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2 T. N. SHANMUGAM AND M. P. EYARAMAN AND A. SINGARAVELU

1. INTRODUCTION

Let H denote the class of functions analytic in the open unit dise= {2 : |z| < 1} and
H|a, n] be the subclass 6 consisting of functions of the forni(z) = a + a,2" + a, 12" +

.. Let A denote the class of all analytic functions of the fofifx) = z + ag2? + --- . If
f,F € ‘H and F is univalent inA we say that the functiorf is subordinateto F', thenF' is
superordinatdo f, written f(z) < F(z), if f(0) = F(0) andf(A) C F(A).

Let h € H and letg(r, s, t;2) : C> x A — C. If pando(p(z), zp/(2),2%p"(2); ) are
univalent and ifp satisfies the second order superordination

(1.1) hz) < o(p(2), 2p'(2), 2°p" (2); 2),

thenp is the solution of the differential superordination . An analytic functjois called a
subordinantf ¢ < p for all p satisfying [1.1). A univalent subordinafthat satisfieg < ¢ for

all subordinantg of (1.7) is said to be the best subordinant. Recently Miller and Mocaniu [10]
obtained conditions oh, ¢ and¢ for which the following implication holds:

hz) < o(p(z), 20/ (2), 2°p"(2); 2) = q(z) < p(2).

Using the results of Miller and Mocanu[10], Bulboaca [3] considered certain classes of first
order differential superordinations as well as superordination-preserving integral operators [2].
Frasin and Darus [8], Ravichandrdn [12], Ali et &l. [1] and Shanmugam ét al. [14] have investi-

2f'(2)
gated certain results in termse]-[—.
?(2)

In the present paper, we obtain sufficient condition for a normalized analytic fungtiono
satisfy
2f(2)

1= )

whereg;, andg, are given univalent function itA. Also, we obtain results for function defined by
Dziok - Srivastava operator and Multiplier transformation. Our works generalize the previous
results.

Fora; € C(j = 1,2,...,l)andj3;, € C\ Z, := {0,-1,-2,...},(j = 1,2,...m), the
generalized hypergeometric functief,, (a4, ..., a; 54, ..., B,,; 2) is defined by the infinite
series

< q2(2),

. (Oél)n.--(al)n 2"
Fo(aq,.. 81y, B 2) = n!
1Fon (0 ,a; 34 B 2) nZ:O (B)n - (By)n !

(I <m+1;0,m e No:=NU{0}),

where(a),, is the Pochhammer symbol defined by

Ta+n) |1, (n=0);
(a)n = T'(a) _{a(a+1)(a—i—2)...(a+n—1), (n € N).

Corresponding to the functidn(a, . .., a;; By, - ., B; 2) = 21 Em(ar, ..o, By, ooy B 2),
the Dziok-Srivastava operatar [5, (6, 7] (see alsd [1BP)™ (a1, ..., ;B4 ..., 8,,; 2) is de-
fined by the Hadamard product

H(l’m)(Oél,,,,7Q{l;ﬁ1,...’ﬁm;2)f<2) = h(Oél,.. al’ﬁh’ﬁm’z)*f(z)

(12) _ Z+Z Oél n—1 - (;l))n;b_ll (Tiln_zl)'
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It is well known, from the work of Srivastaval[5, 6, 7], that
alH(Lm)(al + 17 e ’al;/ﬁlﬂ e 7ﬁm7 Z)f(Z) =
Z[H(Lm)(ala cee QU /617 s 7ﬁm7 Z)f(Z)]/
(13) +(O[1 - 1)H(l’m)(a17 < QY ﬁlv cee 76m7 Z)f(Z)
To make the notation simple, we writé ™ [a,] f(2) := HY™ (aq, ..., cu; By, ..., B 2) f(2).
We note that7?!(a, 1;¢) f(z) = L(a, ¢) f(z), the familiar Carlson-Shaffer operator and
H*Y(§ +1,1;1) f(2) = D°f(2), the familiar Ruscheweyh derivative operator.

