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2 T. N. SHANMUGAM AND M. P. JEYARAMAN AND A. SINGARAVELU

1. I NTRODUCTION

Let H denote the class of functions analytic in the open unit disc∆ := {z : |z| < 1} and
H[a, n] be the subclass ofH consisting of functions of the formf(z) = a+anz

n +an+1z
n+1 +

· · · . Let A denote the class of all analytic functions of the formf(z) = z + a2z
2 + · · · . If

f, F ∈ H andF is univalent in∆ we say that the functionf is subordinateto F , thenF is
superordinateto f , writtenf(z) ≺ F (z), if f(0) = F (0) andf(∆) ⊆ F (∆).

Let h ∈ H and letφ(r, s, t; z) : C3 × ∆ → C. If p and φ(p(z), zp′(z), z2p′′(z); z) are
univalent and ifp satisfies the second order superordination

(1.1) h(z) ≺ φ(p(z), zp′(z), z2p′′(z); z),

thenp is the solution of the differential superordination . An analytic functionq is called a
subordinantif q ≺ p for all p satisfying (1.1). A univalent subordinantq̃ that satisfiesq ≺ q̃ for
all subordinantsq of (1.1) is said to be the best subordinant. Recently Miller and Mocanu [10]
obtained conditions onh, q andφ for which the following implication holds:

h(z) ≺ φ(p(z), zp′(z), z2p′′(z); z) ⇒ q(z) ≺ p(z).

Using the results of Miller and Mocanu[10], Bulboaca [3] considered certain classes of first
order differential superordinations as well as superordination-preserving integral operators [2].
Frasin and Darus [8], Ravichandran [12], Ali et al. [1] and Shanmugam et al. [14] have investi-

gated certain results in terms of
z2f ′(z)

f 2(z)
.

In the present paper, we obtain sufficient condition for a normalized analytic functionf(z) to
satisfy

q1(z) ≺ z2f ′(z)

f 2(z)
≺ q2(z),

whereq1 andq2 are given univalent function in∆. Also, we obtain results for function defined by
Dziok - Srivastava operator and Multiplier transformation. Our works generalize the previous
results.

For αj ∈ C(j = 1, 2, . . . , l) andβj ∈ C \ Z−0 := {0,−1,−2, . . .}, (j = 1, 2, . . . m), the
generalized hypergeometric functionlFm(α1, . . . , αl; β1, . . . , βm; z) is defined by the infinite
series

lFm(α1, . . . , αl; β1, . . . , βm; z) :=
∞∑

n=0

(α1)n . . . (αl)n

(β1)n . . . (βm)n

zn

n!

(l ≤ m + 1; l,m ∈ N0 := N ∪ {0}) ,

where(a)n is the Pochhammer symbol defined by

(a)n :=
Γ(a + n)

Γ(a)
=

{
1, (n = 0);
a(a + 1)(a + 2) . . . (a + n− 1), (n ∈ N).

Corresponding to the functionh(α1, . . . , αl; β1, . . . , βm; z) := z lFm(α1, . . . , αl; β1, . . . , βm; z),
the Dziok-Srivastava operator [5, 6, 7] (see also [13])H(l,m)(α1, . . . , αl; β1, . . . , βm; z) is de-
fined by the Hadamard product

H(l,m)(α1, . . . , αl; β1, . . . , βm; z)f(z) := h(α1, . . . , αl; β1, . . . , βm; z) ∗ f(z)

= z +
∞∑

n=2

(α1)n−1 . . . (αl)n−1

(β1)n−1 . . . (βm)n−1

anz
n

(n− 1)!
.(1.2)

AJMAA, Vol. 4, No. 2, Art. 17, pp. 1-15, 2007 AJMAA

http://ajmaa.org


ON SANDWICH THEOREMS 3

It is well known, from the work of Srivastava [5, 6, 7], that
α1H

(l,m)(α1 + 1, . . . , αl; β1, . . . , βm; z)f(z) =

z[H(l,m)(α1, . . . , αl; β1, . . . , βm; z)f(z)]′

+(α1 − 1)H(l,m)(α1, . . . , αl; β1, . . . , βm; z)f(z).(1.3)

To make the notation simple, we writeH l,m[α1]f(z) := H(l,m)(α1, . . . , αl; β1, . . . , βm; z)f(z).
We note thatH2,1(a, 1; c)f(z) = L(a, c)f(z), the familiar Carlson-Shaffer operator and

H2,1(δ + 1, 1; 1)f(z) = Dδf(z), the familiar Ruscheweyh derivative operator.
The Multiplier transformation of Srivastava [13] onA, is the operatorI(r, λ) onA defined

by the following infinite series

(1.4) I(r, λ)f(z) := z +
∞∑

k=2

(
k + λ

1 + λ

)r

akz
k.

