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ABSTRACT. We consider the invariant subspace problem for linear relations on Hilbert spaces
with the aim of promoting interest in the problem as viewed from the theory of linear rela-
tions. We present an equivalence between the single valued and multivalued invariant subspace
problems and give some new theorems pertaining to the invariant subspace problem for linear
relations on a Hilbert space.

Key words and phrased.inear relations, Multivalued linear operators, Invariant subspace problem, Invariance, Weak-
invariance.

2000Mathematics Subject Classificat/orPrimary 47A06, 47A15.

ISSN (electronic): 1449-5910
(© 2008 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto: Daniel Grixti-Cheng <D.Grixti@ms.unimelb.edu.au>
http://www.ams.org/msc/
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1. INTRODUCTION

In the single valued theory, the invariant subspace problem is posed as the simple question:
‘Does everyl’ € 5 (X) have a nontrivial invariant subspace?’ Although this problem is simply
stated, it has proved to be extraordinarily rich and difficult to resolve. In 1976, it was announced
by P. Enflo that he had obtained a counterexample showing that there exists a bounded linear
operator on a Banach spa&efor which there is no nontrivial invariant subspace. This coun-
terexample was eventually published in 1987 in [2]. Following Enflo’s insight, C. J. Read con-
structed some shorter and easier to follow counterexamples published (curiously before Enflo’s
paper) in[[6], [7] and([8]. These results of Enflo and Read constitute solutions to the invariant
subspace problem on Banach spaces in the negative (a negative result to the invariant subspace
problem in the single valued theory implies a negative result to the invariant subspace problem
in the multivalued theory, given that an operator is also a linear relation). However, the problem
remains open on Hilbert spaces.

In the theory of linear relations, the invariant subspace problem translates to the question:
‘Does everyT € BLR(X) have a nontriviall-weakly-invariant subspace?’ In this paper,
we will concern ourselves with the invariant subspace problem for bounded linear relations on
Hilbert spaces.

2. PRELIMINARIES

We use notation and terminology consistent with that used in [1]. Much of the background to
this paper is also to be found inl [4]. All spac&sY etc. will be assumed to be Hilbert spaces
unless otherwise stated. Following [1]yelation 7" from a setU to a setl is any mapping
having domainD(T'), a nonempty subset df, and taking values 2"\ (the collection of
nonempty subsets df). If U andV are vector spaces over the fidfdthenT is said to be a
linear relationif for all =, z € D (T") and nonzero scalarswe have

Te+Tz=T (x+ z)
aTz =T (ax).

The set of all linear relations fronY to Y will be denoted byL R (X,Y’). As a shorthand we
write LR (X, X) = LR (X).

We call T a bounded linear relatiorif 7' € LR(X,Y), D(T) = X and ||T| < oc.
We will denote the set of all bounded linear relations fromto Y by BLR(X,Y). As a
shorthand, we definBLR (X, X) = BLR(X). We further denote bySLR, (X), the set
{T € BLR(X) : dimT (0) < oo}.

A relation T is calledclosedif its graphG (T') is closed inX x Y. A relation7 is called
openif for every neighbourhood C D (T'), the imagé!l’ (U) is a neighbourhood i (T) (the
range of7).

A single valued linear operatot is called alinear selectionof Tif T = A+ T — T and
D(A)=D(T).

The quotient mappin@r : X — X/m is defined by

Qrr =2z +T(0)

where the image of is acosetin X/T (0).

Definition 2.1. LetT € LR (X). We definedr : X/T (0) — X by
O <:E+ (0)) =&y <u+v+ (O)) =

whereu € T (0) andv € T (0)" such thatr = u + v.
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We have the following theoreml[4, Theorem 2.3].

Theorem 2.1.LetT € LR (X). Then®drQrT : X — X is a single valued linear operator.
Moreover, ifT" is a bounded linear relation, the@Q 7T is a single valued bounded linear
operator onX.

Remark 2.1. The operato®,QT will be an important tool for us in linking single valued
invariant subspace problem with the multivalued invariant subspace problem.

Turning more specifically to invariant subspaces, we have the following definition.

Definition 2.2. [9, Section 1] Forl' € LR (X), a closed linear subspace of X, where
{0} # M # X, is said to bel'-weakly-invariantf, for all z € M, Tx N M # 0.

