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ABSTRACT. The main purpose of this paper is to establish with a constructive proof the Bernoulli
inequality: letA be a uniformly completef -algebra withe as unit element, let1 < p < ∞, then

(e + a)p ≥ e + pa

for all a ∈ A+. As an application we prove the Hölder inequality for positive linear functionals
on a uniformly completef -algebra with identity by using the Minkowski inequality.
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2 ADEL TOUMI AND MOHAMED ALI TOUMI

1. I NTRODUCTION

Let A be a uniformly completeΦ-algebra, that is a uniformly completef -algebra with an
identity elemente. The Bernoulli inequality states that :
If 1 < p < ∞, then

(e + f)p ≥ e + pf

for all f ∈ A+.In this paper we prove that the Bernoulli inequality is true in any uniformly
completeΦ-algebra.

The Hölder inequality onA states that:
If T is a positive linear functional and ifp, q ≥ 1 such that1

p
+ 1

q
= 1, then

T (|fg|) ≤ (T (|f |p))
1
p (T (|g|q))

1
q

for all f, g ∈ A. The Minkowski inequality states:

T (|f + g|p)
1
p ≤ (T (|f |p))

1
p + (T (|g|p))

1
p .

for all f, g ∈ A. In [3], K. Boulabiar proved the Hölder inequality for a restricted case (p, q are
rational numbers), but the second author established the same inequality for the general setting,
by using the arithmetic-geometric inequality (the Young inequality)ab ≤ 1

p
ap + 1

q
bq = 1 and

by the convexity of natural logarithm.
We take it for granted that the reader is familiar with the notions of vector lattices (or Riesz

spaces) and operators between them. For terminology, notations and concepts that are not
explained in this paper, we refer to the standard monographs [1, 4, 5].

2. PRELIMINARIES

In order to avoid unnecessary repetitions we will suppose that all vector lattices and`-
algebras under consideration areArchimedean.

Let A be a vector lattice, let0 ≤ v ∈ A, the sequence{an, n = 1, 2, ...} in A is called(v)
relatively uniformly convergentto a ∈ A if for every real numberε > 0, there exists a natural
numbernε such that|an − a| ≤ εv for all n ≥ nε. This will be denoted byan → a (v). If
an → a (v) for some0 ≤ v ∈ A, then the sequence{an, n = 1, 2, ...} is called(relatively)
uniformly convergentto a, which is denoted byan → a(r.u). The notion of(v) relatively
uniformly Cauchysequence is defined in the obvious way. A vector lattice is calledrelatively
uniformly completeif every relatively uniformly Cauchy sequence inA has a unique limit.
Relatively uniformly limits are unique ifA is archimedean, see [4, Theorem 63.2].

A linear mappingT defined on a vector latticeA with values in a vector latticeB is called
positiveif T(A+) ⊂ B+ ( notationT ∈ L+(A,B)or T ∈ L+(A) if A = B ).

Let us recall some definitions and some basic facts aboutf-algebras. For more information
about this field, we refer the reader to [1, 4, 5]. A (real) algebraA which is simultaneously
a vector lattice such that the partial ordering and the multiplication inA are compatible, so
a, b ∈ A+ impliesab ∈ A+ is calledlattice-ordered algebra( briefly `-algebra). An `-algebraA
is called anf-algebraif A verifies the property thata∧b = 0 andc ≥ 0 imply ac∧b = ca∧b = 0.
Any f-algebra is automatically commutative and has positive squares. Anf -algebra with an
identity element is calledΦ-algebra. LetA be anf -algebra with unit elemente, then for every
0 ≤ f ∈ A, the increasing sequence0 ≤ fn = f ∧ ne converges (relatively) uniformly tof in
A (for details, see e.g., [1, Theorem 8.22]).
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3. THE MAIN RESULTS

The well-known Bernoulli inequality has many interesting consequences in analysis and in-
tegration theory. So it is natural to ask that if this inequality remains true in the vector lattice
theory. This answer is affirmative.

