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ABSTRACT. We consider the invariant subspace problem for linear relations on Hilbert spaces
with the aim of promoting interest in the problem as viewed from the theory of linear rela-
tions. We present an equivalence between the single valued and multivalued invariant subspace
problems and give some new theorems pertaining to the invariant subspace problem for linear
relations on a Hilbert space.
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1. I NTRODUCTION

In the single valued theory, the invariant subspace problem is posed as the simple question:
‘Does everyT ∈ B (X) have a nontrivial invariant subspace?’ Although this problem is simply
stated, it has proved to be extraordinarily rich and difficult to resolve. In 1976, it was announced
by P. Enflo that he had obtained a counterexample showing that there exists a bounded linear
operator on a Banach spaceX for which there is no nontrivial invariant subspace. This coun-
terexample was eventually published in 1987 in [2]. Following Enflo’s insight, C. J. Read con-
structed some shorter and easier to follow counterexamples published (curiously before Enflo’s
paper) in [6], [7] and [8]. These results of Enflo and Read constitute solutions to the invariant
subspace problem on Banach spaces in the negative (a negative result to the invariant subspace
problem in the single valued theory implies a negative result to the invariant subspace problem
in the multivalued theory, given that an operator is also a linear relation). However, the problem
remains open on Hilbert spaces.

In the theory of linear relations, the invariant subspace problem translates to the question:
‘Does everyT ∈ BLR (X) have a nontrivialT -weakly-invariant subspace?’ In this paper,
we will concern ourselves with the invariant subspace problem for bounded linear relations on
Hilbert spaces.

2. PRELIMINARIES

We use notation and terminology consistent with that used in [1]. Much of the background to
this paper is also to be found in [4]. All spacesX, Y etc. will be assumed to be Hilbert spaces
unless otherwise stated. Following [1], arelation T from a setU to a setV is any mapping
having domainD(T ), a nonempty subset ofU , and taking values in2V \∅ (the collection of
nonempty subsets ofV ). If U andV are vector spaces over the fieldK thenT is said to be a
linear relation if for all x, z ∈ D (T ) and nonzero scalarsα we have

Tx + Tz = T (x + z)

αTx = T (αx) .

The set of all linear relations fromX to Y will be denoted byLR (X, Y ). As a shorthand we
write LR (X, X) = LR (X).

We call T a bounded linear relationif T ∈ LR (X,Y ), D (T ) = X and ‖T‖ < ∞.
We will denote the set of all bounded linear relations fromX to Y by BLR (X,Y ). As a
shorthand, we defineBLR (X, X) = BLR (X). We further denote byBLR0 (X), the set
{T ∈ BLR (X) : dim T (0) < ∞}.

A relationT is calledclosedif its graphG (T ) is closed inX × Y . A relationT is called
openif for every neighbourhoodU ⊆ D (T ), the imageT (U) is a neighbourhood inR (T ) (the
range ofT ).

A single valued linear operatorA is called alinear selectionof T if T = A + T − T and
D (A) = D (T ).

The quotient mappingQT : X −→ X/T (0) is defined by

QT x = x + T (0)

where the image ofx is acosetin X/T (0).

Definition 2.1. Let T ∈ LR (X). We defineΦT : X/T (0) −→ X by

ΦT

(
x + T (0)

)
= ΦT

(
u + v + T (0)

)
= v

whereu ∈ T (0) andv ∈ T (0)⊥ such thatx = u + v.
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We have the following theorem [4, Theorem 2.3].

Theorem 2.1. Let T ∈ LR (X). ThenΦT QT T : X −→ X is a single valued linear operator.
Moreover, ifT is a bounded linear relation, thenΦT QT T is a single valued bounded linear
operator onX.

Remark 2.1. The operatorΦT QT T will be an important tool for us in linking single valued
invariant subspace problem with the multivalued invariant subspace problem.

Turning more specifically to invariant subspaces, we have the following definition.

Definition 2.2. [9, Section 1] ForT ∈ LR (X), a closed linear subspaceM of X, where
{0} 6= M 6= X, is said to beT -weakly-invariantif, for all x ∈ M , Tx ∩M 6= ∅.

Remark 2.2. We draw attention to the fact that whenT is single valued in Definition 2.2,T -
weakly-invariant is identical toT -invariant. That is to say, for single valued linear operators,
T -weak-invariance is the same asT -invariance.

