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ABSTRACT. This paper is mainly concerned with the following fractional differential inclusions
with boundary condition
{ § DYy () € F(ty (1) +G(ty (). teJ:=[0,1],5 € (1,2),
y(0)=a,y(1) =p,a,8#0.
A sufficient condition is established for the existence of solutions of the above problem by using
a fixed point theorem for multivalued maps due to Dhage. Our result is proved under the mixed
generalized Lipschitz and Carathéodory conditions.
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2 YONG-KulI CHANG

1. INTRODUCTION

Recently, great attention has been paid to the existence results for fractional differential equa-
tion due to its wide applications in engineering, economics and other fields, see for instance
[1,5,06,7,8/ 12, 13, 14, 15, 18,119,120, 21| 22,23, 24] and references therein. In particular,
Zhang [24] studied the existence of solutions for equation

SDu(t) = g(tu(t),teJ:=10,1],6 € (1,2),
u(0) = au(l)=p50a3#0

by using Schauder fixed point theorem, whgi®?’y (t) denotes the Caputo’s derivative,:
J x R — R is a continuous functian

On the other hand, realistic problems arising from economics, optimal control and so on can
be modeled as differential inclusions, so differential inclusions are widely investigated by many
authors, see [3/4] 9, 10] and references therein.

Motivated by [3] 4} 13, 15, 24], in this paper, we shall consider the existence of solutions for
the following perturbed fractional differential inclusions with boundary conditions

(1.1) SDMy(t) € F(ty@)+G(ty(t),teJ:=[0,1],0¢€(1,2),
(1.2) y(0) = a,y(l)=pap8#0,

where§ D?y (t) is the Caputo’s derivativel’, G : J x R — 2%\{()} are multivalued maps.

A sufficient condition is established for the existence results of the above problem by using a
recent fixed point theorem due to Dhagel[11]. Our result is proved under the mixed generalized
Lipschitz and Carathéodory conditions.

2. PRELIMINARIES

In this section, we shall introduce some basic definitions, notations and lemmas which are
used throughout this paper.

Let C(J) denote a Banach space of continuous functions fyanto R with the norm||y|| =
supye {|y (1)}

Let L'(J,R) be the Banach space of functions ./ — R which are Lebesgue integrable and
normed by

1
lollos = [ lo(0)lde, orally & (1)
0

Let (X, |-|) be a Banach space. Then a multivalued rfap X — 2% is convex (closed)
valued if ©(z) is convex (closed) for alk € X. © is bounded on bounded setsdiB) =
U.ep© () is bounded inX for any bounded sé of X (i.e. sup,g{sup{|y| : y € O(x)}} < >

).

O is called upper semicontinuous (u.s.c.) &nif for eachz, € X, the setO (zy) is a
nonempty closed subset af, and if for each open sé of X containing® (x,) , there exists
an open neighborhoalt” of z, such tha® (N) C B.

O is said to be completely continuousdfB) is relatively compact for every bounded subset
B of X.

If the multivalued ma® is completely continuous with nonempty compact values, e
u.s.c. if and only if© has a closed graph, i.e.,

Tp = Ty Y = Ysy Y € O () iMPly y € O (z).

Let P, (X)andP,, ., (X)denote respectively the classes of all bounded-closed and compact-
convex subsets oX. Similarly, P,.. (X) denotes the classes of all bounded, closed and convex
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subsets oX. Forr € X andY, Z € P, (X),wedenoteby) (z,Y) =inf {||jz —y|| : y € Y},
andp (Y7 Z) = SUPgey D (CL, Z) :
Define the functiord : P, , (X) x P, (X) — R, by

H(Y,Z)=max{p(Y,2),p(Z,Y)}.

The functionX is called a Hausdorff metric ofy, ., (X) .
O has a fixed point if there is ane X such thatr € © (x). For more details on multivalued
maps see the books of Deimlirid [9] and Hu and Papageordious [16].

Definition 2.1. [10] © : X — P, (X) be a multi-valued map. Thed is called a multi-valued
contraction if there exists a constant (0, 1) such that for each, y € X, we have

H(©(x),0(y)) < klr -yl
The constank is called a contraction constant &t

Definition 2.2. [24] Caputo’s derivative for a functiofi : [0, c0) — R can be written as

C s _ 1 ‘ fn(t)
ODxf(:E)—F(n_S)/O (x_t)s+1_ndt,n—1<s<n,

wherel" is the gamma function.

Definition 2.3. [18] The Riemann-Liouville fractional integral of orderfor a function f is
defined as

sy L [ff@)
If(x)—r(s)/o (:E—t)liSdt7$>O’S>0

provided the right side is pointwise defined @noo).