Theorem 3.1. (Bernoulli inequality) LetA be a uniformly completeΦ-algebras withe as iden-
tity element. If1 < p < ∞, then

(e + f)p ≥ e + pf

for all f ∈ A+.

Proof. We assume that1
p

= b
a

be a rational such that1 < p < ∞ and letf ∈ A+ such that
(e + pf) ≤ me. Let us define the following sequence

(3.1) fn = inf
α = k

n
1 ≤ k ≤ n

{
α−

1
a

(
b

a
(e + pf) + α

(
a− b

a

)
e

)}
.

This sequence will turn out to be the natural approximating Cauchy sequence forf
a
b . We claim

that

0 ≤ (fn)a − (e + pf)b ≤ C

n
g

for some0 ≤ g ∈ A, which means that(fn)a → (e + pf)b (r.u), hencefn → (e + pf)
b
a (r.u) .

Indeed,

(fn)a − (e + pf)b = inf
α = k

n
1 ≤ k ≤ n

{
α−1

((
b

a
(e + pf) + α

(
a− b

a

)
e

)a

− α (e + pf)b

)}

= a−a inf
α = k

n
1 ≤ k ≤ n

{
α−1

(
(b (e + pf) + α (a− b) e)a − aaα (e + pf)b

)}
.

Let P ((e + pf) , αe) = (b (e + pf) + α (a− b) e)a−aaαe (e + pf)b , which is a homogeneous
polynomial in(e + pf) andαe. Consider the corresponding inhomogeneous polynomial

P (X, 1) = (bX + (a− b))a − aaXb ∈ R [X] .

SinceP (1) = P ′ (1) = 0, we haveP (X) = (X − 1)2 G (X) for someG (X) ∈ R [X] . In
other words

P (e + pf) = ((e + pf)− αe)2 G ((e + pf) , αe) .

Moreover

G ((e + pf) , αe) = β0 (e + pf) fa−2 + βa−2
1 (e + pf) (αe) + ... + βa−2 (αe)a−2 .

(βi ∈ R, 0 ≤ i ≤ a− 2 andβi does not depend onα).
SinceP (f (e + pf) , αe) = ((e + pf)− αe)2 G ((e + pf) , αe),
then|P ((e + pf) , αe)| = ((e + pf)− αe)2 |G ((e + pf) , αe)| . Moreover,

G (f, αe) ≤ |β0| (e + pf)a−2 + |β1| (e + pf)a−2 e + ... + |βa−2| ea−2

and
−G (f, αe) ≤ |β0| (e + pf)a−2 + |β1| (e + pf)a−2 e + ... + |βa−2| ea−2.

Hence
|G (f, αe)| ≤ g
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4 ADEL TOUMI AND MOHAMED ALI TOUMI

whereg = |β0| (e + pf)a−2 + |β1| (e + pf)a−2 e + ... + |βa−2| ea−2.
We recall that by [3, Proposition 4.1]

inf
α = k

n
1 ≤ k ≤ n

α−1 ((e + pf)− αe)2 ≤ n
1

n2
e2 =

1

n
e.

Therefore ∣∣∣(fn)a − (e + pf)b
∣∣∣ = |P ((e + pf) , αe)| ≤ a−a 1

n
g.

Hence the sequence
{
(fn)a − f b

}∞
n=1

is a uniformly Cauchy sequence inA, which converges

to 0. Thus(fn)a → (e + pf)b (r.u), hencefn → (e + pf)
b
a (r.u) . By formula (3.1), we deduce

that

fn ≤
(

b

a
(e + pf) +

(
a− b

a

)
e

)
.

and then, asn →∞

(3.2) f
b
a ≤

(
b

a
(e + pf) +

(
a− b

a

)
e

)
.

Now let0 ≤ f ∈ A. Sincef ∧me → f (r.u) , see [1, Theorem 8.22], it follows that

(f ∧me)
b
a ≤

(
b

a
((e + pf) ∧me) +

(
a− b

a

)
e

)
.