The Multiplier transformation of Srivastava [13] o, is the operatod(r, ) on A defined
by the following infinite series

(1.4) I(r N f(z) =2+ (’fi—i) apz".

k=2
A straight forward calculation shows that
(1.5) I+ NI(r+ 1,0 f(2) =z[I(r,\) f(2)] + M (r,\) f(2).

The operatot (r, 0) is the Silagean derivative operators. The operdtor= I(r, A) was stud-
ied recently by Cho and Kim[4]. The operatfr := I(r, 1) was studied by Uralegaddi and
Somanatha[15].

2. PREMILINARIES
We shall need the following definition and results to prove our main results.

Definition 1. [10, Definition 2, p. 817 JLet Q be the set of all functiong that are analytic
and injective oA — E(f), where

E(f) = {( € 0A: l%f(z) = oo}
and are such that’(¢) # 0 for ¢ € 0A — E(f).

Theorem 2.1.[9, Theorem 3.4h, p. 132let¢(z) be univalent in the unit disk and¢ and ¢
be analytic in a domairD containingg(A) with ¢(w) # 0 whenw € ¢(A).

Set Q(z) = z¢'(2)9(q(2)), h(z) = 0(q(2)) + Q(z). Suppose that,
(1) Q(z) is starlike univalent i\ and
2) ER{ZS((ZZ))} > 0 for z € A.
If p(2) is analytic inA with p(A) C D, and
(2.1) 0 (p(2)) + 21/ (2)¢(p(2)) < 0 (q(2)) + 2¢'(2)6(q(2)),
thenp(z) < ¢(z) andq(z) is the best dominant.

Theorem 2.2.[3] Letg(z) be univalent inA , ¢ and ¢ be analytic in a domairD containing
q(A). Suppose that

1) R [%} > 0for 2 € A, and
(2) Q(2) = z¢'(2)¢(q(z)) is starlike univalent function ir\.

If p € H[q(0),1] N Q, withp(A) C D,and¥(p(z)) + zp'(2)¢(p(2)) is univalent inA, and

(2.2) 9 (a(2)) + 24 (2)(a(2)) <0 (p(2)) + 20" (2)p(p(2)),

theng(z) < p(z) andq(z) is the best subordinant.
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Lemma 2.3.[9, Lemma 1, p. 71 Leth(z) be convex univalent ifh, with 2(0) = a and let
v € CwithR(v) > 0. If p € H withp(0) = « and
1 /
p(z) + P (2) < h(2),

then
p(2) < q(2) < h(z)

Z)l / Ryt d.

(%
nz
The function(z) is convex and is the best dominant.

where

q(z) =

3. SANDWICH RESULTS

Theorem 3.1.Leta, 5,7y andd € C, § # 0. Let0 # ¢(z) be univalent inA and %S) be
starlike univalent inA. Further assume that

a2 v () ()
(3.1) §R{5q( )+ 5 d(2) 520 +1+ e }>0.
Letf € Aand
2 f() 2@\, 12) (2f)"(2)  2zf'(2)
@2 vasnsa=aiihes (E) + Fg o (- 50
If
(33) (0, B,7,852) < ag(z) + Bgt(z) + —L + 201
R q(z)  q(2)
then
(3.4) o <)
andgq is the best dominant.
Proof. Let the functiorp(z) be defined by
(3.5) p(z) = Zf“jéi;) (z € A).
By a straighforward computation, we have
(s 2004 0, 0(2)
2l 21\, 12%) (2f)"(z)  22f(2)
- 55 Eg e (e -5

By settingf(w) := aw + fw? + 1 ando(w) == é it can be easily verified th&@{w) and¢(w)
w w
are analytic inC — {0} . Also, by letting

(Nl — 924 (3)
(3.7) Q(2) = 24'(2)9(q(2)) ()
and
= z z) = aq(z *(z ] $2412)
(3.8) h(z) = 0(q(2)) + Q(2) = aq(z) + B¢ (2) + (2 + az)
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we find thatQ)(z) is starlike univalent imA and that
zh’(z)) (a 26 , v 2q"(2) zq’(z))
R =R —-q¢lz) + —¢ () — ——+1+ — > 0.
(%5 R R 716 IO NE)
The assertiorj (3]4) of Theorédm [3.1 now follows by an application of Thejorem 2.1.