Remark 2.2. We draw attention to the fact that whé&nis single valued in Definitioh 2|21 -
weakly-invariant is identical t@-invariant. That is to say, for single valued linear operators,
T-weak-invariance is the same Asnvariance.

3. THE STATE OF THE PROBLEM

Exploring the invariant subspace problem in the theory of linear relations serves a twofold
purpose. The first is for it own sake and intrinsic value; the second is that such an exploration
may shed light on the long standing invariant subspace problem in the single valued theory.
For both purposes, it is important to study the nexus between the single valued problem and
the multivalued. We have already seen some results related to the invariant subspace problem
for linear relations inl[4, Theorem 6.6],1[4, Theorem 6.7], [4, Theorem 6.8], and also in [9,
Theorem 6.4]. These results touch the nexus between the invariant subspace problem for linear
relations and the invariant subspace problem for the single valued theory to varying degrees. In
this section we continue to explore the connection between the single valued and multivalued
invariant subspace problems in order to establish an equivalence between the invariant subspace
problem for linear relations and the single valued invariant subspace problem. The following
begins this exploration with the use of the quotient mapping.

Lemma 3.1.[4, Lemma 6.4) et X be a Hilbert space and I&t € BLR (X) be such thaf (0)
is closed. 1f®,Q+T has an invariant subspack/, thenM is aT-weakly-invariant subspace
of X.

Theorem 3.2.Let X be a Hilbert space and léf € BLR (X) be such thaf" (0) is closed. A
closed linear subspac#&/ of X such that\f C T (0)l Is an invariant subspace febQ1 T if
and only if M is T-weakly-invariant.

Proof. By Lemmd 3.1, ifd,-Q, T has an invariant subspagé, thenl/ is T-weakly-invariant.
For the converse, it/ is T-weakly-invariant then for each € M,

Tz N M # (.
Now, Tz = y 4+ T (0) for eachy € Tz. ButX = T (0) & T (0)" (asT (0) is closed). Hence
y = u+ v, whereu € T (0) andv € T (0)". ThereforeTz = v + T (0) and®;Q;Tx = v.
Now, asM C T (0)", we have that
TeNM=@w+T(0)NMC (v+T(0))NT(0)" #0.

But, if z € (v+T(0)) N T (0)" thenz € v+ T (0) andz € T (0)". Hence it follows that
x = v. Therefore we have that

(v+T(0)NM=nwv.
Thus,®rQrTx = v € M for eachrz € M. So,M is an invariant subspace fér-Qr 7. 1
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In Theoren) 3.2, the limitation® (0) closed and\/ C T (0)" are too much for us to obtain
an equivalence between the single valued and multivalued invariant subspace problems. But,
we notice that fof" (0) closed, the mappin@,Q1 is a linear selection of’. So, we look
more generally at linear selections in order to gain greater insight with regard to the connection
between the single valued and multivalued invariant subspace problems. To this end, we have
the following theorem.

Theorem 3.3. M is aT-weakly-invariant subspace if any only if there exists a linear selection
A of T such thatM is an invariant subspace fof.

Proof. Let A be a linear selection df such that)/ is an invariant subspace fer. Then,
Tx = Az + T (0)

for eachr € X. Now, asM is an invariant subspace far we have thatdm € M for each
m € M. Therefore, for eachh € M,

TmNM=(Am+T 0)NM # 0

as0 € T'(0). Thus, if A is a linear selection df’ such that)/ is an invariant subspace fe,
thenM is T-weakly-invariant.
Conversely, IfM is aT-weakly-invariant subspace, then for eack M,

Tz N M # .

Thus, for eachv € M, Tx = m + T (0) for somem € M (by [, Proposition 1.2.8]). Now,
by [1, Proposition 1.5.2], any single valued linear projectimwith domainR (7') and kernel
T (0) determines a linear selectiohof 7" given by

A= PT.
Therefore, for any suck we have that
PTz=P(m+T(0)) =Pm

for eachx € M and somen € M. Now, asM is a subspace, we can choaBesuch that
P(MNR(T)) € M. So, making such a choice we find thatlif is a 7-weakly-invariant
subspace, then there exists a linear selectiea PT of 7' such that)/ is an invariant subspace
for A. n

Remark 3.1. We remark that Theorefn 3.3 is algebraic in its approach. The existence of a
projectionP with domainR (7') and kernell” (0) is guaranteed &5 (0) is always algebraically
complemented ik (7'). The existence of a choice of su¢hso thatP (M N R(T)) C M is
obvious asV/ N R (T') is a subspace ak (7).

