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2 M. K. AOUF AND G. MURUGUSUNDARAMOORTHY

1. INTRODUCTION

Let S denote the class of functions of the form

(1.1) f2) =2+ anz",

that are analytic and univalent in the open unit disc= {z : |z| < 1}. Let K(«) and
S*(«) denote the subclasses ®fthat are, respectively, convex and starlike functions of order
a,0 < « < 1. For convenience, we writ& (0) = K andS*(0) = S* (e.g., [24]). Goodman
([6] and [7]) defined the following subclasses/géfand.S*.

Definition 1.1. A function f(z) is uniformly convex (starlike) i/ if f(z) isin K(S*) and has
the property that for every circular afecontained in/, with center¢ also inU, the arcf () is
convex (starlike) with respect t6(().

Goodman ([6] and[[7]) then gave the following two-variable analytic characterizations of
these classes, denoted, respectively, by UCV and UST.

Theorem 1.1(A). A functionf(z) of the form|[(1.1L) is in UCV if and only if

(1.2) Re{l+(z—§)§T(ZZ))}20,(z,§)eU><U,
and is in UST if and only if

f(z) = Q) .
(1.3) Re{(z—g)f’(z)}zo’(’OEUXU'

Ma and Minda[14] and Ronning[19] independently found a more applicable one-variable
characterization for UCV.

Theorem 1.2(B). A functionf(z) of the form|[(1.]L) is in UCV if and only if
i zf”<z>} 2" (2)
¢4 R i3} = |5

We note that[[6] that the classical Alexander’s resiflt) ¢ K < zf (z) € S* does not
hold between the classes UCV and UST. Later on, Ronning [20] introduced a nevglaiss
starlike functions related to UCV defined as

,z€eU.

B . 2f (2) 2f'(z) ' B
(1.5) f()ESp(:)R{f(Z)}Z e 1|, zeU.
Note that

(1.6) f(2) eUCV & 2f (2) €S, .

Also in [19], Ronning generalized the classes UCV &hdy introducing a parameter in
the following way.

Definition 1.2. A function f(z) of the form [1.1) is inS, (a), if it satisfies the analytic charac-
terization:

(L.7) R{J{(—()) ~a}>

)

f(2)

,a€ R ze U,
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andf(z) € UCV (a), the class of uniformly convex functions of orderif and only if 2 f () €
Sp(a).

For the classS,(«), we get a domain whose boundary is a parabola with vertex “Ta
Also, we note thab,(«) C S*forall -1 < o < 1,S,(a) € Sfora < —1andUCV (a) C K
fora > —1.

By 3 —UCV,0 < ( < oo, we denote the class of all— uniformly convex functions
introduced by Kanas and Wisniowska [8]. Recall that a funcfion) € S is said to bes-
uniformly convex inU, if the image of every circular arc containedliirwith center at/, where
|| < B, is convex. Note that the class— UCV coincides with the clas§ C'V'. Moreover, for
3 = 0 we get the clas&’. From [8] it is known thatf(z) € § — UCV if and only if it satisfies
the following condition

2f"(2) } ’ 2f" ()
1.8 Re<1+ — > 6=
&9 e i)
We consider the class — 5*,0 < § < oo, of g— starlike functions (see [9]) which are
associated witls— uniformly convex functions by the relation

(1.9) f(2)eB-UCV & 2f (2) € f— 5* .

Thus, the clasg — S*,0 < § < oo, Is the subclass df, consisting of functions that satisfy
the analytic condition

10 = (2) } 2 (2)
(10 {5 70

Let (f*g)(z) denotes the Hadamard product (or convolution) of the functfgngandg(z),
that s, if f(z) is given by [1.1) and (=) is given by

2elU0<f<00.

—1‘,Z€U.