For the choice of(z) = 1122 (-1<B<A<1),in Theore, we get the following
z
result.
Example 1. Assume thaf (3]1) holds. jffe A, and

1+ Az 1+A2\> ~(1+ Bz 5(A— B)z
V(@ 5,7,8:2) <« (1 +Bz) & (1 ¥ Bz) 7(<1 +Az)) 1 +<Az)(1 l B2)
where¥(a, 3,7, d; z) as defined by (3]2), then
2f(z) 1+ Az
f2(2) 1+ Bz

1+ A
andlJr i

z
In particular, we have

. 1+2 14+2\> ~(1-2) 20z

i Z1G) > 0.
(77

Theorem 3.2.Leta, 3,7 € C, v # 0. Letq(z) be univalent inA. Let f € A and

is the best dominant.

implies

(3.9) R (g + %q(z) +1+ ZWZ)) > 0.
vy q(z)
Let
P i C) (zgf’(2)>2_ 2 (L)
(319 s = Tmny Py ) T e )
If
(3.11) (e, B7;2) < aq(z) + B*(2) + 724 (2),
then .
fo((;) < q(z)
andq is the best dominant.
Proof. Define the functiorp(z) by
_2f(2)
M=t
Now,
o z2f’(2)) <z2f’(2)>2_ 2( z >
s =o (i) + () = (75)
(3.12) = ap(z) + 6p*(2) + 720/ (2).
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By using [3.12) in subordination (3.11), we have
(3.13) ap(z) + Bp*(2) + 720 (2) < aq(z) + Ba*(2) + 724/ (2).

The subordination] (3.13) is same s [2.1) wity) := aw + Bw? andé(w) := . Now our
result follows as an application of Theorém|2a1.

By takingc, 5,7, d as real andv = 3 = v = 0 andd = 1 in Theorenj 3.1, then we have the
following result obtained by Ravichandran et al.|[12].

Corollary 3.3. If f € Aand
(=)"(z) _2:f()  24(2)

f'(z) f(z) q(z) '

2 f'(2)

f2(2)

then

< q(z)
andq is the best dominant.

Remark 1. Takinga = 1, 3 = 0 in Theoreny 32, we get the result obtained by Shanmugam et
al. [14].

Theorem 3.4.Leta, 3,y andé € C, § # 0. Let0 # ¢(z) be convex univalent i\ with

¢(0) =1 and Z;’(S) be starlike univalent im\. Let f € A, 0 # Z;f—;g) € H[1,1] N Q, with
o 20 g
If U(c, 3,7, 0; 2) as defined by (3]2) is univalent ik and
5 /
(3.15) aq(z) + Be?(z) + qu) + Z ‘-éz()z) < U(a, B,7, 6 2),
then
2f'(2)
(3.16) q(z) < 7202)

andgq is the best subordinant.

Proof. By settingd(w) := aw + fw? + % ando(w) = g it is easily observed thak(w) and
¢(w) is analytic inC — {0} . Sincegq is convex univalent it follows that,

7a(=) = 2 z %22 T z e
§R{¢(q(z))}_%{5Q()+ q°(2) 5q(2>]>0, (z € Ay, 3,7,6 € C,0 #0).

The assertior] (3.16) of Theor¢m 3.4 follows by an application of Theprgm 2.2.
Theorem 3.5. Leta, 3,7 € C, v # 0. Letq(z) be convex univalent itk with ¢(0) = 1. Let

2f'(2) :
feAl#£ 7202) € H[1,1] N Q, with

(3.17) R (9 + %q(z)) > 0.
Y Y
If &(a, B, 7; 2) as defined by (3.10) is univalentinand

aq(2) + Be*(2) + 724 (2) < &(o, B,7; 2),
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then
Q(Z) < w

f*(2)

andq is the best subordinant.

2 p1
Proof. Theore follows from Theore.2 by takip@) := Zf{((?. |
z

We remark here that Theorem [3.4 and Theofem 3.5 can be easily restated, for different
choices of the function(z).
Combining Theorerp 3|1 and Theorém|3.4 we get the following sandwich theorem.