A straight forward calculation shows that

(1.5) (1 + λ)I(r + 1, λ)f(z) = z[I(r, λ)f(z)]′ + λI(r, λ)f(z).

The operatorI(r, 0) is the Šalǎgean derivative operators. The operatorIr
λ := I(r, λ) was stud-

ied recently by Cho and Kim[4]. The operatorIr := I(r, 1) was studied by Uralegaddi and
Somanatha[15].

2. PREMILINARIES

We shall need the following definition and results to prove our main results.

Definition 1. [10, Definition 2, p. 817 ]LetQ be the set of all functionsf that are analytic
and injective on̄∆− E(f), where

E(f) :=

{
ζ ∈ ∂∆ : lim

z→ζ
f(z) = ∞

}
and are such thatf ′(ζ) 6= 0 for ζ ∈ ∂∆− E(f).

Theorem 2.1. [9, Theorem 3.4h, p. 132 ]Let q(z) be univalent in the unit disk∆ andθ andφ
be analytic in a domainD containingq(∆) with φ(ω) 6= 0 whenω ∈ q(∆).

Set Q(z) = zq′(z)φ(q(z)), h(z) = θ(q(z)) + Q(z). Suppose that,
(1) Q(z) is starlike univalent in∆ and

(2) <
{

zh′(z)
Q(z)

}
> 0 for z ∈ ∆.

If p(z) is analytic in∆ with p(∆) ⊆ D, and

(2.1) θ (p(z)) + zp′(z)φ(p(z)) ≺ θ (q(z)) + zq′(z)φ(q(z)),

thenp(z) ≺ q(z) andq(z) is the best dominant.

Theorem 2.2. [3] Let q(z) be univalent in∆ , ϑ andϕ be analytic in a domainD containing
q(∆). Suppose that

(1) <
[

ϑ′(q(z))
ϕ(q(z))

]
> 0 for z ∈ ∆, and

(2) Q(z) = zq′(z)ϕ(q(z)) is starlike univalent function in∆.

If p ∈ H [q(0), 1] ∩Q, with p(∆) ⊂ D, andϑ(p(z)) + zp′(z)ϕ(p(z)) is univalent in∆, and

(2.2) ϑ (q(z)) + zq′(z)ϕ(q(z)) ≺ ϑ (p(z)) + zp′(z)ϕ(p(z)),

thenq(z) ≺ p(z) andq(z) is the best subordinant.
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4 T. N. SHANMUGAM AND M. P. JEYARAMAN AND A. SINGARAVELU

Lemma 2.3. [9, Lemma 1, p. 71 ]Let h(z) be convex univalent in∆, with h(0) = a and let
γ ∈ C with<(γ) ≥ 0. If p ∈ H with p(0) = α and

p(z) +
1

γ
zp′(z) ≺ h(z),

then
p(z) ≺ q(z) ≺ h(z)

where

q(z) =
γ

nz( γ
n)−1

∫ z

0

h(t)t(
γ
n)−1dt.

The functionq(z) is convex and is the best dominant.

3. SANDWICH RESULTS

Theorem 3.1. Let α, β, γ and δ ∈ C, δ 6= 0. Let 0 6= q(z) be univalent in∆ and zq′(z)
q(z)

be
starlike univalent in∆. Further assume that

(3.1) <
{

α

δ
q(z) +

2β

δ
q2(z)− γ

δq(z)
+ 1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

}
> 0.

Letf ∈ A and

(3.2) Ψ(α, β, γ, δ; z) = α
z2f ′(z)

f 2(z)
+ β

(
z2f ′(z)

f 2(z)

)2

+
γf 2(z)

z2f ′(z)
+ δ

(
(zf)′′(z)

f ′(z)
− 2zf ′(z)

f(z)

)
.

If

(3.3) Ψ(α, β, γ, δ; z) ≺ αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,

then

(3.4)
z2f ′(z)

f 2(z)
≺ q(z)

andq is the best dominant.

Proof. Let the functionp(z) be defined by

(3.5) p(z) :=
z2f ′(z)

f 2(z)
(z ∈ ∆).

By a straighforward computation, we have

αp(z) + βp2(z) +
γ

p(z)
+

δzp′(z)

p(z)
(3.6)

= α
z2f ′(z)

f 2(z)
+ β

(
z2f ′(z)

f 2(z)

)2

+
γf 2(z)

z2f ′(z)
+ δ

(
(zf)′′(z)

f ′(z)
− 2zf ′(z)

f(z)

)
.

