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2 M. S. MAHADEVA NAIKA, M. C. MAHESHKUMAR AND K. SUSHAN BAIRY

1. INTRODUCTION

In Chapter 16 of his second notebooksl[1, 2, 10], Ramanujan develops the theory of theta-
function and his theta—function is defined by

(1.1) w(q) = flg,9) = i 0" = (4% ¢)oor
(1.2) () = fla,¢°) = ni;oqn(n;l) = %,
and
(1.3) f(=a) = f(~a,—¢*) = i (1" = (4:9)o,
where o

(a;q)o0 = ﬁo(l —aq").

On page 338 in his first notebodk |10, p.338], Ramanujan defines

1.4 Ne™ VR <€_Wm> d (_e_wm>

(1.4) ap, N = e (6_“/%) 2 <_€—2w %)

He then, on pages 338 and 339, offers a list of eighteen particular values. All these eighteen

values have been established by Berndt, Chan and Zhang [4]. Following Ramanujan we define
a new function by

New\/%zf (_e—m/MN> 2 (_e—zm/MN>
15 b =
( ) M, N wg (_efﬂ-\/%> 902 (—672# %)
Let K, K’, L and L' denote the complete elliptic integrals of the first kind associated with

the modulik, £’ := /1 — k2, [ and!’ := /1 — [? respectively, wheré < k,[ < 1. For a fixed
positive integerV, suppose that

K' L
1.6 N— =—.
(1.6) =1

Then a modular equation of degr@eis a relation betweeh and/ induced by[(1.). Following
Ramanujan, set = £ and3 = [?. Then we sayj is of degreeV overa.
Define

1 1
gn =27 1q 21x(—q),
where
X(@) = (=4 ¢%)oe-
Moreover, ifqg = e VE andg has degreéV overa, then

a7 gy = (da(1—a) )7 and gyn = (48(1— 7)) H.

The main purpose of this paper is to obtain some new general theorems for the explicit eval-
uations of remarkable product of theta-functipn1.5) and also several new explicit evaluations
there from.
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2. MAIN THEOREMS

In this section, we establish several new general formulas for explicit evaluatidngs of
In the following Theorem[(2]1), the equivalent form [of (1.5) is obtained.

Theorem 2.1. We have

New\/%@ﬂ <67m/MN> 2 (_efw\/MN>
W° (6_7T %> ©? (—6_”\/¥> ’

where M is any positive rational and N is a positive integer.

Proof. The identity [1.5) can be rewritten as

(2.2) by, N =

Ng T (=) ¢* (—¢*N) T
2.2 by N = . g=e VN,
2 NN TR ) () =

If 5 is of degreeV overc«, then using Entry 10 (iii) and Entry 11 (ii) of Chapter 17 of Ramanu-
jan’s notebooks [2, pp.122-123] in (2.2), we find that

N a2\
23 wo = (222 )

Using Entry 10 (ii) of Chapter 17 of Ramanujan’s notebooks [2, p.122], we have

2g™) 1 [1-p5\?
(2.4) M S <—5) ,
v’ (—q)  m\l-a
Using Entry 11 (i) of Chapter 17 of Ramanujan’s notebooks [2, p.123], we have
% 2( N 1 i
(2.5) %@) _ = (é) .
) m o\«

Using (2.4) and[(2]5) ir] (2} 3) with = e*”\/% we obtain[(Z.]1)a

Theorem 2.2.We have

(26) bZM, N b%7 N — 1

2.7) byar, 2 bt = L.

(2.8) bar onbi m = 1.
N’ 2

Proof of (2.6). Using equation[(Z2]1), we find that

2.9) baas, by = N2 (VA )

e o ) L G K )
o (cenii) ot (Vi) g (VR ) ot (V)
From Entry 27 (ii) of Chapter 16 of Ramanujan’s noteboaoks [2, p.43], we have

b Y (e7) _ 1 _ 2
(210) e m—z\/;, Y = 7.

X
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Puttingy = /2% andv = 7y /2Y in (2.10), we find that

2 —my/2M
N G 1 [2N
(2.11) Ve _
' ¢ 2( . %)_4 M

(2 —€

Puttingy = /5 andv = 7, /24 in (2.10), we deduce that

(2.12) 6_2@¢2 <<e” 2NM>> = i %
Puttingu = w\/@ andy = w\/% in (2.10), we find that
(o)

. 1/ 2
(2.13) e BV T L= [
2 (_em/_m> 4V MN

Puttingy = my/ 57 andv = 7v2M N in (2.1Q), we deduce that

. zp2 <e_7r\/%> 1
(2.14) e 2V 2MN 2 (_efm/m) = 1 2MN.

