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ABSTRACT. Inthis paper, the existence of solution for a class of third order quasilinear ordinary
differential equations with nonlinear boundary value problems

(@p(u")) = f(t,u, v, u”), w(0) = A, u'(0) = B, R(u(1),u"(1)) =0
is established. The results are obtained by using upper and lower solution methods.
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2 YUE HU AND ZUODONG YANG

1. INTRODUCTION

We consider the nonlinear equation

(1.2) (D,(u")) = f(t,u,u/,u"), tel=10,1]
satisfying the conditions
(1.2) uw(0) = A, ' (0) =B, R(u'(1),u"(1))=0,

where A and B are constants, and,(s) = |s|P"%s,p > 1. Equations of the above form
are mathematical models occuring in studies ofjtHeaplace equation, generalized reaction-
diffusion theory [1], non-Newtonian fluid theory, and the turbulent flow of a gas in porous
medium [2]. In the non-Newtonian fluid theory, the quantitis characteristic of the medium.
Media withp > 2 are called dilatant fluids and those wjih< 2 are called pseudoplastics. If
p = 2, they are Newtonian fluids.

For the equation

(1.3) (@, (u) = f(t,u,u'), tel=10,1]

with different boundary conditions has been studied by many authors, see, for example, [3]-
[11] and references therein. Our results were motivated by the paperl[3], [4],114]4[17], [21]
which studied periodic and Neumann with nonlinear boundary conditions fof Egj. (1.3). On the
contrary, it seems that little is known about the result for probjen ([.1)-(1.2). Whkea, the

related some results have been obtained by [18]-[21] for proklern (1.1)-(1.2). In this paper, we
obtain the existence of solutions to the problem|(1.1)}(1.2), extended to results and complement
to the results by [18]-[21].

2. PRELIMINARIES

In this section, we present results for second order Volterra type intergro-differential equation,
which help to prove our main results.
Let us consider the following boundary value problem

(2.1) (@, () = f(t,u, Tu,u’)

(2.2) w(0) = D, R(u(1),'(1)) =0,

whereTu(t) = ¢(t) + [; K(t,s)u(s)ds, function K (t,s) € C([0,1] x [0,1]),¢(t) € C[0,1],
K(t,s) > 00n]0,1] x [0,1], andD is a constant.
As in [12], we give the following definition:

Definition 2.1. We say that a functiom(t) € C'[0,1] is a lower solution of Eq. [(2]1) if
P,(a’) € C*(0,1) and satisfies
(@,(a) > f(t,a, Ter, '), for t € I =[0,1].
Analogously, we say that € C*[0,1] is a upper solution of Eq[ (3.1) #,(3') € C*(0,1)
and satisfies

(@,(8)) < f(t,8,T6,3), for t € I =[0,1].

Assume thaff (¢, u, v, w) satisfies the following conditions:

(Hy) f(t,u,v,w) is nonincreasing in.

(Hy) f(t,u,v,w) € C([0,1] x R3 R), for any positive constants,, 7, > 0, there exist
positive functioni(z) € C|0, o) satisfying

/OOO &7 (u) /(@5 () ) = oo
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and while0 <t <1, |u| <, |v| < r,w e R, |f(t,u,v,w)| < h(Jw|).

From [12], we give the following Lemma

Lemma 2.1. Let(t) and 5(t) be a lower and an upper solution of EQ. (2.1), respectively, with

a < #in 1. Assume that hypothesgd,) — (H,) are satisfied. Then boundary value problem
(®,(u) = f(t,u,Tu,u"), u(0)=A4, u(l)=DB

has at least one solution(t) < u(t) < 4(t) forall a(0) < A < 5(0), «(1) < B < 5(1).

Lemma 2.2. Leta(t) and 5(t) be a lower and an upper solution of E@. (2.1), respectively, with

a < fgin I. Assume thatH,) — (H,) are satisfied, and?(u, v) is nondecreasing im with
continuous orR?, and

R(a(1),0/(1)) <0 < R(B(1), 5(1)).
Then boundary value problem
(2.3) (D,(u) = f(t,u, Tu,u’), u(0) =D, R(u(l),u'(1))=0
has at least one solution (t) < u (t) < §(t) forall a (0) < D < 3(0).