By settingθ(ω) := αω + βω2 +
γ

ω
andφ(ω) :=

δ

ω
, it can be easily verified thatθ(ω) andφ(ω)

are analytic inC− {0} . Also, by letting

(3.7) Q(z) = zq′(z)φ(q(z)) =
δzq′(z)

q(z)

and

(3.8) h(z) = θ(q(z)) + Q(z) = αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,
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we find thatQ(z) is starlike univalent in∆ and that

<
(

zh′(z)

Q(z)

)
= <

(
α

δ
q(z) +

2β

δ
q2(z)− γ

δq(z)
+ 1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0.

The assertion (3.4) of Theorem 3.1 now follows by an application of Theorem 2.1.

For the choice ofq(z) =
1 + Az

1 + Bz
(−1 ≤ B < A ≤ 1), in Theorem 3.1, we get the following

result.

Example 1. Assume that (3.1) holds. Iff ∈ A , and

Ψ(α, β, γ, δ; z) ≺ α

(
1 + Az

1 + Bz

)
+ β

(
1 + Az

1 + Bz

)2

+
γ(1 + Bz)

(1 + Az)
+

δ(A−B)z

(1 + Az)(1 + Bz)

whereΨ(α, β, γ, δ; z) as defined by (3.2), then

z2f ′(z)

f 2(z)
≺ 1 + Az

1 + Bz

and
1 + Az

1 + Bz
is the best dominant.

In particular, we have

Ψ(α, β, γ, δ; z) ≺ α

(
1 + z

1− z

)
+ β

(
1 + z

1− z

)2

+
γ(1− z)

(1 + z)
+

2δz

1− z2
,

implies

<
(

z2f ′(z)

f 2(z)

)
> 0.

Theorem 3.2.Letα, β, γ ∈ C, γ 6= 0. Let q(z) be univalent in∆. Letf ∈ A and

(3.9) <
(

α

γ
+

2β

γ
q(z) + 1 +

zq′′(z)

q′(z)

)
> 0.

Let

(3.10) ξ(α, β, γ; z) = α
z2f ′(z)

f 2(z)
+ β

(
z2f ′(z)

f 2(z)

)2

− γz2

(
z

f(z)

)′′
.

If

(3.11) ξ(α, β, γ; z) ≺ αq(z) + βq2(z) + γzq′(z),

then
z2f ′(z)

f 2(z)
≺ q(z)

andq is the best dominant.

Proof. Define the functionp(z) by

p(z) :=
z2f ′(z)

f 2(z)
.

Now,

ξ(α, β, γ; z) = α

(
z2f ′(z)

f 2(z)

)
+ β

(
z2f ′(z)

f 2(z)

)2

− γz2

(
z

f(z)

)′′
.

(3.12) = αp(z) + βp2(z) + γzp′(z).
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By using (3.12) in subordination (3.11), we have

(3.13) αp(z) + βp2(z) + γzp′(z) ≺ αq(z) + βq2(z) + γzq′(z).

The subordination (3.13) is same as (2.1) withθ(ω) := αω + βω2 andφ(ω) := γ. Now our
result follows as an application of Theorem 2.1.

By takingα, β, γ, δ as real andα = β = γ = 0 andδ = 1 in Theorem 3.1, then we have the
following result obtained by Ravichandran et al. [12].

Corollary 3.3. If f ∈ A and

(zf)′′(z)

f ′(z)
− 2zf ′(z)

f(z)
≺ zq′(z)

q(z)
,

then
z2f ′(z)

f 2(z)
≺ q(z)

andq is the best dominant.

Remark 1. Takingα = 1, β = 0 in Theorem 3.2, we get the result obtained by Shanmugam et
al. [14].

Theorem 3.4. Let α, β, γ and δ ∈ C, δ 6= 0. Let 0 6= q(z) be convex univalent in∆ with

q(0) = 1 and zq′(z)
q(z)

be starlike univalent in∆. Letf ∈ A, 0 6= z2f ′(z)

f 2(z)
∈ H[1, 1] ∩Q, with

(3.14) <
(

α

δ
q(z) +

2β

δ
q2(z)− γ

δq(z)

)
> 0.

If Ψ(α, β, γ, δ; z) as defined by (3.2) is univalent in∆ and

(3.15) αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
≺ Ψ(α, β, γ, δ; z),

then

(3.16) q(z) ≺ z2f ′(z)

f 2(z)

andq is the best subordinant.

