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ABSTRACT. The object of the present paper is to derive several inequalities associated with
differential subordinations between analytic functions and a linear operator defined for a cer-
tain family of p-valent functions, which is introduced here by means of a family of extended
multiplier transformations. Some special cases and consequences of the main results are also
considered.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A(p, n) denote the class of functiorfsnormalized by

(1.1) f(z) =2+ i arz® (p,n e N:={1,2,3,...}),

k=p+n
which are analytic in the open unit disk

U:={z:z¢eCand|z| < 1}.
In particular, we set
Alp,1) = A,, A(1,1) .= A= A andA(1,n) := A,.
Afunction f € A(p,n) is said to be in the clasd(p, n; «) if it satisfies the following inequality:

zf”(z)) ,

(1.2) 3‘%(14— 6 <a (z€Ua>p).

We also denote byf(«) andS*(«), respectively, the usual subclasses4oonsisting of func-
tions which areconvex of ordery in U andstarlike of ordera in U. Thus we have (see for
details, [3] and([12]),

zf”(z)

(1.3) Cla) = {f . fe AandR <1 + )

) > o (zGU;O§a<1)}
and
(1.4) S*(a) = {f fe Aand%(

In particular, we write

2f'(2)
f(2)

)>a (zeU;0<a<1)}.

C(0)=:C and S§*(0) =:S™.
For the above defined claggp, n; «) of p-valent functions, Owa et al. [6] proved the following
results.

Theorem 1.1. (Owa et al[6], p.8, Theorem J]If

fz)e Alp,n;a) (p<a<p+ %n),

then

f(2) 2p+n
(1.5) %(zf’(z)) > Ba ) (z € U).

Theorem 1.2. (Owa et alf6, p. 10, Theorem 3]if

1
f(z) e Alp,n;a) (p<a<p+ 5%)7
then

2f'(z)) _ Qa+n)p
(1.6) O<§R(f(z))< i (z € U).
In fact, as already observed by Owa et al. [6, p. 10], various further special cases of (for
example) Theorefn 1.2 when= n = 1 were considered earlier by Nunokawa [4], Saitoh et al.
[8], and Singh and Singh [10].
The main object of this paper is to present an extension of each of the inequlitjes (1.5) and
(1.6) asserted by Theordm 1.1 and Theoferm 1.2, respectively, to hold true for a linear operator
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associated with a certain general clak®, n; r, A, «) of p-valent functions, which we introduce
here.
Analogous to the multiplier transformation oty the operator,,(r, A), given onA, by

L (kA
1.7) L(r,\) f(z) =2 + E ( i ) arz® AN>0;r€ZipeN; feA),
k=p+1

was studied by Sivaprasad Kumar et al./[11].

The operatot,(r, A) is closely related to thegiagean derivative operator [9]. The operator
I} = I(r,\) was studied by Cho and Srivastava [2] and Cho and Kim [1]. Moreover, the
operatorl, := I;(r, 1) was studied earlier by Uraleggadi and Somanatha [13].

Here, in our present investigation, we define the opetgter \) on A(p, n) by

= (k+A\"
1.8 L(r, N f(z) =2+ (—) apz® A>0;peN;reZ).
(1.8) b Z o) )

Making use of the linear operatdy,(r, \) defined by [(1.B), we say that a functigitz)
A(p,n) is in the aforementioned general cladép, n;r, \, o) if it satisfies the following in-
equality:

L(r+2,N)f(2) . _
(2.9) %([p(r+1,)\)f(z))<a (zeU;a>1;reZ,\>0).

The Silagean derivative operatdr f(z), given onA,, by

(1.10) D*f(z) = D(D* ' f(2)) = 2z + Z E)rapz® (we NU{0}),

k=n+1

was studied by Orhan and Kamali [5].

Also, we could observe that thédfgean derivative operatd¥ f(z), defined by[(1.10) is a
particular case of the operaty(r, ) f(z) defined by[(1.B), whep = 1,7 = u (1 € NU{0})
and\ = 0.

Thus, with this convention, a functiofiz) € A, is in the classA(1, n; i, o) if it satisfies
the following inequality:

DH*2f(2) _
(111) %(D“Tf(z)) < @, (ZEU,Oé> 1,MENU{O},f€An)

Finally, for two functionsf andg analytic inU, we say that the functiofi(z) is subordinate to
g(z) in U, and write

f=g or f(z) <g(z) (€0),

if there exsits a Schwarz functian(z), analytic inU with
w(0) =0 and |w(z)| <1 (z€U),
such that
(1.12) f(z) =g(w(z)) (z€).
In particular, if the functiory is univalent inU, the above subordination is equivalent to
f(0) = ¢(0) and f(U) C g(U).