Theorem 3.6.Let0 # ¢(z) and0 # ¢(z) be convex univalent satisfying (3/14) and |3.1)

2 f'(2)
702) € H[1,1]NQ,

respectively anc{% be starlike univalent in\ for i = 1,2. If 0 #
U(a, B,7,6; z) as defined by (3]2) is univalent ik and

v 62q1(2)

7y d2q5(2)
a2 a) "

q2(2) G(2)

< U(a, 3,7,0;2) < aga(2) + Bgs(2) +

aqi(2) + Bai(z) +

then

22 f'(2)
f*(z)

andq; (z) andgs(z) are respectively the best subordinant and best dominant.

q(z) < < ¢2(2)

By takinga = § = v = 0 andé = 1 in Theorenj 3.5, then we have the following corollary
of Ali et al. [1].

Theorem 3.7.Letg;(z) # 0 be univalent inA and?g—(j) is starlike univalent imA fori =1, 2.
If fe A 0# Z;{—;(Zj) € H[1,1]Nn Q, (Z;)(,;gz) — 22]{;2;) is univalent inA, then
21(2) | N)'(2) _,2f'(2) | 2¢5(2)
0z FE) IR e
implies
2 r1
0 g <l

andq (z) andg,(z) are respectively the best subordinant and best dominant.
Theorem 3.8. Letq;(z) andg.(z) be convex univalent satisfyirlg (3/17) ahd [3.9) respectively.

2 r/
f0 2 f;f (S) € H[1,1]N Q, £(a, B, 7; 2) as defined by (3.10) is univalentin and

aqi(z) + B¢ (2) + 7241 (2) < &l B,7; 2) < age(2) + 865 (2) + v245(2),

then .
q(z) < L(Z) =< q2(2)

f*(z)

andgq; (z) andgs(z) are respectively the best subordinant and best dominant.

1+A12’ _1—|—A22

- 1+ Blz'_(h(z) 14 By’
[3.6, we have the following:

For¢i(2) (=1 < By < By < A < Ay <1),in Theorem
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2f(2)
f2(2)
\Ijl(a>ﬁv’y>5; Z) = \Il(aaﬂ77a 5) Z) < \112(6%67775; Z),

Corollary 3.9. If f € A,

€ H[1,1]Nn Q, and

then
1+ Az 22f(2) 1+ Asz

14+ Bz f3(2) 1+ Byz
where¥(a, 3,7, d; z) is as defined by (3.2) and

14 Alz 1+ Alz 2 1+ Blz (5(141 — Bl)Z
\\J 1Z) = .
1(a7/6’ﬁ)/7672) &<1+Blz>+ﬁ(1—|—312) + <1+A12)+(1+A12)<1+Blz)

2
Uy(a, B,7,0; 2) ::a<1+A22>+5<1+A22) +7<1+Bgz)+( §(As — By)z

1+ Byz 1+ Byz 1+ Ayz 1+ Ag2)(1+ Baz)
. 14+ A 1+ A . . .
The functlons1 Az and + A2 are respectively the best subordinant and best dominant.

—|— Blz 1 —|— BQZ
4. APPLICATION To DZIOK -SRIVASTAVA OPERATOR

Theorem 4.1.Let0 # ¢(z) be univalentinA and ZS(S) be starlike univalent il\ and satisfies
B.J). Letf € Aand

(4.1) d(a, B,7,0,1,m; 2)

_ (A e+ 11 (2) dHY o +1£(2)\* | (H[0] f(2))”
- ( (H™ o] f(2))? )*5 < (™[] f(2))? ) T 0 + 117 (2)

B (ay + 1) HY o + 2] f(2) B 200 H"™ [y + 1] f(2)
! 5{““ D F o, + 17 () A ] (2) }
If f ¢ Aand .

2 aqgl\z 2 z ,‘Y 5Zq/ =

P, B,7,0,1,m; z) < aq(z) + Bq~( )+q(z)+ ER

then

zH"" [0y 4+ 1] f(2)
2 (i) <1

andq is the best dominant.
Proof. Define the functiorp(z) by

_(2HYMen +1]f(2)
(“3) w0 = (i)
By taking logarithmic derivative of(z) given by [4.3), we have

() 2 (Hea +1f() 22(HY o] f(2))
@4 e T THw UG Elie)
By using the identity
2(H" o] f(2)) = ar H"™ [on + 1] (2) = (01 = H"™[eu] f(2)

and [4.3) in[(4.4) we obtain

2p'(2) A oq +2f(2) 200 H"™[aq +1]£(2)

p(z) Hbtmlog +1]f(2) Himlagf(2)
The assertiorj (4}2) of Theordm 4.1 now follows from Thedrem @.1.