Proof. By settingϑ(ω) := αω + βω2 +
γ

ω
andφ(ω) :=

δ

ω
, it is easily observed thatϑ(ω) and

φ(ω) is analytic inC− {0} . Sinceq is convex univalent it follows that,

<
[
ϑ′(q(z))

φ(q(z))

]
= <

[
α

δ
q(z) +

2β

δ
q2(z)− γ

δq(z)

]
> 0, (z ∈ ∆; α, β, γ, δ ∈ C, δ 6= 0).

The assertion (3.16) of Theorem 3.4 follows by an application of Theorem 2.2.

Theorem 3.5. Let α, β, γ ∈ C, γ 6= 0. Let q(z) be convex univalent in∆ with q(0) = 1. Let

f ∈ A, 0 6= z2f ′(z)

f 2(z)
∈ H[1, 1] ∩Q, with

(3.17) <
(

α

γ
+

2β

γ
q(z)

)
> 0.

If ξ(α, β, γ; z) as defined by (3.10) is univalent in∆ and

αq(z) + βq2(z) + γzq′(z) ≺ ξ(α, β, γ; z),
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then

q(z) ≺ z2f ′(z)

f 2(z)

andq is the best subordinant.

Proof. Theorem 3.5 follows from Theorem 2.2 by takingp(z) :=
z2f ′(z)

f 2(z)
.

We remark here that Theorem 3.4 and Theorem 3.5 can be easily restated, for different
choices of the functionq(z).

Combining Theorem 3.1 and Theorem 3.4 we get the following sandwich theorem.

Theorem 3.6. Let 0 6= q1(z) and 0 6= q2(z) be convex univalent satisfying (3.14) and (3.1)

respectively andzq′i(z)

qi(z)
be starlike univalent in∆ for i = 1, 2. If 0 6= z2f ′(z)

f 2(z)
∈ H[1, 1] ∩ Q,

Ψ(α, β, γ, δ; z) as defined by (3.2) is univalent in∆ and

αq1(z) + βq2
1(z) +

γ

q1(z)
+

δzq′1(z)

q1(z)
≺ Ψ(α, β, γ, δ; z) ≺ αq2(z) + βq2

2(z) +
γ

q2(z)
+

δzq′2(z)

q2(z)
,

then

q1(z) ≺ z2f ′(z)

f 2(z)
≺ q2(z)

andq1(z) andq2(z) are respectively the best subordinant and best dominant.

By takingα = β = γ = 0 andδ = 1 in Theorem 3.6, then we have the following corollary
of Ali et al. [1].

Theorem 3.7.Letqi(z) 6= 0 be univalent in∆ and
zq′i(z)

qi(z)
is starlike univalent in∆ for i = 1, 2.

If f ∈ A, 0 6= z2f ′(z)

f 2(z)
∈ H[1, 1] ∩Q,

(zf)′′(z)

f ′(z)
− 2

zf ′(z)

f(z)
is univalent in∆, then

zq′1(z)

q1(z)
≺ (zf)′′(z)

f ′(z)
− 2

zf ′(z)

f(z)
≺ zq′2(z)

q2(z)
,

implies

q1(z) ≺ z2f ′(z)

f 2(z)
≺ q2(z)

andq1(z) andq2(z) are respectively the best subordinant and best dominant.

Theorem 3.8.Let q1(z) andq2(z) be convex univalent satisfying (3.17) and (3.9) respectively.

If 0 6= z2f ′(z)

f 2(z)
∈ H[1, 1] ∩Q, ξ(α, β, γ; z) as defined by (3.10) is univalent in∆ and

αq1(z) + βq2
1(z) + γzq′1(z) ≺ ξ(α, β, γ; z) ≺ αq2(z) + βq2

2(z) + γzq′2(z),

then

q1(z) ≺ z2f ′(z)

f 2(z)
≺ q2(z)

andq1(z) andq2(z) are respectively the best subordinant and best dominant.

For q1(z) =
1 + A1z

1 + B1z
, q2(z) =

1 + A2z

1 + B2z
, (−1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1), in Theorem

3.6, we have the following:
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Corollary 3.9. If f ∈ A,
z2f ′(z)

f 2(z)
∈ H[1, 1] ∩Q, and

Ψ1(α, β, γ, δ; z) ≺ Ψ(α, β, γ, δ; z) ≺ Ψ2(α, β, γ, δ; z),

then
1 + A1z

1 + B1z
≺ z2f ′(z)

f 2(z)
≺ 1 + A2z

1 + B2z

whereΨ(α, β, γ, δ; z) is as defined by (3.2) and

Ψ1(α, β, γ, δ; z) := α

(
1 + A1z

1 + B1z

)
+ β

(
1 + A1z

1 + B1z

)2

+ γ

(
1 + B1z

1 + A1z

)
+

δ(A1 −B1)z

(1 + A1z)(1 + B1z)
.