Proof. First, we assume that(1) = 5(1),a(0) = £(0). Then, bya(t) < [5(t), it follows

thata/(1) > (3'(1). On the other hand, it is clear that(1) < 5'(1) from R(a(1),a/(1)) <
R(B(1), (1)), which means/(1) = 3'(1). Then the problem
(©p(u) = f(t,u, Tu,u), w(0) =D, u(l)=a(l)
has at least one solutien(t) < u(t) < 3(t), which is a solution of problenf (2.3).
Next we consider that(1) < £(1) anda(0) < £(0) (if «(1) = 5(1),a(0) < £(0) or
a(1) < (1), a(0) = 3(0) similar be proved). Applying Lemnja 2.1, we know that the problem
(@p(u)) = f(t,u, Tu,u'), u(0) =D, u(l)=a(l)
has at least one solutian(¢), anda(t) < ao(t) < 5(¢), it follows thatag (1) < o/(1). From
the assumptions iR, we see that

(2.4) R(ao(1), 0(1)) < R(e(1), /(1)) < 0.
If 7 =" in (2.4) is true, themy,(¢) is a solution of problen{ (2|3). Thus the proof is complete.

Otherwise, we consider the following boundary value problem:
(®p(w))" = f(t,u, Tu, '), u(0) =D, u(l)=p(1).
Clearly, the same reasoning gets to a solutigft) and such that

ao(t) < By(t) < B(E), 0<t <1,
(2.5) R(B,(1), By(1)) > R(5(1), #(1)) > 0.

Consequently, if "=" in[(2}5) is true, then the proof is completed. Otherwise we choose
dy = (B,(1) + (1)) /2, and we consider the problem
(®,(u)) = f(t,u, Tu,u"), u(0)=D, u(l)=d.
Applying Lemmg 2.]L, we obtain a solutien(¢) from the above problem, aned, < u;(t) <
Bo- If R(u(1),4'(1)) = 0, then the proof is completed. B(u(1),w' (1)) > 0, then leta, (t) =

ap(t), B,(t) = u(t); if R(u(l),v (1)) < 0, then letay(t) = uqi(t), 5,(t) = By(t). Hence
B1(1)—au (1) = 5[B8y(1)—an(1)]. By induction method, that we have obtained), 5, (¢)(n =
1,2,--- ,m), which satisfy
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B0 (1) = (1),

27) B,(1) = an(1) = 5
Then, choosing,,+1 = 3[3,,(1) + a,,,(1)], and we consider the following problem
((Dp(ul))/ = f(ta u, T, ul)v U(O) =D, u(l) = dpt1-

Consequently, by the same method used to obigin) and 3,(¢), we havea,, () and
B (t), Which satisfy

Oém(t) < Oém+1(t) < Bm-i—l(t) < 6m<t>’ 0<t<1,

B (1) — s (1) = 2

518.(1) = am(1)]
Hence, we prove the relatiorjs (2.6) ahd2.7) for every
In view of the fact choosing,,(t) andj,, (), it easy to see that

(2.8) Rlan(1), (1)) < 0, R(8,(1), B(1)) > 0.
From [2.8), we imply that
(29) 5u(1) — (1) = 5. 5a(1) — ap(1)].

In addition, Nagumo condition shows thgd,, ()}, {5, (t)}, {a,(t)}, {3, (t)} are equicon-
tinuous and uniformly bounded ihn< ¢ < 1. Therefore, applying the Arzela-Ascoli theorem
to the sequencefa,(t)} and {3, (t)}, there exist two subsequencgs, (¢)} and {a,,(t)}
such that ag — 0,5, (t) — uo(t), 8,,(t) — ug(t), uniformly on[0, 1], and asi — oo,
an, (t) = To(t), ay, (t) — Tp(t), uniformly on|0, 1]. Thereforeuy(t) and(t) satisfies|(2]1),

Y ng

and we have fron (2,8)

(2.10) R(uo(1),ug(1)) >0, R(uo(1),uy(1)) <0.

From (2.6), it is obvious that

On the other hand, by (2.9), we can show thgfl) = uo(1). Thus, we have fronj (2.11)
(2.12) (1) = up(1).

From (2.10) and (2.12), it follows that

(2.13) 0 < R(uo(1), uj(1)) < R(To(1), (1)) < 0.

From [2.13), itis easy to show the following relations
0 = R(uo(1), up(1)) = R(uo(1),up(1)).
Hence, we complete the prodf.