(1.12) g(z) =z + ibnz" )
n=2
then
(1.12) (f *9)(z —z+Zanbz = (9 f)(2) -

Fora; € C(j = 1,2,...,1) and3; € C\{0,—1,-2,..}(j = 1,2,...,m), the generalized
hypergeometric functiop¥t,,, (a1, ..., a;; 54, ..., B,,; 2) is defined by the infinite series

ZFm(alv" alaﬁl?"' nz m)ﬂ n|
(1.13) (<m+1L;l,me Ng=NU{0};z€U),
where(\),, is the Pochhamer symbol defined by
_I'(A+n) [ 1 (n=0);
(1.14) Mo =—Ty~ = { AMA+1)..(A+n—1) (neN).

Corresponding to the function

h(ala--wal;ﬂlw“aﬁm;z):ZlFm(ala" alaﬁl?"'aﬁm? )

the Dziok-Srivastava operatof ([4],/[5], [11] ard [1), (a1, ..., a; By, .., 3,,) is defined by
the Hadamard product
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(o, ooy oq; Bey oo B) f(2) = h(aa,...,aq; 8y, oy Bins 2) * f(2)

(1.15) = Z-I—ZFnanz”
n=2

where

(1.16) r o= (@)nre(@)n 1

(B )n-1--(Ba)n—1 (n = 1)1
For brevity, we write
H,, o] f(2) = Hy, (s 003 By ey B) (2)
It is easy to see fronj (1.15) that
(1.17) 2(Hy ] f(2)) = anHyy[en + 1] f(2) = (e = D Hy [aa] f(2).

For3 > 0and—1 < a < 1, we letS!, ([a1]; a, 3) denote the subclass 6f consisting of
functionsf(z) of the form [1.1) and satisfying the analytic criterion

2(H,,[04]£(2))

’

2(HY ] f(2)) }
1.18 R 2 — > —1|,z€U.
(-18) oS oERI Rl it B
We denote byi" the subclass af consisting of functions of the form
(1.19) f(z) =2z— Zanz" (a, >0) .
n=2

Further, we define the clag¥, ([a1]; a, 3) by

T! (lea]; o, B) = St ([an); e, B) N T

We note that
(1) To([1]; o, B) = SpT (e, B)

= {f(z)eT:Re{Zf/(z) —oc} > [

f(z)
(1.20) 3>0,z€eU}

The classS,T'(a, 1) = S,T(«) was studied by Bharati et al./[1] .
() T¢(la, 1; ¢]; o, B) = S,T(a, c; a, ) (Murugusungaramoorthy and Mageshi[15])

2(L(a, ) f(2))

2f (2)
f(2)

—1‘,—1§a<1,

I S SR L C )
- {f”e“‘{ (@, /() }>5 a0/ (2) 1"
(1.21) —1<a<1,>0,a>0,c>0,2z€U};

whereL(a, c) is the Carlson - Shaffer operator [3] .
() H (A +1,1;1]; o4, 8) = S,T(X; o, ) (Shams and Kulkarni[23])

- {rwer: Re{—z(g;{(f)”/ ~a}>p —Z(gff&))/ - 1',

(1.22) 0<a<1,8>0A>-1,z2€U},

whereD*(\ > —1) is the Ruscheweyh derivative operafor/[21] .
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(v) Hi (v + 1, L;v + 2}, B) = ST (v ., 3)

N _ 2(J, f(2)) 2(J, f(2))
- {ﬂz) < Re{ 71 _“} TR 1"
(1.23) —1<a<1l,>0v>-1,2€U},

whereJ, (v > —1) is the generalized Bernardi-Libera-Livingston operator ([2]] [10] and [13]).
(V) H(12,1;2 — s, B) = S,T(s; v, 5)

_ Re JHLS(2) A f(2))
-1<a<1,>20,0<u<l,z€U},
where
(1.24) Q! f(z) = T2 — )" D)0 < p < 1) ,

where)* is the Srivastava-Owa fractional derivative operator|([16] and [18]).

2. COEFFICIENT ESTIMATES
Theorem 2.1. A functionf(z) of the form[(L.1L) is in the clas§., ([ou]; o, B) if

(2.2) iC’n|an| <l—-a,
where :
(2.2) Cp=[n(1+8) = (a+ )|l

andT’, is defined by (1.16).