Using (2.11),[(2.12)[(2.13) and (2]14) [n (R.9), we obtain the required résylt £.6).
Proofs of [2.7) and (2]8) are similar to the proof|of {2.6). So we omit the proof.

Corollary 2.1. We have

(2.15) by N = 1.

Proof. PuttingM = 1in (2.6), we obtain the result (2.15.
Theorem 2.3. We have

(2.16) barvi, N = ban, M = b% 1 =b2 1.

Proof. Replacing M by 2M in[(Z.[1), we deduce tr;z; o
¢2 (e—m/m) 902 <_
v (VR ) 2 (—eVE)

Puttingy = 7,/ 2% andv = m,/2Y in (2.10), we find that

R e—m/ZMN)
(2.17) bors x = Ne o oVE

(2.18) 2 (wﬁ) :i 2}56’5@@2 (_e—w ﬂ)

Puttingy = 74/ 5Y- andv = 7y /2 in (2.10), we deduce that

/3T N RN 2N
2 _e™W W) = 3V am)? ™ M
(2.19) o ( e ) 1 557¢ " (e )
Using (2.18) and (2.19) in (2.1.7), we obtain the first equality of (2.&6).

The proofs of the other equalities are similar to the first equality. So we omit the details.
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Theorem 2.4.We have

(2.20) bar, 2y = ban, by 2x.

Proof. Replacing N by 2N in[(2]1), we obtain

b2 (e_m/m> 2 (_e—w\/m)

V) (V)

Replacing M by 2N and N by M irf (2} 1), we deduce that

2 (o) 2 )
V) (V)
Using (2.21),[(2.22) andl (2.1), we obtain the required regult.

Theorem 2.5. We have

1 1 ggM g%
2.23 Fby s =2 N |
( ) ba, s M3 3 9% 9o

(2.21) byr oy = 2Ne T Vaw

(2.22) bon, ar = Me 7 VAT

Proof. If 5 is of degree 3 ovet, then using Entry 5 (vii) of Chapter 19 of Ramanujan’s note-
books [2, p.230], we find that

oomy 2 (00— a)?)i 9 (a(l - a)?)‘i _ <ﬁ(1 - a>2>i (ﬁ(l - a>2)‘ |
(224 m <5(1 —pp) " mr \ B by o(T=7)2) " \a(i-pp
Using (1.7) and[(2]3) witkV = 3 in the above identity[ (2.24), we obta|n (2] 2]).
Corollary 2.2. We have

N

1
(225) bﬁ’ 3 = g
Proof. From the table in Chapter 34 of Ramanujan’s notebooks [3, p.200], we have
;
(2.26) gis = (V3+v2)’
and
(2.27) gs = g2 = 1.

Using (2.26) and (2.27) in (2.23) with/ = 6, we obtain[(2.2b)s

Theorem 2.6. We have

3
1 1 gf?;M Ju

(2.28) —— + Vb5 = —= +—==1.
Vb, 5 e V5 9% 9ou

Proof. If 5 is of degree 5 ovet, then using Entry 13 (xii) of Chapter 19 of Ramanujan’s
notebooks([2, p.281], we find that

a(l-a)®\* 5 fa(l—aP®\™5 _ (BL-a)P\*  (B(1-a)\
ez m(5i=5) o (Goose) = (aazse) + (aase)
Using (1.7) and(2]3) wittV = 5 in the above identity (2.29), we obta|n (2] 24).
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Theorem 2.7.We have

2
91\1 2 9
(2.30) =+ VT = Y S T BN
v/ bu gg 97M gg 9rm
Proof. If 5 is of degree 7 ovety, then using Entry 19 (v) of Chapter 19 of Ramanujan’s note-
books [2, p.314], we find that

o (al—0a)’\' 49 (a(l—a)’\ ' _ (F1-a))!
ey o (Gigs) +oe (i) = (aaop)
B-a)\T [(BA-0aP\?  (B(1-a))
(ai=5) SkQu—ﬁv) HE= ]'
Using (1.7) and[(2]3) wittV = 7 in the above identity[ (2.31), we obta[n (2 3@).