3. MAIN RESULTS
In this section, we discuss the existence of solutions for boundary value prgblenj (1] 1)-(1.2).

Definition 3.1. We say that a function(t) € C?[0, 1] is a lower solution of Ed.(1]1) ib, () €
C1(0,1) and satisfies

(@,(a") > f(t,a,a/,a"), for t € 1.
Analogously, we say that € C2[0,1] is a upper solution of Eq[ (1.1) #,(5") € C"(0,1) and
satisfies

(@,(8M) < f(t,8,8,8"), for t € I.

We obtain the following main theorem
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Theorem 3.1. Assume that
(i) f(t,u,u’,u") is nonincreasing int and continuous offf), 1] x R?;
(i) Nagumo Condition, fo(¢, u, ') on|[0, 1] x R?,

ft,u, ', u") = O(Ju"[?), as|u”| — oo;

(i) R(u,v) is nondecreasing im and continuous oiR?;
(iv) there exists an upper solutiof(¢) and a lower solutionx(¢) of Eq.[1.1) on/ = [0, 1]
such that

a(t) < B(t), o (t) < B(1),0<t<1,
a(0) < A< B(0), '(0) < B<pg(0),
R(d/(1),0"(1)) < 0 < R(F'(1), 5(1)),
then the boundary value problefn (1L.L)-(1.2) has a soluti@f such that(t) < u(t) < 5(¢).

Proof. Setu’ = z, then we haveu(t) = A + f(f z(s)ds. Thus, the boundary value problem
(1.7)-(1.2) can be written as a boundary value problem for the second order integro-differential
equation of Volterra type as below

(3.1) (D,(2") = f(t, A+ /Otz(s)ds,z,z’),

(3.2) 2(0) = B, R(z(1),2/(1))=0.

In order to employ Lemmfa 2.2, we construct the lower and upper solutions for the boundary
value problem[(3]1)F(3]2) by using(t), 3(¢) and hypotheses (i)-(iv). We set
(3.3) alt) = a(t) + 61, B(t) = B(t) + b,

wheres; = A — a(0), 5, = 5(0) — A. Then, itis clear that(0) = A = 3(0). Moreover, if we
write

(3.4) (b)) = ay(t), B(t)=p.(1),
it is easy show that
(3.5) ap(t) < BL(1)

because of (3]4) and (iv).
Note thatre(t) = A + [i a(s)ds, B(t) = A+ [; 3. (s)ds. Now, using[3.1){(3]5), (iv), and

the monotonicity off from (i), we obtain

(@) > F(t A+ / o (8)ds, oy (£), o (1)),

(@,(3,)) < f(t, A+ / 8. (s)ds, B, (1), B, ().

a:(0) < B < 4,.(0), Rlay(1),0/(1)) <0< R(5,(1), 8.(1)).
Thus, we see that the functions (¢) and3, (¢) are the lower and the upper solutions respec-
tively for the boundary value problem (8.1)-(B.2). Hence, by Lethmfa 2.2, we have

o (t) < 2(t) < (1), 0<t< L,

wherez(t) is a solution of the boundary value problem (3/1){3.2). Finally, from the relation
2(t) = u'(t), we can recoven(t) = A+ [ z(s)ds. B
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Example 3.1. We consider the following third-order boundary value problem:
(3.6) (@,(u")) + (t —u)® —t(d+*)u' — (u)?sin(v”) =0, 0 <t <1,

3.7) w(0) =0, ' (0) =B, (v(1)*+ (u"(1))*=0,
where®,(u) = |u[P~u,p > 1, -1 < B < 1. Let
ft,u,v,w) = (t —u)® —t(4+tHv —v?sinw, R(v,w)=v* +w?

It is easily to prove thatv(t) = —t, 3(t) = t are lower and upper solutions of BVP (B.6)-
(3.7), respectivelyf is continuous 010, 1] x R* and nonincreasing im whena(t) < u(t) <
B(t),t € [0, 1]. R are continuous oR?, R(v,w) is increasing inw. Furthermore, we obtairf
satisfies Nagumo condition in

D= {(t,u,v,w) € [0,1] x R®: —t <w(t) <t,—1<d(¢t) <1}
Therefore, by Theoren 3.1, there exists at least one solutigrfor BVP (3.6){(3.F) such that
—t<u(t)<t, —1<d@t)<1, telo1].
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