Proof. It is suffices to show that

(L) | { L] »
T ) f(2) 1' R{ AL ) £(2) 1}51
We have
(L) | {2 HL ] )
T L ) f(2) 1‘ R{ L [ar]/(2) 1}
2(HY [oq] f(2))
< oo
(148) 3 (n— 1)Tulan
< =
l—TLZZ:QFn\an\

This last expression is bounded above(by- «) if

[e.9]

Y (1 +8) = (a+B)Tula, <1-a,

n=2

and the proof is completq.
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Theorem 2.2. A necessary and sufficient condition &) of the form|(1.19) to be in the class
T! ([au]; o, B) s that

(2.3) Y Cuan<l-a,
n=2

whereC,, is given by|[(2.R).

Proof. In view of Theorenj 2]1, we need only to prove the necessity(4) € T}, ([a1]; a, 3)
andz is real, then[(1.1]8) yields

1— > nlha,z"t ST (n—1)La,z"!
njz — 2 6 n=2 _

1— > Tha,znt 1= Thauznt
n=2 n=2

Letting = — 1~ along the real axis, we obtain the desired inequality

Z[n(l+ﬁ)—(a+ﬁ)]Pnan§1—a,—1§a<1,ﬁ20.

n=2

Corollary 2.3. Let the functionf(z) defined by[(1.19) be in the cla®s, ([a1]; a, 3). Then
(1-a)

(2.4) a, < c (n>2).
The result is sharp for the functioft(z) given by
(2.5) fle) =22 22),

whereC,, is defined by (2]2).

3. GROWTH AND DISTORTION THEOREM

Theorem 3.1. Let the functionf(z) defined by[(1.19) be in the clag,([ai];, B). If the
sequencgC,} is nondecreasing, then

R s e L O E RS

(2—a+0)

If the sequenc¢ <= } is nondecreasing, then

T <1 S 14+ S e D),

whereC,, is defined by[(2]2). The result is sharp, with the extremal fungtien defined by

1—

(3.2) 1—

1 -« 9
-2
(2 —a+B)ly

Proof. Let a functionf (=) of the form [1.18) belong to the clag$, ([c1]; a, 8). If the sequence
{C,} is nondecreasing and positive, by Theofen 2.2, we have

- (1-0a)
(3.4) ;an < Taidlh,’

(3.3) f(z) ==
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and if the sequencg: } is nondecreasing and positive, by Theofen) 2.2, we have
s 2(1 — «)
. E < —F
(3 5) n=2 = (2—@—|—ﬁ)rg

Making use of the condition$ (3.4) and (3.5), in conjunction with the definifion (1.19), we
readily obtain the assertion (3.1) and {3.2) of & 1.

4. EXTREME POINTS

In view of the necessary and sufficient conditions of Thedrern 2.2, the fahilj]; o, 3)
is closed under convex linear combinations. This leads to the determination of the extreme
points for the family.

Theorem 4.1. LetC,, be defined by (2/2) and let us put

(4.1) filz) =2
and
(4.2) fue) =2 = T2 (>

for -1 < a < landg > 0. Thenf(z) is in the classT’, ([a1]; o, 3) if and only if it can be
expressed in the form :

(4.3) F(2) =D Mafal2)

where),, > 0(n > 1) andi A = 1.
n=1

Proof. Assume that

[EED SPWACETES Shas Wy
n=1 n

Then it follows that

= C 11—« -
4.4 =) A =1-X)<1.
( ) nz; 1—a Cn n nz; n 1=
So by Theorerh 2|2f(z) € T, ([a1]; a, B).

Conversely, assume that the functifir) defined by|(1.19) belongs to the cldgs([a1]; o, 3).

