that
(3.29) Vu, — Vu a.e.in Q.
We then deduce that, for all > 0 a(z,t, Ty(u,), VIk(u,)) — a(x,t, Te(u), VIi(u)) and

N
a(x,t, uy, Vu,) — a(z,t,u, Vu) weakly inH L7 (Q,w;).

=1
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Step 3: Equi-integrability of the nonlinearities
Sinceg, verifies the sign condition, then we deduce,

0< /an(x,t,un, Vup)u, de dt < -.
For any measurable subgéof ) and anym > 0, we have
/ |gn (2, t, U, Vuy,)| do dt
E
= / |gn (2, t, Up, Vuy,)| dz dt
ENX7,

ENYR

where
X! ={(x,t) € [0,T] x Q, |uy(z,t)] < m},

m

and
Y = {(z.t) € Q,|un(z,t)| > m}.
From these expressions,

/ \gn (2, t, U, Vuy,)| de dt < / |gn (2, t, T (un), VT (uy,))| do dt
B BNX,

1
+ —/gn(x,t,un,Vun)un dx dt
m.Jq

N

< b(m)/E(Zwi|aTg—$n)|p+/Ec(x,t)) dx dt+7%.

i=1

Since the sequend#,, (u,,)) converge strongly and the fact that:, t) € L'(Q),
there exist$ > 0 such that

\E\<9:>/ |gn (2, t, un, Vu,)| de dt <e ¥V n.
E

This shows that, (z, ¢, u,, Vu,) is uniformly equi-integrable i) as required.
Step 4: Passage to the limit.
Considering the approximate probléifi,) one has:

—/ unaﬁ dz dt +/ a(x,t, u,, Vu,)Ve dx dt + / n(z,t, Uy, Vuy, ) dx dt = (f, )
Q Ot Q Q

for all ¢ € D(Q), in which, we can easily pass to the limitas— oo, to get

(3.30) — / ug—f dz dt +/ a(z,t,u, Vu)V dx dt + / g(z,t,u, Vu)p dx dt = (f, ).
Q Q Q

Let now(y € C([0, 71, L*(2,0)) N L=(Q) N LP(0, T, Wy (2, w)),
N
there existyy;) C D(Q) such thatp;, — ¢ in HLP(Q,wZ-) and weak inL>(Q). Taking

i=1
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¢ = ¢, in (3.30), and lettingj — oo, yields
D T
—/ — dx dt + [/ u(t)p(t) dx] +/ a(x,t,u, Vu)V dz dt
+ / 9@, t,u, Vu)p dx dt = (f,¢)
Q

forall o € LP(0, T, Wy *(Q,w)) N L>2(Q) N C([0,T], L*(, o).
Step 5: Show thatu € C'([0, T, H).
As in [13], we have for allb € D(Q), by letting¢(z, t) = ¢(z) € D(Q)

(W 6) + /Q o, 1w, Vin) VP da di + /Q oot V) da

= /Qfg?> dz dt.

This implies (see! [13]), thatu,(t)) is weakly convergent irff for all ¢ and also that(t) is
weakly continuous irf.
Let noww);* = (Ty(u)), — e *Ti(1;). On the one hand, we have for everg [0, T

(3.31) ((wf;k)’, Up, — wfjk>QT — ,u/ (T (u) — wzk)(u — wzk) dr dt >0 asn — oo.
On the other hand, by using,, — w};*) as test function it P,), we can write,

m

<u;mun - w;k> = <fa Un — wzkz> + / CL(ZL’,t, Un, vun)v(wZ - un) dx dt

T

in which we can use Fatou’s Lemma and Lebesgue theorem to pass to the limit sup first over
andy, k, to get

(3.32) (), — o, < e(n, p, k).

7

Therefore, by writing

S llualr) = wOE = (u, = (W), —wi*)o, + Slluo = Te() I
= <u 7un - wz k)QT <(w;£k)/7 un - w;;k>QT
1
+ 5”“0_Tk( z)HH

and observing

1 . 1
0. 5llu(r) — wi* (D)l = Tm S llun(r) — w0

we deduce that, in view of (3.B1) arid (3.32),
Ju(T) — wi*(7)|I} < €e(, k,4) not depending om € [0, T.
Implying thatw’;* is a Cauchy sequenced([0, T], H) converging ta; and thus: € C([0,T], H). u
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4. EXAMPLE

Let 2 be a bounded domain &~ (N > 1), satisfying the cone condition. Let us consider
the Carathéodory functions:

ai(x,t,s,e) = wi|e,-|p_1sgr(ei) for ¢ = 1, ,N

N
g(x,t,s,e):ps|s|’"2wi|ei|p, p>0, r>0
i=1

wherew;(x) (i = 0,1, ..., N) are given weight functions, strictly positive almost everywhere in
Q). We shall assume that the weight functions satisfyz) = w(z),z € Q, foralli =0, ..., N.
Then, we can consider the Hardy inequalfy)) in the from,

(/Q lu(z, t)[Po(x) da dt)i <e (/Q Vol o dt>; |

It is easy to show that the functions(z,t, s,¢) are Carathéodory functions satisfying the
growth condition(2.11]) and the coercivity]2.12)). Also the Carathéodory functiog(x, ¢, s, €)
satisfies the condition2.14) and (2.15). On the other hand, the monotonicity condition is
satisfied, in fact,

N
Z((li(l‘, t? S, 6) - (li(l‘, t? S, é))(el - él)
=1
N
=w(x) Y (le;P"'sgre; — 6" sgre) (e; — &) > 0
i=1
for almost all(z,t) € @ and for alle, ¢ € RN with € # ¢, sincew > 0 a.e. inQ. In particular, let
us use the special weight functionsando expressed in terms of the distance to the boundary
o). Denoted(z) = dist(z, 02) and set
w(r) = d*(x), o(x) =d'(x).

In this case, the Hardy inequality reads

(/Q u(z, t)|Pd" () dz dt)’l’ - (c/Q!VU(x,t)WdA(Q;) de dt)

— A
r<p—1, B2 1.
p

P

For

(See for example [10])

Remark 4.1. The last condition is sufficient for the hypothesds) — (A3) are satisfied, there-
fore the problen{P) has at least one weak solution.
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