From the above definitions, we can see that

C s . 1 ‘ fn() _ Tn—s T
TP @) = prmy ) gt = ).

(
Definition 2.4. [13,[24] A functiony € C(J) is said to be a solution of (1.1)-(1.2) if there
existsf,g € L'(J,R) such thatf(t) € F(t,y(t)),g(t) € G (t,y(t)) and

y(t) = a+(ﬁ—a)t+ﬁ/o(t—S)‘Hf(S)ds

4 ! 51
m/o (1—-5)""" f(s)ds
1

—i—w/o (t—39)"""g(s)ds

t ! .
_m/o (1—25)"""g(s)ds.

The following properties are well known (see[1/ 5] 18, 24]).

Lemma 2.1. Lete, € be two positive real numbers, then
(i) Ic: LY(J,R) — LY(J,R).
(i) II°f (2) = I f (), f € LM R).
(i) ime, I°f (z) =1"f(z),n=1,2,-- =I5
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Let us list the following hypotheses:
(HL) F: JxR — Py (R);(t,y) — F (t,y) is measurable with respecttdor eachy € R,
u.s.c. with respect tg for a.e.t € J, and for each fixeg € R the set

Spy:={f €L (JR): f(t) € F(ty) foraete J}

iS nonempty.
(H2) There exists a Carathédory functign: J x R, — R, which is nondecreasing with
respect to its second argument such that

|E(t,y)|| :=sup{|v| : v(t) € F(t,y)} < Q(t,|y|) fora.e.t € Jandy € R.

(H3) The multi-valued mag — G (t,y) is measurable for each € R and integrally
bounded, i.e. there exists a functidh € L! (J, R, ) such that

|G (t,y)]| :=sup{|g| : g(t) € G (t,y)} < M (t) fora.e.t € Jandy € R.
(H4) G : J x R — Py (R) and there exists a functidne L' (J,R) such that
H(G(tx),G(ty) <l(t)|zr—yl,te]
for all z,y € R with

2
—_— 1 < 1.

(H5) There exists a real number> 0 such that

r

> 1.
1
ol + 18 = ol + &5 [ J; Q(t,r)dt + M|

Remark 2.1. It is known from Hu and Papageorgiou [16] thatifis integrablly bounded, then
the setS¢,, = {9 € L*(J,R) : g(t) € G(t,y)} of all integrable selections df is closed and
nonempty.

The following lemmas are of great importance in the proof of our main results.

Lemma 2.2. [11] Let B (0,7) and B [0, r] denote respectively the open and closed balls in a
Banach spacé& centered at origin and of radiusand letA : £ — P,..(E)andB : B|0,r] —
P., ., (E) be two multi-valued operators satisfying:

(i) A is a multi-valued contraction, and

(i) B is upper semicontinuous and completely continuous.
Then either

(a) the operator inclusior € A(z) + B(x) has a solution inB [0, 7], or

(b) there exists a € E with ||u|| = r such that\u € A(u) + B(u) for some\ > 1.

Lemma 2.3.[17] LetI be a compact real interval. L&t be a multivalued map satisfying (H1)
and letf be alinear continuous from! (I, R) — C'(I), then the operator

FOSF:C(I)—)Pbcc(C(I))vy’_)(FOSF)(y):F(SF,y)v

is a closed graph operator i@ (1) x C (I).
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3. EXISTENCE RESULTS

In this section, we shall present and prove our main result.
In view of Ref. [24], ify € C'(J) is a solution of the problem (1.1)-(1.2), themsatisfies the
following inclusions

y(t) € a—i—(ﬁ—a)t—i—ﬁ/o(t—s)d_lF(s,y(s))ds

t [ _
5 | 0= PG as
I (9)
t ! 51
—m/ (1—39)"""G(s,y(s))ds,t € J.
0
Now we define the multivalued mapsand B as follows

Aly) = {hEC(J):h(t):L/O (t—s) " g(s)ds

I (o)
(3.1) —%5) /01 (1—5)"g(s)ds,g € Sa,y} :
B(y) = {z e C(J): 2(t) :a—l—(ﬁ—a)t—i—ﬁ/ot(t—s)é1f(s)ds
(3.2) —ﬁ / s (s)ds. S € SF}

We shall prove that the operatadsand B satisfy all the conditions of Lemma {refl2.2.

Lemma 3.1. Assume that (H3)-(H4) hold. Then the operatbdefined by[(3]1) has bounded,
closed and convex values 6f{.J).

Proof. From Remark 2]1 and condition (H3), the operatonas closed values. Next we show
that A has convex and bounded values.

Step 1. A has convex values.