Theorem 2.8. We have
gM
+ \/— gQM . 4
\/ g% ggM

Proof. If ~ is of degree 9 ovety, then using Entries 3 (x), (xi) of Chapter 20 of Ramanujan’s
notebooks/[2, p.352], we find that

e (S e ()

(A =aP\E (- a7

- \a(l—79)? a(l-9)2)
Using (1.7) and(2]3) wittV = 9 in the above identity (2.33), we obta|n (2]313).
Theorem 2.9. We have

3
1 1 3 gum gm
(2.34) + v/bar 13 = glgM B o1 gismr - 95 ‘
VAZYRE v13 Ju Ji3m gu J13M

Proof. If 3 is of degree 13 over, then using Entries 8 (iii), (iv) of Chapter 20 of Ramanujan’s

Notebooks([2, p.376], we find that
) a8 a(l - a)2>% 13 <a(1 . a)2>‘ _ (ﬁ(l . a)2)é (5(1 . a)2>_
(2:35) m(ﬁ(l—ﬁ)Q T \ By oi—p2) "\a(T-pp
Bl—a)\  [(Bl—a)?\ =

‘4Kau—ﬁv> +(5=57) ]'
Using (1.7) and(2]3) witkV = 13 in the above identity (2.35), we obtajn (2 34).
Theorem 2.10.We have
(2.36)

(2.32)

ool
ool

1

b, 25
3 2
925M+ gu 4 925M+ gu _3 925M+ gu 18l
9% gasM 9% gasM 9% 9asM
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Proof. If v is of degree 25 ovet, then using Entries 15 (i), (ii) of Chapter 19 of Ramanujan’s
notebooks([2, p.291], we find that

e () () ()

Using (1.7) and(2]3) witkV = 25 in the above identity (2.37), we obtajn (2| 3@).

3. by, v AND MIXED MODULAR EQUATIONS
We shall employ certain type of mixed modular equations to establish several vabygs,of

Theorem 3.1.We have
1
(3.1) —— + Ay =

where

(Vi + Vi)' = T0Var + Vi)

C»:)Ir—\

gM gasm
AM == bM7 3b25M7 3 and VM == A.
gsm9rsm

Proof. If 3, v and¢ are third, fifth and fifteenths degree overespectively, then using Entries
11 (x) and (xi) of Chapter 20 of Ramanujan’s notebooks [2, p.384], we find that

ar(L=a(L=7)*\* | 9 (ar(1=aP(l—yP)~
(3.2) mm (ﬁ(S( —B)2(1 - 5)2) + mm/’ (ﬁ(S(l — B)*(1—0)? >

() (=)
4(5&1—af v))i_4<ﬁ&1—a>a—vf)‘i_

(1
ay(l1—B)*(1 - 96) ay(1=p)*(1 = 6)
Using (1.7) and[(2]3) witkV = 3 in the above identity[ (3]2), we obtain (B.4).

Theorem 3.2.We have

Ooh—t

1

3.3 AN =V VP 4,
&9 Vi VA= e
where
gm grsm
AM = 625M’ 3 and VM = 3 .
bM, 3 93M9L3M

Proof. If 3, v andd are of third, fifth and fifteenths degree overespectively, then by using
Entries 11 (viii) and (ix) of Chapter 20 of Ramanujan’s notebooks [2, p.384], we find that

oo r G )
—(aal_ﬁyﬂ—vf>¢+(aal—@yu_7y>ng

fr(1—a)*(1—4) fry(1—a)*(1—4)
Using (1.T) and(2]3) wittV = 3 in the above identity (3]4), we obtain (B.3).
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Theorem 3.3.We have

1
3.5 —— + Ay =V + VB 44,
(3.5) T m=Vy+Vy
where ; g g
M Gas5M
AM = oM, 5 and VM =2 .
but, 5 gsmgom

Proof. Using [1.7) and[(2]3) withV = 5 in the above identity (3]4), we obtain (B.9).
Theorem 3.4. We have

1
(3.6) 7= VA = (Var + Vi) 4+ (Vi + Vi)
where ; g
M Y147 M
Ay = M3 ond Vyy = 2
M bM, 3 M 93M9%