3. THE STATE OF THE PROBLEM

Exploring the invariant subspace problem in the theory of linear relations serves a twofold
purpose. The first is for it own sake and intrinsic value; the second is that such an exploration
may shed light on the long standing invariant subspace problem in the single valued theory.
For both purposes, it is important to study the nexus between the single valued problem and
the multivalued. We have already seen some results related to the invariant subspace problem
for linear relations in [4, Theorem 6.6], [4, Theorem 6.7], [4, Theorem 6.8], and also in [9,
Theorem 6.4]. These results touch the nexus between the invariant subspace problem for linear
relations and the invariant subspace problem for the single valued theory to varying degrees. In
this section we continue to explore the connection between the single valued and multivalued
invariant subspace problems in order to establish an equivalence between the invariant subspace
problem for linear relations and the single valued invariant subspace problem. The following
begins this exploration with the use of the quotient mapping.

Lemma 3.1. [4, Lemma 6.4]LetX be a Hilbert space and letT ∈ BLR (X) be such thatT (0)
is closed. IfΦT QT T has an invariant subspaceM , thenM is a T -weakly-invariant subspace
of X.

Theorem 3.2. Let X be a Hilbert space and letT ∈ BLR (X) be such thatT (0) is closed. A
closed linear subspaceM of X such thatM ⊆ T (0)⊥ is an invariant subspace forΦT QT T if
and only ifM is T -weakly-invariant.

Proof. By Lemma 3.1, ifΦT QT T has an invariant subspaceM , thenM is T -weakly-invariant.
For the converse, ifM is T -weakly-invariant then for eachx ∈ M ,

Tx ∩M 6= ∅.
Now, Tx = y + T (0) for eachy ∈ Tx. But X = T (0) ⊕ T (0)⊥ (asT (0) is closed). Hence
y = u + v, whereu ∈ T (0) andv ∈ T (0)⊥. Therefore,Tx = v + T (0) andΦT QT Tx = v.
Now, asM ⊆ T (0)⊥, we have that

Tx ∩M = (v + T (0)) ∩M ⊆ (v + T (0)) ∩ T (0)⊥ 6= ∅.
But, if x ∈ (v + T (0)) ∩ T (0)⊥ thenx ∈ v + T (0) andx ∈ T (0)⊥. Hence it follows that
x = v. Therefore we have that

(v + T (0)) ∩M = v.

Thus,ΦT QT Tx = v ∈ M for eachx ∈ M . So,M is an invariant subspace forΦT QT T .
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In Theorem 3.2, the limitationsT (0) closed andM ⊆ T (0)⊥ are too much for us to obtain
an equivalence between the single valued and multivalued invariant subspace problems. But,
we notice that forT (0) closed, the mappingΦT QT T is a linear selection ofT . So, we look
more generally at linear selections in order to gain greater insight with regard to the connection
between the single valued and multivalued invariant subspace problems. To this end, we have
the following theorem.

Theorem 3.3.M is aT -weakly-invariant subspace if any only if there exists a linear selection
A of T such thatM is an invariant subspace forA.

Proof. Let A be a linear selection ofT such thatM is an invariant subspace forA. Then,

Tx = Ax + T (0)

for eachx ∈ X. Now, asM is an invariant subspace forA we have thatAm ∈ M for each
m ∈ M . Therefore, for eachm ∈ M ,

Tm ∩M = (Am + T (0)) ∩M 6= ∅
as0 ∈ T (0). Thus, ifA is a linear selection ofT such thatM is an invariant subspace forA,
thenM is T -weakly-invariant.

Conversely, IfM is aT -weakly-invariant subspace, then for eachx ∈ M ,

Tx ∩M 6= ∅.
Thus, for eachx ∈ M , Tx = m + T (0) for somem ∈ M (by [1, Proposition I.2.8]). Now,
by [1, Proposition I.5.2], any single valued linear projectionP with domainR (T ) and kernel
T (0) determines a linear selectionA of T given by

A = PT.

Therefore, for any suchP we have that

PTx = P (m + T (0)) = Pm

for eachx ∈ M and somem ∈ M . Now, asM is a subspace, we can chooseP such that
P (M ∩R (T )) ⊆ M . So, making such a choice we find that ifM is a T -weakly-invariant
subspace, then there exists a linear selectionA = PT of T such thatM is an invariant subspace
for A.

Remark 3.1. We remark that Theorem 3.3 is algebraic in its approach. The existence of a
projectionP with domainR (T ) and kernelT (0) is guaranteed asT (0) is always algebraically
complemented inR (T ). The existence of a choice of suchP so thatP (M ∩R (T )) ⊆ M is
obvious asM ∩R (T ) is a subspace ofR (T ).

From here, we are able to obtain some equivalence between the single valued and multivalued
invariant subspace problems.

