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ABSTRACT. The main purpose of this paper is to establish with a constructive proof the Bernoulli
inequality: letA be a uniformly completg-algebra withe as unit element, let < p < oo, then

(e+a)’ >e+pa

foralla € A.. As an application we prove the Holder inequality for positive linear functionals
on a uniformly completg -algebra with identity by using the Minkowski inequality.
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1. INTRODUCTION

Let A be a uniformly complet@-algebra, that is a uniformly completealgebra with an
identity element. The Bernoulli inequality states that :
If 1 < p < oo, then

(e+ f)f >e+pf

for all f € A, .In this paper we prove that the Bernoulli inequality is true in any uniformly
completed-algebra.

The Holder inequality o states that:
If T"is a positive linear functional andjif ¢ > 1 such that% + % =1, then

B =
Q=

T(|fgh) < (T ()

forall f, g € A. The Minkowski inequality states:

(T'(lg1")

T(f +gl”)r < (T ()7 + (T (|gI"))" .

forall f,g € A.In[3], K. Boulabiar proved the Holder inequality for a restricted cagg;(are
rational numbers), but the second author established the same inequality for the general setting,
by using the arithmetic-geometric inequality (the Young inequality ]ljap + %bq = 1and
by the convexity of natural logarithm.

We take it for granted that the reader is familiar with the notions of vector lattices (or Riesz
spaces) and operators between them. For terminology, notations and concepts that are not
explained in this paper, we refer to the standard monographsi[1, 4, 5].

2. PRELIMINARIES

In order to avoid unnecessary repetitions we will suppose that all vector latticeg- and
algebras under consideration &echimedean.

Let A be a vector lattice, lel < v € A, the sequencéa,, n =1,2,...} in Ais called(v)
relatively uniformly convergerto a € A if for every real numbee > 0, there exists a natural
numbern. such thata, — a| < ev for all n > n.. This will be denoted by:,, — a (v). If
a, — a (v) for some0 < v € A, then the sequence:, n = 1,2,...} is called(relatively)
uniformly convergento a, which is denoted by:, — a(r.u). The notion of(v) relatively
uniformly Cauchysequence is defined in the obvious way. A vector lattice is caiidively
uniformly completaf every relatively uniformly Cauchy sequence #has a unique limit.
Relatively uniformly limits are unique ifl is archimedean, se€ [4, Theorem 63.2].

A linear mappingT defined on a vector latticA with values in a vector lattic is called
positiveif T(AY) ¢ B™ ( notationT € L*(A,B)orT € LT(A)if A=B).

Let us recall some definitions and some basic facts abalgebras. For more information
about this field, we refer the reader 10 [1,/4, 5]. A (real) algebnahich is simultaneously
a vector lattice such that the partial ordering and the multiplicatiod iare compatible, so
a,b € AT impliesab € AT is calledlattice-ordered algebr@briefly /-algebrg. An ¢-algebraA
is called arf-algebraif A verifies the property thatAb = 0 andc > 0 imply acAb = canb = 0.
Any f-algebra is automatically commutative and has positive squarest-agebra with an
identity element is calle@-algebra. Letd be anf-algebra with unit element, then for every
0 < f € A, the increasing sequente< f,, = f A ne converges (relatively) uniformly t¢ in
A (for details, see e.g!l,[[1, Theorem 8.22]).
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3. THE MAIN RESULTS

The well-known Bernoulli inequality has many interesting consequences in analysis and in-
tegration theory. So it is natural to ask that if this inequality remains true in the vector lattice
theory. This answer is affirmative.

Theorem 3.1. (Bernoulli inequality) LetA be a uniformly complet@-algebras withe as iden-
tity element. Ifl < p < oo, then

(e+ [ >e+pf
forall fe A,.

Proof. We assume tha}{t = g be a rational such thdt < p < oo and letf € A, such that
(e + pf) < me. Let us define the following sequence

(3.1) fn = infk {offll <g (e +pf)+a (GT_b) e) } .
a—k

1<k % n
This sequence will turn out to be the natural approximating Cauchy sequente ffe claim
that o
0<(fu)" = (e+pf)" < g

for some0 < g € A, which means thatf,)* — (e + pf)" (r.u), hencef, — (e + pf)
Indeed,

o |ov

g =een = wt {o (Zernnea () e) ateran) )
1<k<n

= o wf {a (letpN)rala—be) —aale+p))}.
1<k<n

Let P ((e 4 pf),ae) = (b(e+ pf) + o (a — b) e)* —aae (e + pf)”, which is a homogeneous
polynomial in(e + pf) andae. Consider the corresponding inhomogeneous polynomial
P(X,1) = (bX + (a—1))" —a"X® € R[X].