Proof. If 3, v andd are of third, seventh and twenty-first degree ovaespectively, then by
using Entries 13 (i) and (ii) of Chapter 20 of Ramanujan’s notebddks [2, p.401], we find that

m (L= 820 =9\ m (B =B =)
(3.7) m (a5(1—a)2(1—5)2) o (ad(l—a)2(1 —5>2>
ad(1— B)2(1— )2\ 7  [ad(l— B)2(1—~)\
:<MH—aPO—®J+(m@—aPU—®J 1
ad(l—B)*(1=9)*\* ad(l -1 —y)*\ =
*4<ﬁﬂ1—awu—6v) *4(ﬁﬂl—aPu—5ﬂ) |

Using (1.7) and[(2]3) witiv = 3 in the above identity (3]7), we obtain (B.4).

Theorem 3.5. We have
(3.8)

o=

VA = (Vi + Vi) + (Ve + Vi)

H-
S

where ) g g
M Y63M

AM = M, 7 and VM = .

b, 7 grmGom

Proof. Using [1.7) and[(Z2]3) witllvV = 7 in the above identity (3]7), we obtain (B.&).
Theorem 3.6. We have

1
(3.9) ——— VA = (Ve + Vi ) 4 (Vi + Vi) 45 (Ve + VigY)
VAN
where ) a1 Gsomas
M 4507
AM = 160M, 3 and VM =32
bM’ 3 ggMgng

Proof. If 3, v andé are of third, thirteenth and thirty-ninth degree owerespectively, then by
using Entry 19 (iv) of Chapter 20 of Ramanujan’s notebo0ks [2, p.426], we find that

o105 () e (=)
- (AT (s
Ay(1 = a)*(1 = 0) By(1 = a)2(1 - 9)?

al-
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ad(1 - B(1 — W)is (aau — B)(1 - 7)2)_418
- (ﬁv(l “ap—op) TP\ Ba-apaoep)
Using (1.7) and[(2]3) witkV = 3 in the above identity[ (3.10), we obtajn (B.9).

Theorem 3.7.We have

1
B1ll)  — VA= (Vu+ Vi) 4 (Vi + Vi) +5 (Vi + Vi)
VAM
where
AM _ bg]\/[7 13 and VM _ g%Qll?M'
bar, 13 g13mgou

Proof. Using [1.7) and[(Z]3) witllV = 13 in the above identity] (3.10), we obtajn (3] 11).

Theorem 3.8. We have

(3.12) —+\/ = (Var + Vir)* + 4 (Var + Vi) 45 (Var + Vi) + 4,
where
AM _ [)49]\47 5 nd VM _ g%9245M'
ba, 5 gs5M g aoM

Proof. If 5, v andé are of fifth, seventh and thirty-fifth degree owemrespectively, then by
using Entries 18 (vi), (vii) of Chapter 20 of Ramanujan’s notebooks [2, p.426], we find that

R ==
~(Sio) (o)

ad(1 — B)*(1 - w?)ig (aaa — (1 w?)‘%
2(Franoar) (Faapar)
Using (1.7) and(2]3) wittV = 5 in the above identity] (3.13), we obta|n (3]13).

Theorem 3.9. We have

(3.14) —+\/ = (Vi + Vi) 4 (Vi + Vi) 45 (Vi + Vi) + 4
where
AM = b25M7 ’ and VM = —9¥9175M .
bu, 7 gimg2sm

Proof. Using [1.7) and[(2]3) withV = 7 in the above identity (3.13), we obtajn (3] 14).
Theorem 3.10.We have

1
(3.15) =+ VA =

where

[(VM Vi) =4V + Vi) =3 (Ve + Virh) + 12} :

W

M (121 M
g g1z

Ay = bM, 3 blZlM, 3 and Vi = .
93M g363M
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Proof. If 3, v and¢ are third, eleventh and thirty-third degree overespectively, then using
Entries 14 (i) and (ii) of Chapter 20 of Ramanujan’s notebobks [2, p.408], we find that

(=P )P\E 8 (an(l—a) (1))
(810 e (56(1 —B)*(1 - 5>2) RV (55(1 — 3)2(1 — 5)2)
(B0 = 01—\ (551 = )1 =)\
a ((w(l—ﬁ)?(l—d)?) * (a7(1—6)2(1—5)2>

i (5«5(1 —a)*(1- w?) 5 <56<1 —a)*(1- w?)‘fg
ay(l = F)*(1 —9) ay(1=pp(1-02)
Using (1.7) and[(2]3) withV = 3 in the above identity[ (3.16), we obtan (3] 11%).