Theorem 3.4.LetX be a Hilbert space. EveryA ∈ B (X) has a nontrivial invariant subspace
M if and only if everyT ∈ BLR (X) such thatT (0) is closed has a nontrivialT -weakly-
invariant subspaceN .

Proof. Let us first suppose that everyA ∈ B (X) has a nontrivial invariant subspaceM . We
have, from [1, Corollary II.4.6], that everyT ∈ BLR (X) such thatT (0) is closed has a
continuous linear selection. LetT be any element ofBLR (X) such thatT (0) is closed. ThenT
has a continuous linear selectionA. Now, by assumption,A has a nontrivial invariant subspace
M . But, it then follows from Theorem 3.3 thatM is a nontrivialT -weakly-invariant subspace.
Therefore, if everyA ∈ B (X) has a nontrivial invariant subspaceM , then everyT ∈ BLR (X)
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such thatT (0) is closed has a nontrivialT -weakly-invariant subspaceN (corresponding to a
nontrivial invariant subspace associated with a continuous linear selection ofT ).

Conversely, if everyT ∈ BLR (X) such thatT (0) is closed has a nontrivialT -weakly-
invariant subspaceN , then asB (X) ⊂ BLR (X), it immediately follows that everyA ∈ B (X)
has a nontrivialA-weakly-invariant subspaceN . Thus, for eachx ∈ N ,

Ax ∩N 6= ∅.
But A is single valued and so it follows that for eachx ∈ N , Ax ∈ N . Thus,N is an invariant
subspace forA. Therefore, if everyT ∈ BLR (X) such thatT (0) is closed has a nontrivial
T -weakly-invariant subspaceN , then everyA ∈ B (X) has a nontrivial invariant subspace
M = N .

Theorem 3.4 is a significant statement as it provides a rather important link between the
single valued and multivalued invariant subspace problems. It is a consequence of Theorem 3.4
that the single valued invariant subspace problem can now be solved by using linear relations –
whether this solution comes about by taking a counter-example fromBLR (X) (a much larger
set thanB (X) and so more likely to yield such a counter-example) or by treating the problem
positively and dealing with weakly-invariant subspaces. This latter approach may prove to be
easier to deal with than the exclusively single valued approach of the past as weak-invariance is
a simpler object than invariance.

We are able to restrict the set of allT ∈ BLR (X) such thatT (0) is closed in order to obtain
less general (possibly more useful) equivalences between the single valued and multivalued
invariant subspace problems. We can do this provided thatB (X) remains a subset of the new
set inBLR (X). We provide one such restriction in the following theorem.

Theorem 3.5.LetX be a Hilbert space. EveryA ∈ B (X) has a nontrivial invariant subspace
M if and only if everyT ∈ BLR0 (X) has a nontrivialT -weakly-invariant subspaceN .

Proof. As T ∈ BLR0 (X), we have thatT (0) is closed. Hence, it follows from Theorem 3.4
that if everyA ∈ B (X) has a nontrivial invariant subspaceM , then everyT ∈ BLR0 (X) has
a nontrivialT -weakly-invariant subspaceN .

Conversely, if everyT ∈ BLR0 (X) has a nontrivialT -weakly-invariant subspaceN , then as
B (X) ⊂ BLR0 (X), it immediately follows that everyA ∈ B (X) has a nontrivialA-weakly-
invariant subspaceN . Thus, for eachx ∈ N ,

Ax ∩N 6= ∅.
But A is single valued and so it follows that for eachx ∈ N , Ax ∈ N . Thus,N is an invari-
ant subspace forA. Therefore, if everyT ∈ BLR0 (X) has a nontrivialT -weakly-invariant
subspaceN , then everyA ∈ B (X) has a nontrivial invariant subspaceM = N .

We note here, that the equivalences obtained in Theorems 3.4 and 3.5 do not cover the whole
of the invariant subspace problem in the theory of linear relations. The problem, in the multival-
ued case, takes on its own character and interest when we consider relationsT such thatT (0)
is not closed.

4. THE M ULTIVALUED I NVARIANT SUBSPACE PROBLEM

In the previous section, we began our study of the invariant subspace problem for linear rela-
tions and have already seen some significant links between this problem and the single valued
invariant subspace problem. In this section, our focus is to draw out some of the richness of the
multivalued invariant subspace problem as distinct from the single valued invariant subspace
problem.
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We begin with the following lemma.

Lemma 4.1. Let T ∈ BLR (X). If there exists a linear selectionA of T such that{0} 6=
R (A) 6= X, thenM = R (A) is a nontrivialT -weakly-invariant subspace.