In our present investigation of the above defined general cléassn; r, A, a), we shall require
the following lemmas.
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Lemma 1.3. (cf. Miller and Mocanus3, p. 35, Theorem 2.3i(i)]Let(2 be a set in the complex
planeC and suppose thak(u, v; z) is a complex-valued mapping:

d:C*xU—C,
where
u=u; +iuy and v = v; + iv,.

Also, letd(iug, vy; 2) ¢ Q2 for all z € U and for all realu, andwv; such that
1
(1.13) vy < —§n(1 +u3).

If
q(2) =14 2" + cpyr 2"+ - -
is analytic inU and
P(q(2), 2¢'(2);2) € @ (2 € 1),
then
R{q(z)} >0 (zeD).
Lemma 1.4. (cf. Miller and Mocanya, p. 132, Theorem 3.4hL et (=) be univalent iU and

suppose that the functionsand ¢ are analytic in a domaiD O (U) with ¢(¢) # 0 when
¢ € ¥(U). Define the function®(z) andh(z) by

(1.14) Q(2) 1= 2/ (2)e(¢(2)) and h(z) :=I(d(2)) + Q(2),

and assume that (i)(z) is starlike univalent irflU and (i) <ZS((ZZ))) >0 (z€U).If
(1.15) 9(q(2)) + 2¢'(2)¢(q(2)) < h(z) (2 €U),

then

q9(z) <9(2) (2€0)
andi(z) is the best dominant.

Lemma 1.5. (Ravichandran et al[7, pp. 8, Lemma 3]Let the functiong(z) and(z) be
analytic inU and suppose that

¥(z) #0 (2€0)

is also univalent iU and thatz1)'(z) /1(z) is starlike univalent irflJ. If

(
(1.16) R (O‘ L [1 LA )

>>O (z€Usa,B€C;p5#0)

B(z) V) 9()
and

o0 ), o WO p
G e e e Beesesizo)
then

9(2) < ¥(2) (z€D)
andq(z) is the best dominant.
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2. INEQUALITIES ASSOCIATED WITH THE LINEAR OPERATOR I,(7, \)
In view of Lemmg 1.B of the preceeding section, we first prove Theprem 2.1 below.
Theorem 2.1. Let the paramete satisfy the following inequality:

(2.1) l<a<l+

n
, where p+ A > 0.
2(p+A) Y

If f(2) € A(p,n;r, A\, @), then
2.2) §R( L(r,\) f(2) ) - 2(p+ A +n (zeU)

Lr+1,)N)f(2) n+2a(p+ A)
and

L(r+1,))f(2) n+2a(p+ \)
@9 (i) < e C€0
Proof. Define the functiory(z) by
24) (= Bale)+ 0= TPt (e D)
where

_2(p+A)+n

Then, clearlyg(z) is analytic inU and
q(z) =1+ c, 2"+ 2" +... (2 €.
By means of a simple computation, we observe frpm| (2.4) that
(1= B)2(2) _ AL VR 2l + LAY
(1=03)a(z)+5  L(r,A)f(z) L(r+1,M)f(z)

Making use of the familiar identity:

(2.6)

@.7) (0 + NI (r+ 1LN(2) = 21, V) + A (r N F(2),
we find from [2.6) that
Q- P(z) Lt LNGE) L 20f()
RS I B A VY TP RS ATV o5

which, in view of [2.4), yields
R e g O
Lr+1L,A)f(z)  (1=08)q(z)+8 \p+A) [(1-P)q(z)+ 5
If we define®(u, v; z) by
L 1 1 (1-B)v
@9 v = gy~ () [asaess)
then, by the hypothesis of Theor¢m|2.1 tifiat A(p, n; 7, A, o), we have

R{D(q(2), 2q/(2); 2)} = (%W%%L»f@)

Lr+1,N)f(2)
We will now show that

) <a (zeUa>1).
R{P(iug,v1;2)} > «
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for all z € U and for all reak:, andv, constrained by the inequality (1]13). Indeed we find from