From here, we are able to obtain some equivalence between the single valued and multivalued
invariant subspace problems.

Theorem 3.4.Let X be a Hilbert space. Everyt € B (X) has a nontrivial invariant subspace
M if and only if everyl' € BLR (X) such thatT' (0) is closed has a nontrivial -weakly-
invariant subspacev.

Proof. Let us first suppose that every € B (X) has a nontrivial invariant subspadé. We
have, from [[1, Corollary 11.4.6], that every € BLR (X) such that7 (0) is closed has a
continuous linear selection. Létbe any element d8L R (X)) such thaf" (0) is closed. Thef
has a continuous linear selectidn Now, by assumptiond has a nontrivial invariant subspace
M. But, it then follows from Theoren 3.3 that is a nontrivialT-weakly-invariant subspace.
Therefore, if everyd € B (X) has a nontrivial invariant subspaté, then everyl’ € BLR (X)
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such thatl" (0) is closed has a nontrivial-weakly-invariant subspac¥' (corresponding to a
nontrivial invariant subspace associated with a continuous linear selection of

Conversely, if everyl' € BLR (X) such thatT' (0) is closed has a nontrivial'-weakly-
invariant subspac#’, then as3 (X) C BLR (X), itimmediately follows that everyA € B (X)
has a nontrivialA-weakly-invariant subspac¥. Thus, for each: € N,

Ar NN # 0.

But A is single valued and so it follows that for eacke NV, Ax € N. Thus,N is an invariant
subspace foA. Therefore, if everyl’ € BLR (X) such thatl’ (0) is closed has a nontrivial
T-weakly-invariant subspac®’, then everyA € B(X) has a nontrivial invariant subspace
M= N.1n

Theorem 3.4 is a significant statement as it provides a rather important link between the
single valued and multivalued invariant subspace problems. It is a consequence of Theprem 3.4
that the single valued invariant subspace problem can now be solved by using linear relations —
whether this solution comes about by taking a counter-example &b (X') (a much larger
set thanB (X') and so more likely to yield such a counter-example) or by treating the problem
positively and dealing with weakly-invariant subspaces. This latter approach may prove to be
easier to deal with than the exclusively single valued approach of the past as weak-invariance is
a simpler object than invariance.

We are able to restrict the set of @lle BLR (X) such thaf" (0) is closed in order to obtain
less general (possibly more useful) equivalences between the single valued and multivalued
invariant subspace problems. We can do this providedBiiaf) remains a subset of the new
setinBLR (X). We provide one such restriction in the following theorem.

Theorem 3.5.Let X be a Hilbert space. Everyt € B (X) has a nontrivial invariant subspace
M if and only if everyl’ € BLR, (X) has a nontriviall'-weakly-invariant subspac¥'.

Proof. As T € BLR, (X), we have thaf’ (0) is closed. Hence, it follows from Theordm 3.4
that if everyA € B (X) has a nontrivial invariant subspagé, then everyl' € BLR, (X) has
a nontrivial7-weakly-invariant subspacy¥.

Conversely, if everyl” € BLR, (X) has a nontrivial -weakly-invariant subspac¥, then as
B(X) c BLRy (X), itimmediately follows that everyl € B (X) has a nontrivialA-weakly-
invariant subspac#’. Thus, for eaclr € N,

Az NN # 0.

But A is single valued and so it follows that for eache N, Ax € N. Thus,N is an invari-
ant subspace foA. Therefore, if everyl' € BLR, (X) has a nontriviall-weakly-invariant
subspaceV, then everyAd € B (X) has a nontrivial invariant subspagé = N. 1

We note here, that the equivalences obtained in Thedrems 3[4 &and 3.5 do not cover the whole
of the invariant subspace problem in the theory of linear relations. The problem, in the multival-
ued case, takes on its own character and interest when we consider reélasook thatl” (0)
is not closed.

4, THE MULTIVALUED INVARIANT SUBSPACE PROBLEM

In the previous section, we began our study of the invariant subspace problem for linear rela-
tions and have already seen some significant links between this problem and the single valued
invariant subspace problem. In this section, our focus is to draw out some of the richness of the
multivalued invariant subspace problem as distinct from the single valued invariant subspace
problem.
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We begin with the following lemma.

Lemma 4.1. LetT € BLR(X). If there exists a linear selectiod of 7" such that{0} #

R(A) # X, thenM = R (A) is a nontrivial T-weakly-invariant subspace.