Proof. It follows from the axiom of choice that everyT ∈ BLR (X) has a linear selection (refer
to [5, p.113] for a complete discussion of this fact). Now, if there exists a linear selectionA of
T such that{0} 6= R (A) 6= X, then it immediately follows thatM = R (A) is an invariant
subspace forA. Therefore, by Theorem 3.3,M is T -weakly-invariant.

Under the impetus of Lemma 4.1, we obtain the following theorem.

Theorem 4.2. Let X be a Hilbert space. IfT ∈ BLR (X) is both a closed and open linear
relation such thatT (0) 6= {0}, then there exists a nontrivialT -weakly-invariant subspaceM .

Proof. As T ∈ BLR (X) is both open and closed, we have thatR (T ) is closed inX ([1,
Exercise II.5.15]). Hence, asX is a Hilbert space, we have thatR (T ) is also a Hilbert space.
Furthermore, by [1, Definition II.5.1(5)], we have thatT (0) is closed inX and so closed in
R (T ). Thus it follows, thatT (0) is topologically complemented inR (T ). Therefore, there
exists a single valued linear projectionP : R (T ) −→ R (T ) with kernelT (0). So, by [1,
Proposition I.5.2] we have thatA = PT is a linear selection ofT , and soT = A + T − T .
Hence,

R (T ) = R (A + T − T ) = R (A) + T (0) .

But R (A) = R (P ) and so it follows thatR (A) ∩ T (0) = {0}. Therefore,

R (T ) = R (A)⊕ T (0) .

Now, asR (T ) is closed inX, we have thatR (A)⊕T (0) is closed inX. Furthermore, asT (0)
is closed inX, it follows from [3, Theorem XI.2.2] thatR (A) is closed inX.

So, we have shown that ifT ∈ BLR (X) is both a closed and open linear relation, thenT has
a linear selectionA such thatR (A) is closed inX. To conclude the proof, there are three cases
to consider:

(1) If 0 6= R (A) 6= X then, by Lemma 4.1, there exists a nontrivialT -weakly-invariant
subspaceM = R (A).

(2) If R (A) = {0}, then it follows thatTx = T (0) for eachx ∈ X. So, if T (0) 6= X
thenT (0) is a nontrivialT -weakly-invariant subspace. On the other hand, ifT (0) = X
thenTx = X for eachx ∈ X and so any closed proper subspace ofX is aT -weakly-
invariant subspace (it is clear that anyX of dimension greater than1 – i.e. any space
under consideration in the invariant subspace problem – has at least one closed proper
subspace in the form of some finite dimensional subspace of dimension less than the
dimension ofX). Therefore, ifR (A) = {0} then there exists a nontrivialT -weakly-
invariant subspaceM .

(3) Finally, if R (A) = X, then it is immediate thatT (0) = {0}. But, by assumption,
T (0) 6= {0} and so this case is not applicable to the theorem.

From Lemma 4.1, we also obtain the following proposition.

Proposition 4.3. Let T ∈ BLR (X). If R (T ) 6= X, then there exists a nontrivialT -weakly-
invariant subspaceM .
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Proof. It follows from the axiom of choice that everyT ∈ BLR (X) has a linear selectionA.
Therefore we have thatT = A + T − T for some single valued linear operatorA. Hence
R (T ) = R (A) + T (0). Therefore,

R (A) ⊆ R (A) + T (0) = R (T ).

Hence, asR (T ) 6= X, we have thatR (A) 6= X. Now, if R (T ) 6= {0} then there are two cases
to consider:

(1) If R (A) 6= {0} then by Lemma 4.1, we have that there exists a nontrivialT -weakly-
invariant subspaceM = R (A).

(2) If R (A) = {0} then R (A) = {0}. Thus, we have thatR (T ) = T (0). But this
means that{0} 6= T (0) 6= X and so it immediately follows thatT (0) is a nontrivial
T -weakly-invariant subspace.

If, on the other hand,R (T ) = {0} thenR (T ) = {0} and soTx = {0} for eachx ∈ X.
Therefore any closed proper subspace ofX is aT -weakly-invariant subspace.

Proposition 4.3 simplifies the consideration needed in addressing the invariant subspace prob-
lem in both the single valued and multivalued theories. Clearly, it follows from Proposition 4.3
that we need only examine linear relations with ranges dense inX – given that all other linear
relationsT ∈ BLR (X) admit aT -weakly-invariant subspace.

We conclude by noting that it remains an open problem to resolve the invariant subspace
problem on Hilbert spaces in either the single valued or multivalued theory.
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