Then

(4.5) %s1@QMZm.
Setting
Cy

_ = >
(4.6) An 1_aan(n_2)
and
(4.7) )\1:1_2/\”,

n=2

we can see thaf(z) can be expressed in the form (4.3). This completes the proof of Theorem

4.1.u
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Corollary 4.2. The extreme points of the clag$ ([«1]; o, 3) are the functions/,,(z)(n > 1)
given by Theorein 4.1.

5. RADII OF CLOSE -TO- CONVEXITY , STARLIKENESS AND CONVEXITY

Theorem 5.1. Let the functiory (=) defined by{(1.19) be in the cla®¥ ([a1]; o, B). Then f(z)
isclose - to - convex of order (0 < p < 1)in |z| < ri,where

1

(5.1) rlzigf{%}m(nzm,

whereC,, is defined by[(2]2). The resultis sharp, with the extremal fungtiengiven by|[(2.b).
Proof. We must show that

[f'(z) =1 <1=pfor [z] <ri,
wherer; is given by [5.1). Indeed we find from the definiti¢n (1.19) that

f'(z) =1 <D nan 2"
n=2

Thus
f'(z) =1 <1-p
if
(5.2) ﬁi(” Yan 2" < 1.
n=2 1- P B
But, by Theorem 2]2[ (52) will be true if
n n—1 Cn
<
T s
that is, if
1
1-p)Cu\n—1
. < —F— > 2).
53 A< {872 Tz

Theorenj 5.]L follows easily from (5.3}

Theorem 5.2. Let the functionf () defined by[(1.19) be in the clag¥,([c1]; a, 3). Then the
function f(z) is starlike of orderp (0 < p < 1) in |z] < 1o, Where

1

. (1-p)Cy n—1
(5.4) To _lgf{(n—p)(l—a)} (n > 2),

whereC,, is defined by[(2]2). The result is sharp, with the extremal fungtien given by |[(2.F).

Proof. It is sufficient to show that

2f'(2)
f(2)

—1’§1—p for |z| <rq,

AJMAA Vol. 5, No. 1, Art. 3, pp. 1-17, 2008 AJMAA
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wherer, is given by [5.4). Indeed we find, again from the definition (L.19) that

e}

S = D

[e.e]

f(Z) 1— Z a, |Z’n71 '
n=2
Thus
2f'(2)
T <10
if
(5.5) 2; (T:Z) an 2" < 1.
But, by Theorem Z2]2[ (5]5) will be true if
n—p n—1 On
Gl < 12
that is, if
1
(1 - p)Cn n—1
(5.6) o] < {<n_p><1 _a)} (n>2).

Theorenj 5.2 now follows easily from (5.69.

Corollary 5.3. Let the functionf(z) defined by[(1.19) be in the clag¥,([ai]; , B). Then
f(z)is convex of ordep (0 < p < 1) in |z| < r3, where

1

. (1-p)Cy n—1
(5.7) T3 _lgf{(n—p)(l—a)} (n>2),

whereC,, is defined by[(2]2). The resultis sharp, with the extremal fungtien given by|[(2.b).

6. A FAMILY OF INTEGRAL OPERATORS

Theorem 6.1. Let the functiory(z) defined by[(1.19) be in the clag, ([a1]; o, 3) and letc be
a real number such that > —1. Then the functiod’(z) defined by

(6.1) F(z) = ctl /tc—l f(t)dt (¢ > —1)

ZC

0

also belongs to the clasg, ([a1]; o, 3).
Proof. From the representatioh (6.1) b1 z), it follows that

F(z)=2z-— ibnz”,
n=2

(c+1)
b, = Qn -
c+n

AJMAA Vol. 5, No. 1, Art. 3, pp. 1-17, 2008 AJMAA
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Therefore, we have

> c—i—l
;Cﬂbn B ZC c—l—n
< ZC’nangl—a

n=2

sincef(z) € T ([au];a, 3). Hence, by Theorem 3.%(z) € T! ([a1];«, 3). On the other
hand, the converse is not true. This leads to a radius of univalence gesult.