In fact, if by, hy belong toA(y), then there exisgy, g» € S, such that, for eache J, we
have

ha(t) :%5)/0 (t— s g (s)ds—ﬁ/ﬁ (1= ) g (s)ds,i = 1,2.

Let0 < A < 1. Then, for each € .J, we have

My 4 (1= A) hal (t)
_ ﬁ / (t— )" [Agu () + (1= A) g2 ()] ds

t ! 5—1
5 L =9 B+ =N (s
SinceSg, is convex (becaus@ has convex values), we obtai; + (1 — A) hy € A (y).
Step 2. A is bounded on bounded sets©f./).
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LetB, = {y € C(J) : ||ly|l < ¢} be abounded setifi(./). Now, for eachy € B,, h € A(y),
there exists a functiop € S¢; ,, such that for eache J,

h(t) = ﬁ/o (=) g(s) ds—ﬁ/{) (1= g(s)ds.
Then, by (H3) we have

2 1
h(t g—/ M(t)dt.
o) < 55 [ M
Thus, for eacth € A(B,), we get

Al < % / M(t)dt.

i.e. A is bounded on bounded sets@f.J). n

Lemma 3.2. Suppose that (H3)and (H4) are satisfied. Then the operator defingd by (3.1) is a
contraction operator.

Proof. Lety,y € C(J) andh € A(y). Then there exists a functione S, such that for each

ted, )

1 t —-1 t -1
h(t) = W/o (t—s)"""g(s)ds — W/o (1—25)""g(s)ds.
From (H4) it follows that
H(G(t,y), G(t, 7)) < 1({B)|y(t) —y(b)].
Hence there exists a functiem € G(t,y) such that
|9(t) —w(t)] < 1@B)|y(t) —F(2)].

Consider the operatdr(t) = Sz N W (t), where

W(t) = {w:]g(t) —wt)| < 1B)|y(t) —y@)]} -

Since the multivalued operatdf(¢) is measurable (sek![2, Proposition Ill. 4 ]), there exists a
measurable selection functigit) for U. Thus,g(t) € G(¢,7) and

l9(t) = g(®)] < 1()[y(t) — ()]

E(t):ﬁ/o (t— )15 (s) ds—ﬁ/o (1— )15 (s) ds.

It follows thath € A(7) and

Define

IN

IN

IN

IN

o) 12l lly = wll-
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Then 5
h—hl| < —=|lll1]|ly —7ll.

From this and the analogous inequality obtained by interchanging the rojesaly, we get

H (A(y), A®)) < % Vil ly =7

This shows thatl is a multivalued contraction, sincf%—) |lllx < 1Dby (H4).n

Lemma 3.3. Assume that (H1)-(H2) hold. Then the operator defined by (3.2) is completely
continuous with convex values.

Proof. For the sake of convenience, we break the proof into several steps.

Step 1. B(y) is convex for eacly € C(J).

In fact, if 21, 2, belong toB(y), then there exisf;, f» € Sg, such that, for each € J, we
have

40 = ot (-t [=9 R as

l ! 51 .
_m/o (1—=5)""" fi(s)ds,i=1,2.

Let0 < A < 1. Then, for eacht € J, we have
[Az1 + (1= N) 29 (1)
1 ! 51
= oz—i—(ﬁ—oc)t—l—m/o(t—s) Af1(s)+ (1 =A) fa(s)]ds
3 ! 5-1
I / (1= 5) i () + (1= A) fo (s)] ds.

SinceSy,, is convex (becausg has convex values), we obtain; + (1 — \) 2, € B (y) .
Step 2. B is bounded on bounded sets@f.]).
Let B, = {y € C(J) : ||ly|l < ¢} be abounded setifi(./). Now, for eachy € B,, z € B(y),
there exists a functiofi € Sg,, such that for eache J,

2(t) = a+(ﬁ—a)t+ﬁ/o(t—s)5lf(s)ds

t ! 5-1
5 | = s
Then, by (H2) we have

2 1
0 < ol +18=al+ 7 [ @ luo)a
2 1
< Jol+18-al+ 7 p JR
Thus, for eachr € B(B,), we get

2 1
21 < lol +18 ~al + 55 / O(t, q)dt.

i.e. B is bounded on bounded sets©f./).
Step 3. B sends bounded sets into equicontinuous sets(df.
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Lett',t" € J.t' <t"andB, = {y € C(J) : |ly|]| < ¢} be a bounded set (/). If y € B,
andz € B (y), then there exists a functiohe Sg,, such that for eache J we have

L) = a—l—(ﬁ—a)t%—ﬁ/o (t— )1 F(s)ds
t

' 5-1
—m/o (1—=2s)"" f(s)ds.
Thus

|2 (t") — = ()]
[(B—a) (" —t) + I°f (¢") = I°f ()
t” _ t/

! 0—1
vl ISR O

"o gl 1
Bl (=) + - | QUayas

(9) /0
o)
" —t

o=l (' =)+ - | QUayas

i ),

1
—i—m/ﬂ Q (s,q)ds.