= (a1 = 1) + (a1 + 1)
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Taking! = 2,m = 1, anda, = 1 in Theoren 4.1, we get
Corollary 4.2. Let0 # ¢(z) be univalent inA with ¢(0) = 1. If f € Aand
(45) ¢1(Oé,ﬁ7’y,5,(l,c; Z)

L (FLla+1.0/() 2L(a+1,0)f(2) (L(a, 0)f(2))’
- ( (L(a, ) f(2)? )”’( (L(a, ) f(2)? ) e+ 1,0/(2)

B (a+1)L(a+2,c)f(2) 2aLl(a+1,¢c)f(2)
K (R e e Hearm )
If
N 2, v 024 (2)
¢1(a, B,7,6,a,¢;2) < aq( )+6M)+q<z)+ )
then

zL(a+1,¢)f(2)
( L@,/ (2) )“(”

andgq is the best dominant, wheiga, c) is the familiar Carlson-Shaffer operator.

By takinga = 3=~ =0, =1,a = ¢ = 1 andg(z) = 1+ (1 — b)z in corollary[4.2, then
we have the following:

Corollary 4.3. If f € Aand
2f'(2)  22f'(z) 0 (1-b)2

24 ey T e STxaoys 0Sh<D
then

2f(2) e

702 <1+ (1-0)z

By restating the above Corollafy 4.3, we get the following result of Frasin and D&}us

Corollary 4.4. If f € Aand

CHRY 27| 1
re e | Saoe =P
then
206 [,
e EERL

Theorem 4.5.Let 0 # ¢(z) be convex univalent i\ and = S be starlike univalent in

A. Letg(z) satisfies|(3.14). Lef € A, 0 # (fZﬂ?;T (]ZJ;)( )> e H[1,1] N Q. If

¢(e, B,7,0,1,m; z) as defined by (4]1) is univalent ik and

2 v, 02q(2)
aq(z) + Bq*(2) + O

. zHY™ oy + 1] f(2)
« “( H 1)) )

—< ¢(aaﬁa7a57l7m; Z)’

then

andq is the best subordinant.
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Proof. Theorenj 4.5 follows from Theoreim 2.2 by taking
2HY™ [y + 1]f(z))
p(z) = .
= (T
By combining Theorerp 4}1 and Theorgm|4.5 we get the following sandwich thearem.

Theorem 4.6.Let0 # ¢;(z) and0 # ¢»(z) be convex univalent satisfying (3/14) and [3.1)
respectively and{% be starlike univalent in\ for i = 1,2. If f € A,

zH"™ oy + 1) f(2)
o# (Gmaggr ) €M une

and¢(a, 3,7, 6,1, m; z) as defined by (4]1) is univalent ik. Further if

5 v 0z (2) , 2 v 0zgy(2)
QQ1(Z)+6q1(Z>+q1<Z)+ Q1(Z> <¢(Q>B7775al:m72) <QQQ(2)+BQQ(2)+Q2(2)+ C]Q(Z) )

H'(o, +11(2)
00~ (i) <0

andg; andg, are respectively the best subordinant and best dominant.

then

5. APPLICATION TO MULTIPLIER TRANSFORMATION
Theorem 5.1.Leth € H, h(0) = 1,h'(0) # 0, A # —1, which satisfies the inequality

R {1 + Z:(S)} > _71 (z € A).

If f € A, satisfies the differential subordination.

22 (I(r + LA(2)?  2(I(r +2,0)/(2))

(I(r,\) f(2))° Itr+ 1L,V f(2) < h(z),
then
2I(r+1,\)f(2)
(5.1) TN () < q(2),
where

q(z) = _(1“—:3)1 /0 ()t )

(=5)-
nz n
The functiony is the convex and is the best dominant.