Theorem 6.2.Let the functiorF'(z) = z— Z anz" (a, > 0) beinthe clasg§’, ([o]; a, 3), and
let c be a real number such that> —1. Then the functiorf(z) given by|(6.]L) is univalent in
|z| < R*,where

1

. (c+1)C0 \n-1
(6.2) R _lgf{n(cjtn(l—oz)} (n>2),

The result is sharp.
Proof. Form (6.1), we have

o= T = () e

In order to obtain the required result, it suffices to show that

|f'(z) — 1] < 1 wherever |z| < R,
whereR* is given by [6.2). Now

> n(c+n
Z*‘”Sig(i+n)

n—1
an |2|

Thus|f'(z) — 1| < 1 if
(6.3) Z n(c+n)an 2" < 1.

But Theoreni Z.2 confirms that

3

(6.4)

Hence[(6.%) will be satisfied if
n(c + ’I’L) | ’n—l On

(c+1) I1—a’
that is, if
(6.5) 2] < {n(c(i‘i;;()lcj ) }"1 (n>2).

Therefore, the functionf(z) given by [6.1) is univalent inz| < R*. Sharpness of the result
follows if we take

(6.6) f(2) = _(c+n)(l-a) ,

crno, C oz

AJMAA Vol. 5, No. 1, Art. 3, pp. 1-17, 2008 AJMAA
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7. MODIFIED HADAMARD PRODUCTS
Let the functions’, (z)(v = 1, 2) be defined by

(71) fu(z) =z Zan,uzn(an,u > 0;v= 172) .

n=2

The modified Hadamard product ¢f(z) and f,(z) is defined by

(7.2) (s f2)(2) = 2= anaan2",

Theorem 7.1.Let each of the functiong, () (v = 1,2)defined by{(7]1) be in the cla®¥,([a1]; , B).
If the sequencéC,, } is nondecreasing, thefy, * f2)(z) € T ([c1]; 6([en], o, B), B), where

_ (1+8)(1—a)?

(73) (5([@1],0575) =1- (2 — a4 6)21_‘2 _ (1 — Oé)Q.

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [22], we need to find the
largesto = d([au], a, ) such that

= [n(1+8) — (6 + B)]T,

(7.4)

Up.1Gp,2 S 1.

—~ 1—-9¢
Since
- $blE s, )
and -
7.6) i [n(1 +B)1—_ (§+/3>]Fnani2 <1
by the Cauchy-Schwarz in;qzality, we have
7.7) i [n(1+ 6)1—_ <§ + B)ITs Vi <1,
Thus it is sufficient to Sht):v?l that
R L TS R R T L)) Ay v )
that is, that
(7.9) Vi < % u g; - E;“: g))]]g__ji (n>2).
Note that
(7.10) Vi < U=0) (59

AJMAA Vol. 5, No. 1, Art. 3, pp. 1-17, 2008 AJMAA
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Consequently, we need only to prove that
1-a _(1+8) — (a+ 1 -9)
[n(1+5) —(a+ B = [n(1+5) =0+ /)1 —a)"

or, equivalently, that

(7.11)

(n—1)(1+p)1—a)

(712) 0 S 1-— [n<1 +ﬁ) _ (Oé +ﬁ)]21—‘n . (1 _ @)2 (n Z 2)
Since
(7.13) B(n) = 1— (n—1)(1+8)(1—a)

[n(1+8) = (a+ B)PPIn — (1 — @)

is an increasing function of(n > 2), letting n = 2 in (7.13), we obtain
(1+8)(1 —a)?