The right hand side of the above inequality tends to zero independentlyg a8, ast” — ¢'.

As a consequence of Step 1 to Step 3 together with the Ascoli-Arzela theorem, we can con-
clude thatB is a compact valued map.

Step 4. B has closed graph.

Lety, — v, 2, € B(y,) andz, — z.. We need to show that, € B (y.). The relation
2, € B (z,) means that there exisfs € Sr,,, such that for eache J,

IN

VAN

‘ -

+ — (' — 3)6_1] f(s)ds

! |:(t” _ 8)5—1
(t// S)éflf

=

+

(s)ds

—

IN

(' =5 = (¢ =) Q(s.q) ds

zn (1) = a+(ﬁ—o¢)t+ﬁ/ﬂ(t—s)(s_lfn(s)ds

3 ! 5—1
_m/o (1—29)"" fn(s)ds.

We must show that there exists € Sg,,, such that for eache J,

z. (1) = a+(ﬁ—o¢)t+ﬁ/ﬂ(t—s)(s_lf*(s)ds

t ! 51
_m/o (1—=29)"" fu(s)ds.
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Consider the continuous linear operator
F o L' (JR)—C(J)

1 t §—1 ! 6—1
f’—)Fft:—/t—S fsds——/ 1—s f(s)ds.
(NO =57 | 6= F@ds = | =971 (3)
Clearly,
[(zn () —a = (B —a)t) = (2 () —a = (6 —a)t)]| = 0, asn — oo.
From Lemma 23 it follows that o Sg is a closed graph operator. Moreover, we have
Zn(t) —a— (B—a)t € F (Spy,) -
Sincey,, — y., Lemmd 2.8 implies that

z*(t)—a—(ﬁ—a)t:ﬁ/o (t—s)alf*(s)ds—ﬁ/o (1= )" £. (s) ds

for somef, € Sg,,.
Therefore,B is a compact multivalued map, u.s.c. with convex closed values.

Theorem 3.4. Suppose that (H1)-(H5) are satisfied. Then the problen] (L.I)-(1.2) admits at
least one solution od.

Proof. Define an open balB(0,r) in C(J), where the real number satisfies the inequality
given in condition (H5). As a consequence of Lemina§ 3.]1-3.3, we can see that the oferator
andB satisfy all the conditions of Lemnfja 2.2. Now, we shall show that the second assertion of
Lemma[2.2 is not true. Let € C(J) be a possible solution ofu € A(u) + B(u) for some

A > 1 with ||u]| = r. Then there exisf,, € Sr, andg, € S¢. such that for each € J we

have

w(t) = %(M(ﬁ—a)wﬁ/o(t—s)“fu(s)ds—%&/o (1= )" £, () ds

+ﬁ/0 (t—s)algu(s))ds—%&/o (1—3)“gu(s)ds).

In view of (H2)-(H3) we obtain
1
lu(t)] < |al+|6— /Qt|u| )dt + (6)/0 M (t)dt

2
< Ml ..
< Jol+18-al+ o [ Q) dt+ 2 ol
Thus we have

2 ! 2
Jull < lo] +18 =l + fi | Qe llul)dt+ o5 1071

Substituting||u|| = r in the above inequality yields

<1,
ol + 16— ol + & (fo (tr)dt+ ] M]),,)

which contradicts (H5). As a result, the conclusion of (b) in Lemimé 2.2 does not hold. Conse-
quently, the conclusion of (a) in LemraR.2 implies that the probfen ([L.1)-(1.2) has at least one
solution onJ. This ends of the proofy
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LetG = 0, then the problen (1] 1)-(1.2) reduces to the following differential inclusions which
was considered in [5]
(3.3) SDMy(t) € F(ty@),teJ:=][0,1],6¢€(1,2),
(3.4) y(0) = a,y(1)=5,a8#0.
Now from Theorenj 3]4, we can obtain the following corollary.

Corollary 3.5. Assume that (H1)-(H2) hold. Suppose further that if there exists a real number

r > 0 such that .

— > 1
ol + 18 — ol + 7 Jo Q(t,7)dt
Then the problenij (3.3)-(3.4) has at least one solutiory on

Remark 3.1. Let F (t,y) = {f (t,y)} in the problem[(33)F(3]4), wherg: / xR — Risa
continuous function. Then Corollary 3.5 gives a new sufficient condition for the corresponding
single-valued problem in [24]. And also this corollary presents a new existence theorem for the
problem discussed in|[5]
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