Theorem 3.11.We have

1
3.17 —— + VA =V + VB,
where
b gM G243
bM, 3 gsm92rm

Proof. If 3, v and¢ are of third, ninth and twenty-seventh degree aveespectively, then by
using Entry 5 (i) of Chapter 20 of Ramanujan’s notebooks [2, p.360] and its reciprocal equation,
we find that

em E(ERR) R ()

_ (a5(1 — 6)2(<11:v)2>56 B <a5(1 — B)2(1 — 7)2)—56.

Bry(1—a)*(1 - 6) fr(1—a)*(1—4)
Using (1.7) and[(2]3) witkV = 3 in the above identity (3.18), we obtan (3] 17¥).

Theorem 3.12.We have

1
3.19 —— + VA =V + VB,
where
b gm gy
AM = M, 3 (md VM = 9 .
bM, 9 gonmgsim

Proof. Using [1.7) and[(Z2]3) witllvV = 9 in the above identity] (3.18), we obtain (3] 19).

4. EXPLICIT EVALUATIONS OF by, &
In this section, we establish several explicit evaluationspfy .

Theorem 4.1.We have

V190 — 105v/3 — /186 — 105v/3

(4.1) by, s = 5

1
2
)

(4.2) by 5 = <\/43 +24V/3 — \/42 + 24\/§>
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1
15)° 3
(4.3) bao, 3 = <2 — £> (47 . 21%) ?
2
(4.4) by, 3 = 6 + /33 — 21/ 17 + 3V/33,
(4.5) bas, 3 = 33 — 8V17,
(4.6) bss, 5 = 22 + 3v/57 — 21/ 249 + 33V/57,
242 142v2
4.7) biz, 3 = - )
3 3
(4.8) big, 3 = \/ 3057 + 1248v/6 — \/ 3056 + 1248+/6,
(4.9) b663—_+\/42+10 (24\/_——\/_>
(4.10) bro, 3 = % 54105 + 5280v/105 — % 54104 + 5280+/105,
(4.11) biyg, 3 = \/ 2537329 4 540960v/22 — \/ 2537328 4 540960v/22
and

11 99 + 42/6
(4.12) bira, 3 = T\/_ + (8\/6— 23) 2—9‘/_.

Proof of (4.7). :From the table in Chapter 34 of Ramanujan’s notebooks [3, pp.190, 341], we
find that
(4.13) Gi5Gs = V2.

Using Entries 12 (vi) and (vii) of Chapter 17 of Ramanujan’s notebddks [2, p.124] in Entry 5(ii)
of Chapter 19 of Ramanujan’s notebooks [2, p.230], we find that

1 /
2 2 3 3 6,6 __
In9on = 2GnG9n |:GnG9n + GnGQn 21 :

Using [4.13) in[(4.14) witlh = 2, we find that

(4.14)

V3+1
(4.15) 9%915 = 5
From Theorem 4.1(i) in 6], we have
9on 9y
(4.16) 2V2 [g2gs, + 902900 ] = % —
n 9In

Using [4.15) in[(4.16) witm = 2, we deduce that
\/1710 —945V/3 \/1706 —945+/3
4 + 4 '

6
(4.17) T -
9%

Using (4.17) in[(2.23) with\/ = 5, we obtain the required result (4.%).
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Proof of (4.2). From Theorem 4.5(i) in [6], we have

(4.18) 98924 = \/ V341

Using [4.18) in[(4.16) witl = £, we find that
912
(4.19) o= (44+27v3) + (33 +18V3) V2.

Using (4.19) in[(2.23) with\/ = 8, we obtain the required result (4.4).
Proof of (4.4). From the table in Chapter 34 of Ramanujan’s notebooks [3, p.201], we have

(4.20) gee = <\/§+\/§>Ai <7\/§+3\/ﬁ>112 (\/7+8\/§+\/\/3_23 1) ‘
Using [4-20) in[(4.16) witl = 2, we find that

o o= i) (R )
Using [4.20) and (4.21) ifi (2.23) with/ = 22, we obtain the required result (4.4).