2—a+3)Ty—(1—a)?’

which proves the main assertion of Theofenj 7.1.
Finally, by taking the functiong, (z)(v = 1, 2) given by

(7.14) §<B(2)=1-

11—«

mZQ(VZ 1,2),

(7.15) folz) =2 -

we can see that the result is sharp.
Proceeding as in the proof of Theorgm|7.1, we et

Theorem 7.2. Let the function f,(z) defined by[(7]1) be in the clagg, ([ ]; o, ) and the
function f»(z) defined by7.1) be in the clasg?, ([a1]; 7, B). If the sequencéC,,} is nonde-

creasing, then(fi * f2)(z) € T, ([a1]; ¢([ou], i, v, B), B), where

o (14 5)(1 -~ a)(1 - )
(7.16) ((la1],a,7,8) =1 (2_a+ﬁ)(2_7+ﬁ)l“2—(1—04)(1—7).

The result is the best possible for the functions

-«
and
— -y 52

Theorem 7.3. Let the functionsf, (z) (v = 1, 2) defined by[(7]1) be in the clagy, ([ ]; o, 3).
If the sequencéC,,} is nondecreasing. Then the function

o0

(7.19) hz)=z- (a2, +a2,)"

n=2
belongs to the clasg! ([a1]; S([a4], @, B), 5), where
2(1+8)(1 — a)?
2+ 8—a)y—2(1—a)?’
The result is sharp for the functiorfs(z) defined by[(7.15).

(7.20) (o] 0, B) = 1 —

AJMAA Vol. 5, No. 1, Art. 3, pp. 1-17, 2008 AJMAA
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Proof. By virture of Theorenj 2]2, we obtain

(7.21) Z{ 1+61_(§+ﬁ {i 1_<§+5)]F”an,1} <1
and
(7.22) Z { 9= lax wn} 2, < {i R1+0) - (o + m]rnam} o1
It foIIows from (7.21) and[(7.22) that :
(7.23) i% { e ﬁ)l_fj = ”P”} (a7 +an2) < 1.
Therefore, we need to find the larg€sfa4 |, o, 3) such that
7oay AEH-(S+PIN, 1 { [n(1+5) - <a+/3>]Fn}2 (n>2)
1- 2 1 -«

that is,

N 2(n — 1)(1+ B)(1 — a)?
729 S AT A @t APT, —2i—ap " 2P
Since
(7.26) D(n)=1-— 2(n = DL+ H)(A = o)

[n(1+5) = (e + B)PPT'n = 2(1 — a)?
is an increasing function of(n > 2), we readily have

201+ 8)(1 — a)?

(7.27) S<D2)=1- 2+ 5 —a)Ty—2(1—a)’

and Theorerh 7]3 follows at oncg.

8. PROPERTIES ASSOCIATED WITH GENERALIZED FRACTIONAL CALCULUS
OPERATORS

In terms of the Gauss hypergeometric function :

: Fi(6 In
(8 1) 2 1 y 5 V5 nzo V R
(zeU;,p,veCiv#0,—1,-2,...),
where (againj\),, denotes the Pochhammer symbol defineflin {1.14), the generalized fractional
calculus operatorg),”" and.Jy,"" are defined below (cf., e.g., [17] and [25]).

Definition 8.1. (Generalized Fractional Integral operator). The generalized fractional integral
of ordery is defined, for a functiorf(z), by

z

/(2 — O Rt vy s 1 -

0

z Y

[(p)

(0> 0;¢ >max{0,v —n}—1),

) Qe

(8.2) 12" f(2) =
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where f(z) is an analytic function in a simply-connected region of thglane containing the
origin, and the multiplicity of(z — ¢)*~! is removed by requirindgpg(z — ¢) to be real when
(z = ¢) > 0, provided further that

(8.3) f(z) = O(2[) (= = 0) .

Definition 8.2. (Generalized Fractional Derivative Operator). The generalized fractional deriv-
ative of order. is defined, for a functiorf(z), by

( 1 d z 3
YR {ZM ”f(Z—C) PoFy(v —p, 1 —m1 —

I'(1—p) dz 0
(84)  JZ) =9 1=9fQd O0< <),
dn

\ WJ&;"’V’"f(z)(n§u<n+1;n€N)
Z 2

(e >max{0,v —n}—1),
where f(z) is constrained, and the multiplicity ¢t — ¢)*~! is removed, as in Definition 8.1,
ande is given by the order estimate (8.3).