Proof. It follows from the axiom of choice that evely ¢ BLR (X) has a linear selection (refer
to [5, p.113] for a complete discussion of this fact). Now, if there exists a linear seletidn

T such that{0} # R(A) # X, then it immediately follows thal/ = R (A) is an invariant
subspace fod. Therefore, by Theorefn 3.3/ is T-weakly-invariant.u

Under the impetus of Lemnja 4.1, we obtain the following theorem.

Theorem 4.2. Let X be a Hilbert space. If" € BLR (X) is both a closed and open linear
relation such thaf” (0) # {0}, then there exists a nontrividl-weakly-invariant subspack/ .

Proof. As " € BLR(X) is both open and closed, we have th&f7") is closed inX ([1,
Exercise 11.5.15]). Hence, aX is a Hilbert space, we have that(7T") is also a Hilbert space.
Furthermore, by([1, Definition 11.5.1(5)], we have tHE{0) is closed inX and so closed in
R(T). Thus it follows, thatl’ (0) is topologically complemented iR (7'). Therefore, there
exists a single valued linear projectigh : R (7)) — R(T) with kernelT"(0). So, by [1,
Proposition 1.5.2] we have that = PT is a linear selection of’, and sol’ = A+ T — T.
Hence,

R(T)=R(A+T-T)=R(A)+T(0).
But R (A) = R (P) and so it follows thai? (4) N 7' (0) = {0}. Therefore,
R(T)=R(A)a@T(0).

Now, asR (T') is closed inX, we have thak (A) & 7" (0) is closed inX. Furthermore, a%' (0)
is closed inX,, it follows from [3, Theorem XI.2.2] thaR (A) is closed inX .
So, we have shown thatif € BLR (X) is both a closed and open linear relation, tiéhas
a linear selectiom such thatk (A) is closed inX. To conclude the proof, there are three cases
to consider:

(1) If 0 # R(A) # X then, by Lemma 4]1, there exists a nontrivialveakly-invariant
subspaceé/ = R (A).

(2) If R(A) = {0}, then it follows thatl’z = T (0) for eachz € X. So, if T'(0) # X
then7" (0) is a nontriviall'-weakly-invariant subspace. On the other hand, (i) = X
thenTz = X for eachz € X and so any closed proper subspaceXof aT-weakly-
invariant subspace (it is clear that aAyof dimension greater thah— i.e. any space
under consideration in the invariant subspace problem — has at least one closed proper
subspace in the form of some finite dimensional subspace of dimension less than the
dimension ofX). Therefore, ifR (A) = {0} then there exists a nontrividl-weakly-
invariant subspacg/.

(3) Finally, if R(A) = X, then it is immediate thal’ (0) = {0}. But, by assumption,
T (0) # {0} and so this case is not applicable to the theorem.

From Lemma 41, we also obtain the following proposition.

Proposition 4.3. LetT € BLR(X). If R(T) # X, then there exists a nontrividl-weakly-
invariant subspacé/.
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Proof. It follows from the axiom of choice that evefy € BLR (X) has a linear selectioH.
Therefore we have that = A + T — T for some single valued linear operatdr Hence
R(T)= R(A)+ T (0). Therefore,
R(A)CR(A)+T(0)=R(T).
Hence, ask (T) # X, we have thaR (A) # X. Now, if R (T) # {0} then there are two cases
to consider:
Q) If R( ) # {0} then by Lemm.l we have that there exists a nontrivisaleakly-
invariant subspacé/ = R (A).
2) If R(A) = {0} then R (A) = {0}. Thus, we have that (7)) = 7'(0). But this
means tha{0} # T (0) # X and so it immediately follows thaf (0) is a nontrivial
T-weakly-invariant subspace.

If, on the other handR (T') = {0} then R (T') = {0} and soTx = {0} for eachz € X.
Therefore any closed proper subspace&ak aT-weakly-invariant subspacag.

Propositiotj 4.3 simplifies the consideration needed in addressing the invariant subspace prob-
lem in both the single valued and multivalued theories. Clearly, it follows from Propofitipn 4.3
that we need only examine linear relations with ranges dense-#given that all other linear
relations?” € BLR (X) admit al’-weakly-invariant subspace.

We conclude by noting that it remains an open problem to resolve the invariant subspace
problem on Hilbert spaces in either the single valued or multivalued theory.
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