Proof of the identity[(4]3) is similar to the proof of the identjty (4.1) and proofs of the identities
(4.5)-(4.12) being similar to the proof of the identify (4.4). So we omit the details.

Theorem 4.2.\We have

2
(4.22) be, 5 = (\/5 _ 1) ,
2
(4.23) bas, 5 = (17 . 12\/5)
and
2
(4.24) bes, 5 = (28 +9v10 — 3/ 177 + 56\/1_0) .

Proof of (4.22) From the table in Chapter 34 of Ramanujan’s notebooks [3, p.200], we have
(4.25) 30 = (2 n \/5)5 (3 n \/1_0) °

From Theorem 4.1(ii) in [6], we have

4.96 9 (02 2 —2 27 _ Fosm _ 9
( . ) |:gn925n+gn 92571] - 3 3
9n 925n

Using [4.25) in[(4.26) witlh = ¢, we find that
(4.27) gi = (24 V5) (~3+ V10).

Using (4.25) and (4.27) in (2.28) with/ = 6, we obtain the required result (4]23).

As the proofs of the identitie§ (4.23)-(4]24) being similar to the proof of the ideftity|(4.22). So
we omit the details.
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Theorem 4.3.We have

(4.28) bs, 7 =5 — 2V/6,
2
(4.29) bo. 7 = <\/1_0 - 3) ,
2 [7T+2/14
4.30 b = —4/2 R S
( ) 14,7 \/; + 19
and
2
(4.31) bis, 7 = (\/ 34+ 24v/2 — \/ 33 + 24@) .
Proof of (4.28) From the table in Chapter 34 of Ramanujan’s notebooks [3, p.201], we have
L VBEVTY?
(4.32) g = (2v2+ V7" (%) |
From Theorem 4.1(iii) in[6], we have
(4.33) 16v'2 [97 900 + 9 9agn) + 168 [97980, + 95 9]
g12 g12
+336V2 [g2 g, + 0, Gasn) + 658 = =22 4 g{; :
n 49n

Using [4.32) in[(4.3B) witm = ¢, we find that
— (2v2+ ﬁ)é <—_\/§2+ ‘ﬁ) .

Using (4.32) and (4.34) i (2.80) with/ = 6, we obtain the required result (4]24).

As the proofs of the identitie§ (4.29)-(4]31) being similar to the proof of the ideftity|(4.28). So
we omit the details.

(4.34) g

[
7

Theorem 4.4.\We have

2
(4.35) bio, 9 = <\/10+4f— \/9+4\/6) :
2
(4.36) bys. o = (\/ 253 + 44+/33 — \/ 252 + 44@)
and
2
(4.37) bss, 9 = (\/117370 +47916V/6 — \/117369 + 47916\/6) .
Proof of (4.33) From the table in Chapter 34 of Ramanujan’s notebooks [3, p.202], we have
3 3+ V6 6—1
(4.38) oo = [(2 +V5) (V5 + \/6)} (\/ 4\[ + \/\[4 ) :
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Using [4.38) in an identity from a page 145 of Chapter 41n [5, eq(4.7.12),p.145] with changing
g to —g, we obtain

(4.39) g0

9

_ (2+\/5)(\/3+\/6)]é \/3+4\/6_\/\/64—1

Using (4.38) and (4.39) i (2.82) with/ = 10, we obtain the required result (4]3%9).

As the proofs of the identitie§ (4.36)-(4]37) being similar to the proof of the ideftity|(4.35). So
we omit the details.

Theorem 4.5. We have

2
(4.40) be, 13 = (3 - Né)
and
2
(4.42) bro, 15 = (V65— 38) .
Proof of (4.40) From the table in Chapter 34 of Ramanujan’s notebooks [3, p.202], we have
3+V13\° :
(4.42) grs = (—“_> (5+Vm)°.
2
Using (4.42) in Entry 41 of Chapter 38 of Ramanujan’s notebdaks [3, p.378], we find that
13—-3 : &
(4.43) gs = (%) (5 + J%) ‘.

Using (4.42) and (4.43) in (2.84) with/ = 6, we obtain the required result (4]4@).

As the proof of the identity[ (4.41) being similar to the proof of the idenfity (4.40). So we omit
the details.
Remark: b, y are units in some quadratic field. We retain the details for our future paper.
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