Proof. Define the functiorp(z) by
zI(r+ 1,0 f(2)

52) IOV e

By taking logarithmic derivative of(z) given by [5.2), we get
W) AU+ LNE) 2200 N

53 I I (CES YIS R (VY IP)

By using the identity
2(L(r, ) f(2) = A+ NI+ 1LA)f(z) = AL, A) f(2))

AJMAA Vol. 4, No. 2, Art. 17, pp. 1-15, 2007 AJMAA
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and (5.2) in[(5.B), we obtain

zp'(2)
) (T+XN)+(1+N)

I(r+2,N)f(2)

I(r+1,)\)f(2)
I(r+1,N)f(2) '

I(r,\)f(2)

—2(1+ )

Hence,
p(2) + 2p'(2) _ 2z (I(r+1,\)f(2))? C2{I(r+2,0)[(2)
—(1+ ) (I(r, \)f(2))” Ir+1,0f()
The assertiorj (5]1) of Theorém pb.1 follows from Lenjma §.3.
Theorem 5.2.Let0 # (=) be univalentinA with ¢(0) = 1. SupposéZ=) be starlike univalent
in A and satisfieq (3]1). Let € A and

(5.4) Aa, 3,7,0,1, X 2)

o (L) A+ LN AU (2))
a <(HnMﬂ@V>+ﬂ((HnMﬂdP) A+ 1L,0)/(z)

+ 5{(1+A)+(1+A)§E:if>i§§8_2(1+)\) 7"+1)\ z}
If
Ao, 8,7, 0,7, X 2 v, 02¢(2)
SR M ATE
then PR
N 1

andq is the best dominant.

Proof. Define the functiom(z) by
2I(r+1,\) f(z )
)

) = T NI

By a straightforward computation we have

zp'(2) I(r+2,0)f(2)
=1T+AN)+(1+A

o) NN NG

Now our result follows as an application of Theorem 1.

I(r+1,N)f(2)
I(r,\) f(2)

—2(1+ \)

Since the superordination results are dual of the subordination, we state the results pertaining
to the superordination, using the duality.

Theorem 5.3. Let0 # ¢(z) be convex univalent i\ with ¢(0) = 1. Supposé% be starlike

univalent inA and satisfies (3.14). Let € A, 0 # (ng:;)fg)(j)) e H[1,1] N Q. If

A(a, B,7v,0,7,); 2) as defined by (5/4) is univalent ik and
dzq'(2)

v .

zI(r+1,\) f(2)
q“”<(<< NI () )

then

andg is the best subordinant.

Combining Theorerp 5|2 and Theorém|5.3, we state the following sandwich theorem.
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Theorem 5.4.Let0 # ¢;(z) and0 # ¢»(z) be convex univalent i\ satisfying|[(3.14) and (3/1)
respectively and(% be starlike univalentim\ fori = 1,2. If f € A,

2I(r+ 1, f(2)
07 ( AN ) eHLine

andA(w, 3,7,0,r, A; z) as defined by (5]4) is univalent ih. Further if

NN 10, . 224 1 22e2)
aql(z)+ﬁq1(z)+ql(z)+ e < Ae, 8,7,0,7,A; 2) <on2(z)+ﬂ(12(Z)+q2<Z)+ ()

2I(r+1,\)f(2)
w0 < () <

andg; andg, are respectively the best subordinant and best dominant.

then

By taking A = 0 in Theorenj 5.2, we get the following:
Corollary 5.5. Let0 # ¢(z) be univalent inA with ¢(0) = 1, satisfying[(3.]L). Iff € A and
oy [(FDM(2) D)\ AP (2))
69 esnsm) = (G )+ () et

)
L D) D)
*5{ D) D) }

77(07@%577”;2’) ‘<Oéq(z)—{—ﬂq2(z)—|_ . +

then
Dm+1f( )

o 1)

andq(z) is the best dominant, whef®™ f(z) is the Salagean operator.