As m →∞, then

(e + pf)
b
a ≤ b

a
(e + pf) +

(
a− b

a

)
e

= e + f.

Therefore

(e + pf)
1
p ≤ e + f.

That is

(3.3) e + pf ≤ (e + f)p .

Now let 1 < p < ∞, then there exists a rational sequencepn such thatpn > 1 andpn → p.
Then by the inequality (3.3)

e + pnf ≤ (e + f)pn .

Since(e + f)pn → (e + f)p (r.u) andpnf → pf (r.u), then

e + pf ≤ (e + f)p

which completes the proof. �

Corollary 3.2. LetA be a uniformly completeΦ-algebra with e as identity element. If1 < p <
∞, then

(f + tg)p ≥ fp + ptfp−1g

for all f, g ∈ A+, for all t ∈ R+.
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Proof. We assume thatf has an inverse inA. Then we apply the Bernoulli inequality totgf−1,
then

(3.4) (f + tg)p ≥ fp + ptfp−1g.

Now letf ∈ A+, by the Birkhoff’s inequality the sequence
(
f ∨ e

n

)
n∈N is uniformly convergent

to g. Moreoverf ∨ e
n
≥ e

n
, thenf ∨ e

n
has an inverse inA. Hence by inequality (3.4),((

f ∨ e

n

)
+ tg

)p

≥
(
f ∨ e

n

)p

+ pt
(
f ∨ e

n

)p−1

g.

As n →∞, we have

(f + tg)p ≥ fp + ptfp−1g,

as required. �

From the Hölder inequality, the Minkowski inequality can be easily proved:
If T (|f + g|p) = 0, then the inequality is trivial. We assume thatT (|f + g|p) > 0, then

T (|f + g|p) ≤ T
(
|f + g|p−1 (|f |+ |g|)

)
≤ T

(
|f + g|p−1 |f |

)
+ T

(
|f + g|p−1 |g|

)
.

Applying the Hölder inequality to each component, and observing that(p− 1) q = p, we obtain

T (|f + g|p) ≤ (T (|f |p))
1
p T

(
|f + g|(p−1)q

) 1
q

+ (T (|g|p))
1
p T

(
|f + g|(p−1)q

) 1
q

=
(
(T (|f |p))

1
p + (T (|g|p))

1
p

)
T

(
|f + g|(p−1)q

) 1
q

=
(
(T (|f |p))

1
p + (T (|g|p))

1
p

)
T (|f + g|p)

1
q

and so

T (|f + g|p)
1
p ≤ (T (|f |p))

1
p + (T (|g|p))

1
p

which gives the desired result.
Next, we deduce Hölder inequality from Minkowski inequality.

Theorem 3.3. (Hölder inequality) LetA be a uniformly completeΦ-algebra with e as unit
element, let p,q be real numbers such that1

p
+ 1

q
= 1 and letT : A → R be a non trivial positive

functional. Then, the Hölder inequality

T (|fg|) ≤ (T (|f |p))
1
p (T (|g|q))

1
q

holds for allf, g ∈ A.

Proof. Let f, g ∈ A, by the previous corollary,

pt |f | |g| ≤
(
|g|

1
p−1 + t |f |

)p

− |g|
p

p−1 .

Then

T (pt |f | |g|) ≤ T
((
|g|

1
p−1 + t |f |

)p)
− T

(
|g|

p
p−1

)
.

By the Minkowski inequality

ptT (|f | |g|) = ptT (|fg|) ≤
[
T

((
|g|

1
p−1

)p) 1
p

+ (T ((t |f |)p))
1
p

]p

− T
(
|g|

p
p−1

)
.
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Hence by the definition of the derivative

pT (|fg|) ≤ lim
t→0+

inf

([
T

((
|g|

1
p−1

)p) 1
p

+ (T ((t |f |)p))
1
p

]p

− T
(
|g|

p
p−1

))
t

.

= pT
(
|g|

1
p−1

) p−1
p

(T ((|f |)p))
1
p = p (T (|f |p))

1
p (T (|g|q))

1
q

which gives the desired result. �
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