SinceP (1) = P’ (1) = 0, we haveP (X) = (X —1)*G (X) for someG (X) € R[X]. In
other words
P(e+pf) = ((e+pf) —ae)’ G ((e +pf),ae).
Moreover
G((e+pf),ae) = Bo(e+pf) [ >+ B (e +pf) (ae) + ... + Bz ().
(B; €R, 0 <i < a—2andg; does not depend am).
SinceP (f (¢ +pf),ae) = (e +pf) — ae)* G ((e +pf) , ae),
then|P ((e + pf),ae)| = ((e + pf) — ae)’ |G ((e + pf) , ae)| . Moreover,
G (f,ae) <|Bol (e +pf)* 7+ 61| (e +pf)" P e+ .+ |Baal e
and
—G (f,ae) < |Bol (e +pf)" 2+ |Bil (e +pf) P+ ...+ |Baz] e

Hence

G (f )| < g
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whereg = |G| (e + pf)* 7 + 81| (e + pf)* e+ oo + | Barsg] €22
We recall that by [3, Proposition 4.1]

1
inf at((e+pf) — ae)’ <n—=e? = —e.
n

VACIES

k

IN 2

1 n

Therefore
() = e+ )| = 1P (e +pf) ac)| S a .

Hence the sequenc{e(fn)“ — f"}:;1 is a uniformly Cauchy sequence i1 which converges

to 0. Thus(f,)* — (e + pf)’ (r.u), hencef, — (e + pf)= (r.u). By formula ), we deduce
that
b —b
e (B (22):).
a a
and then, ag — oo

(3.2) fo< (g (e +pf) + (a;b> e) -

Now let0 < f € A. Sincef A me — f (r.u), seel[l, Theorem 8.22], it follows that

< (2tespnnme+ ().

(e+pf)e < g(e+pf)+ (a;b>e

Q|0

(f Ame)

Asm — oo, then

Qo

= e+ f.
Therefore 1
(e+pf)r <e+f.
That is
(3.3) e+pf <(e+ f).

Now let1 < p < oo, then there exists a rational sequemgesuch thatp,, > 1 andp, — p.
Then by the inequality (3]3)

e+paf < (e+ ).
Since(e + f)" — (e + f)’ (r.w) andp, f — pf (r.u), then
e+pf < (et f)

which completes the proof. O

Corollary 3.2. Let A be a uniformly complet®-algebra with e as identity element.llf< p <
0o, then

(f +tg)" > fP+ptf'™'g
forall f,ge A, forallt € R,.
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Proof. We assume that has an inverse id. Then we apply the Bernoulli inequality tg f !,
then

(3.4) (f +tg) = fP+ptfr .

Now let f € A, by the Birkhoff’s inequality the sequen@ Y i)neN is uniformly convergent
to g. Moreoverf v = > £, thenf v £ has an inverse idl. Hence by inequalit)ﬂ_?]4),

(v ) vy = (v Y (v )™

Asn — oo, we have
(f+tg)" = fP+ptfr 'y,
as required. O

From the Hoélder inequality, the Minkowski inequality can be easily proved:
If T(]f + ¢g") = 0, then the inequality is trivial. We assume that|f + ¢|”) > 0, then

T(f+9") < T(f+9" (f1+19D)
< T(f+al ) +T(1f + 9P gl) -
Applying the Holder inequality to each component, and observing thatl) ¢ = p, we obtain
T(f+gl) < (@D T (I +97) (@ (gl)> T (If + 917"
= (@ Arm)y> + @ lglP)?) T (1f + 9/
= (T UFP)» + (T (gP)?) T (1f + ")

and so

3=

T(|f +gl")r < (T (1) + (T (1g]")
which gives the desired result.
Next, we deduce Holder inequality from Minkowski inequality.

Theorem 3.3. (Hoélder inequality) LetA be a uniformly complet&-algebra with e as unit
element, let p,q be real numbers such t%\aié = landletT : A — R be a non trivial positive
functional. Then, the Hoélder inequality

T(|fgl) < (T (f")7 (T (|g|*))7
holds forall f,g € A.

Proof. Let f, g € A, by the previous corollary,

ptIf1lgl < (19177 +¢171)" = lgl7*
Then
T (ptfl19) < T ((1gl7 +t|f|>p> -7 (lgl*).
By the Minkowski inequality

1
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Hence by the definition of the derivative

1

([7 (1)) + @ etsim| -7 (o))

pT(|fg]) < lim inf

t—0t
p—1

= o7 (lg77) 7 (@A)

which gives the desired result.

B =
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