. 14+ A 1+ A
For the choice ofy,(z) = 1 1 Blz s 2(2) = 11322

and\ = 0 in Theorenj 5.4, we have the following:

Dm+1f'
Example 2. Letf € A, (Z)T(z)(;)

(5.9) is univalent inA. Further if
771(% ﬁa e 57 m; Z) = 77(047 ﬁa Y, 57 m; Z) = 772(06 ﬁv e 67 m; Z)?

(-1 < By < By <A <A <1)

) € H[1,1] N Q andn(«, 3,7,d,m; z) as defined by

then

1+ Az 2D f(2 14 Ayz
1+ Bz (D™ f(2))? 1+ Bsz
where

1+ Az 1+ A4,2\° 1+ Bz 5(A; — By)z
o,m;z) = :
e, B,7,6,m;2) a(1+Blz>+ﬁ<1+Blz) T 14+ Az +(1—|—Alz)(1—|—Blz)

1+ Apz 1+ Ayz\° 1+ B,z §(Ay — By)z

S m:2) = .

ny(e, B,7,0,m; 2) ==« (1 + Bgz)+6 (1 + BQZ) ™ (1 —|—A22>+(1 + Asz)(1 4 Bsz)
+A12 and1+A22

+ Biz 14+ Byz

are respectively best subordinant and best dominant.

) 1
The functlons1
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Theorem 5.6. Letq(z) be univalent inA with ¢(0) = 1 and satisfieq (3]9). Let € A and
L zIr—i—l)\ ) f(2) 2I(r+ 1, ) f(2)
e sirx = () < o s () *

(r+2,\)f(2) Ir+1,N)f(2)
(5.6) 7{(1+A)+(1+A) T+ LN (2) —2(14+ ) T NF(2) H

If
Qa, 8,7, 1, A 2) < aq(z) + Bg*(2) + v2¢ (),
then

2I(r + 1,)\)J>C(z) < a2)

(L(r, A)f(2))?

andq is the best dominant.

Proof. Theore follows by taking(z) := 257(4;:\1)’]:\(?)8)(22) I

Since the superordination results are dual of the subordination, we state the results pertaining
to the superordination, using the duality.

Theorem 5.7. Letg(z) be convex univalent it with ¢(0) = 1 and satisfi?). Legte A,

2I(r+1,\) f(2)
0 # ( TN ()2 ) e H[1L, 1N Q. If Q(«, 5,7, \; 2) as defined b 6) is univalent in

A an
aq(z) + B¢ () + 724 (2) < Qa, B,7,7, A 2),

2I(r+1,\)f(2)
W“(u NI ) )

then

andg is the best subordinant.
Combining Theoren] (5/6) and Theorem (5.7), we state the following sandwich theorems.
Theorem 5.8. Let¢;(z) and¢x(z) be convex univalent itk satisfying ) and (3]9) respec-

tively. If f € A, 0 # Zﬁ;r)\l)’f?);;)(j)) € H[1,1] N QandQ(«, 5,7, r, \; z) as defined by
(5.6) is univalent inA. Further if

aqi(2) + B¢ (2) +v2q1(2) < Qa, 8,7, 1, A 2) < aga(2) + B (2) + v2dh(2),

e I+ 1 N)f(2)
zi(r+ 1, z
0% (e ) <00

andg; andg, are respectively the best subordinant and best dominant.

i 1+A 1+ A
By takinga = 1,5 =0, A = 0 andq, (2) = 5 1 Bii ¢ (2) = J+r BZ,

(-1 < By < By < A; < Ay, < 1) in Theorem 5.8, we get the following corollary of
Shanmugam et al. [14]

Corollary 5.9. Letq;(z) andg.(z) be convex univalent i and satisfies (3.17) anfl (3.9)
respectively. Lef € A and

D) D)
Drf2 | *

N CA O

b1 < (1+7)7 ( D)2 (D f2)

< ¢27
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where
. 1—|—A12 (A1 —Bl)Z
o = 1+Blz+7(1+Blz)2
1+A As — B
b = pEpt M e
1 + BQZ (1 + BQZ)
then
1+ Az - 2D™ L f(2) - 1+ Asz
1+ Bz (D™f(2))? 1+ Bz’
. 1+ Alz 1+ AQZ . . .
The functions and are repectively best subordinant and best dominant.

-+ Blz 1 + BQZ
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