(2.9) that

bt} = % { (- ﬁ)lm 5 (p ; A) a (_1@_>Z)QU1+ g}

sl () )

g B ( 1 ) B —B)u
=P+ @ \p+A) (1= B + 5
so that by using (1.13), we have

- 5 1 (B(L-B)5(1+ud)
%{(I)(zuz,vl,Z)} > (1 — ﬁ>2u% +ﬁ2 + P+ A ( (1 — 5)2u% —l—ﬁ? )

or equivalently,

. B [p+A)+ 50— B)(1+u3)

(2.10) R{P(iug,v1;2)} > Y [ a _26)%% 7 2 } (z € ).
From the inequalities ifj (2.1), we get

582 (0+N+50-9)1-5)
and hence the function

(p+A) + sn(l — B)(1+ 2?)
(1 0)%22 + 3
is an increasing function far > 0. Thus we find from[(2.7]0) that
R{D(iuz, v1; 2)} > piA ((p+ ) +ﬁg(1 —5)) =a (z€).

The first assertiorj (2.2) of Theorém 2.1 follows by applying Leimp 1.3.
Next, we define the function(z) by
AGRIIC)

V) = T L)

wheref is given by [2.5). Then, in view of the already proven asserfion) (2.2) of Theorém 2.1,
we have

(z €U,

(2.11) R{Y(z)} >0>0 (2€D)
so that,
(2.12) R (¢(1z)> >0 (zel).
Since [2.1P) holds true, we have
1 1
R () < WOl -1

or

1 1
*(55) < woEy U
which, in view of [2.11), yields

O<§R<¢(12)><% (z € U)
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which is the second assertidn (2.3) of Theofem 2.1.
The following result is a special case of Theofem 2.1 obtained by taKinge .A(1, n) with
p=1,r=pu(p e NU{0})and\ = 0.

Corollary 2.2. If f(z) € A(1,n;p, ) (1 <a <1+ %), then

Dt f(z) 2+n
R (D/“rlf(z)) ~ n + 2o (z€ 1),

and

DrFLf(2) n+ 2«
3?( Dri(z) )< T (z €U).

3. FURTHER RESULTS INVOLVING DIFFERENTIAL SUBORDINATION BETWEEN
ANALYTIC FUNCTIONS

In this section, we prove the following result involving differential subordination between
analytic functions.

Theorem 3.1. Let the function)(z) # 0 (z € U) be analytic and univalent ify and suppose
that21'(z)/1(z) is starlike univalent irlU and

p+A () _ 2 (2) ew.
(3.1) %(w@ + {1+ ) e D >0 (z€U;(p+ ) € C\{0}).

If f € A, satisfies the following subordination:
Lr+2,Mf(z) p+A  2(2)

(3:2) Ler LG o e CEU)
then
(3.3) L NI ey (e

I(r+1L,A)f(2)
and(z) is the best dominant.
Proof. Let the functiony(z) be defined by
o ]p(?”, )\)f(Z)
1= e LN
so that, by a simple computation, we have

- () ALNIE) L+ LAE)

(zeU; fe A,

a(z) LN f(2) L(r+LA)f(2)
which follows also from[(26) in the special case wiies: 0.
Making use of the familiar identity (2.7) once again, we find that
Lr+2,0)f(z) _ Lr+1,0)f() ( 1 ) [z[fp(r, NG 2L (r+ 1,0 /()]

Lr+1,)N)f(2) N L(r,\) f(2) P+ A L(r,\) f(2) L(r+1,))f(2)

- q(lz) - (pik) ngi’;)
1 [ptA z(2)
CoptA [q(Z) 9(2) 1
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which, in light of the hypothesi$ (3.2) of Theorem 2, yields the following subordination:
prA () prr ()
9(z)  a(z)  P(z) Y(2)
The assertiorj (3]3) of Theorém [3.1 now follows from Lenima 1.5.
Remark 3.1. If the function«(z) is such that
R{y(z)} >0 (2€0)
and if z¢/'(2) /1(2) is starlike inU, then the conditior{ (3]1) is satisfied for A > 0.

As a special case, when= 1, r = p (1 € NU{0}) andX = 0, Theorenj 3]l yields the
following result.

(z € U).

Corollary 3.2. Let the function)(z) # 0 (z € U) be analytic and univalent ity and suppose
that21)'(z)/1(z) is starlike univalent irlU and

*(m [ -5 ]) o eem

If /() € A(1, 1; u, ) satisfies the following subordination:

D) 1 ()
DFfG) PG 9)

D f(z)
Dr+f(z)

(= €U),

then
<¢Y(z) (z€l).
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