(8.5) f(z) =0(|2]) (z — 0) .
It follows from Definition[8.1 and Definition 8l 2 that

(8.6) I M f(z) = DM f(2) (0> 0),
and
(8.7) Jotf(2) = Dif(2) (0<p<1),

whereD*(u € R) is the fractional operator considered by Owa [16] and (subsequently) by Owa
and Srivastave [18] and Srivastava and Owa [24]. Furthermore, in terms of Gamma functions,
Definitions 8.1 and 8]2 readily yield.

Lemma 8.1.[25] . The generalized fractional integral and the generalized fractional derivative
of a power function are given by

Tp+ 1T (p—v+n+1)

(8.8) Tgzns = s L )
(> 0;p>max{0,v —n}—1),

and

(8.9) Jern P = Lp+Dl(p—v+n+1)

Flp—v+Dl(p—p+n+1)
0<pu<1;p>max{0,v—n}—1).
Theorem 8.2. Let the functionf(z) defined by9) be in the clagg, ([ai]; o, 8). If the
sequencgC,} is nondecreasing, then
r2—-v+n) 2! ”{1— 2(1 —a)(2—v+n) |Z|}
T2 -2+t ) C- )2t utn2—a+t il
|[/w77 (z)‘
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I'2—v+n) 1—y 2(1 —a)(2—v+7n)
10 o e U e e )
(z€Up;pn>0;max{v,v—mn,—pu—nt <2;v(n+n) < 3u)
and
r'2—-v+n) ]z|1_y{1 2(1—a)(2—v+n) M}
F2-v)I'2-p+n) 2-v)2+p+n2-—a+p)l
< | )|
F'2—v+n) 1—p 21 —a)(2—v+7n)
1) o U e e e )
(z€Up;0<pu<lymax{v,v—n,u—n} <2;v(u—mn)>3u),
where
_Ju (v <1)
(8.12) o= { U\0} (v>1).

Each of these results is sharp for the functif) defined by[(313).
Proof. Making use of the assertioh (8.8) of Lemma|8.1, we find from (1.19) that
F(z - V)F(Q + 1% + 77) SV [(;)17,;/,77 (Z)

F(z) =

r'2—-v+n)
(8.13) = z-— Z(I)(n)a z

where, for convenience,
(Dn(2=v+n)n
@)@ bt e

The function®(n) defined by|(8.1/4) can easily be seen to be nonincreasing under the parametric
constraints stated already with (8.10), and we thus have

22—v+n)
@ity SN

Now the assertiorj (8.10) of Theor¢m]8.2 would follow readily from|(3[4), {8.13)[and](8.15).
The assertiorj (8.11) of Theorém8.2 can be proven similarly by noting (8.9) that

I'(2—v)(2—p+n)

(8.14) ®(n) =

(8.15) 0<®(n)<d2) =

G(z) = Te—vin) 2 TV f(2)
(8.16) = z— Z U(n)a,z
where .
. (W@ —v4n)ea
P NN R
(8.17) < we) = 22orEn ey

2-v)2-p+n)
under the parametric constraints stated already ywith(8.11).

Finally, by observing that the equalities in each of the asserfiond (8.10) and (8.11) are attained
by the functionf (=) given by [3.3), we complete the proof of Theorem 8.2.
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In view of the relationshipg (8.6) and (8.7), by setting= —p andv = . in our assertions
(8.10) and|(8.11), respectively, we obtain

Corollary 8.3. Let the functionf(z) defined by[(1.19) be in the clagy, ([ou]; a, 8). If the
sequencgC, } is nondecreasing, then

BE 200-a) e,
F(2+M){1 2+ 1) (2—a+ 3T, ||}§‘Dz f(z)] <

o 201 |
e i 2(1-a)
T2 - p) {1 RN PR RN |Z|} <[] <
| 2|+ 2(1 — «) '

Each of these results is sharp for the functifz) given by|(3.B).
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