Ψ2(α, β, γ, δ; z) := α

(
1 + A2z

1 + B2z

)
+ β

(
1 + A2z

1 + B2z

)2

+ γ

(
1 + B2z

1 + A2z

)
+

δ(A2 −B2)z

(1 + A2z)(1 + B2z)
.

The functions
1 + A1z

1 + B1z
and

1 + A2z

1 + B2z
are respectively the best subordinant and best dominant.

4. APPLICATION TO DZIOK -SRIVASTAVA OPERATOR

Theorem 4.1.Let0 6= q(z) be univalent in∆ and zq′(z)
q(z)

be starlike univalent in∆ and satisfies
(3.1). Letf ∈ A and

φ(α, β, γ, δ, l, m; z)(4.1)

= α

(
zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
+ β

(
zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)2

+ γ

(
H l,m[α1]f(z)

)2

zH l,m[α1 + 1]f(z)

+ δ

{
(α1 − 1) +

(α1 + 1)H l,m[α + 2]f(z)

H l,m[α1 + 1]f(z)
− 2α1H

l,m[α1 + 1]f(z)

H l,m[α1]f(z)

}
.

If f ∈ A and

φ(α, β, γ, δ, l, m; z) ≺ αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,

then

(4.2)

(
zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
≺ q(z)

andq is the best dominant.

Proof. Define the functionp(z) by

(4.3) p(z) :=

(
zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
.

By taking logarithmic derivative ofp(z) given by (4.3), we have

(4.4)
zp′(z)

p(z)
= 1 +

z
(
H l,m[α1 + 1]f(z)

)′
H l,m[α1 + 1]f(z)

− 2z(H l,m[α1]f(z))′

H l,m[α1]f(z)
.

By using the identity

z(H l,m[α1]f(z))′ = α1H
l,m[α1 + 1]f(z)− (α1 − 1)H l,m[α1]f(z)

and (4.3) in (4.4) we obtain

zp′(z)

p(z)
= (α1 − 1) + (α1 + 1)

H l,m[α1 + 2]f(z)

H l,m[α1 + 1]f(z)
− 2α1H

l,m[α1 + 1]f(z)

H l,m[α1]f(z)
.

The assertion (4.2) of Theorem 4.1 now follows from Theorem 2.1.
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Takingl = 2, m = 1, andα2 = 1 in Theorem 4.1, we get

Corollary 4.2. Let0 6= q(z) be univalent in∆ with q(0) = 1. If f ∈ A and

φ1(α, β, γ, δ, a, c; z)(4.5)

:= α

(
zL(a + 1, c)f(z)

(L(a, c)f(z))2

)
+ β

(
zL(a + 1, c)f(z)

(L(a, c)f(z))2

)2

+ γ
(L(a, c)f(z))2

zL(a + 1, c)f(z)

+ δ

{
(a− 1) +

(a + 1)L(a + 2, c)f(z)

L(a + 1, c)f(z)
− 2aL(a + 1, c)f(z)

L(a, c)f(z)

}
.

If

φ1(α, β, γ, δ, a, c; z) ≺ αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,

then (
zL(a + 1, c)f(z)

(L(a, c)f(z))2

)
≺ q(z)

andq is the best dominant, whereL(a, c) is the familiar Carlson-Shaffer operator.

By takingα = β = γ = 0, δ = 1, a = c = 1 andq(z) = 1 + (1 − b)z in corollary 4.2, then
we have the following:

Corollary 4.3. If f ∈ A and

2 +
zf ′′(z)

f ′(z)
− 2zf ′(z)

f(z)
≺ (1− b)z

1 + (1− b)z
, (0 ≤ b < 1),

then
z2f ′(z)

f 2(z)
≺ 1 + (1− b)z.

By restating the above Corollary 4.3, we get the following result of Frasin and Darus[8].

Corollary 4.4. If f ∈ A and∣∣∣∣(zf(z))′′

f ′(z)
− 2zf ′(z)

f(z)

∣∣∣∣ <
1− b

2− b
, (0 ≤ b < 1),

then ∣∣∣∣z2f ′(z)

f 2(z)
− 1

∣∣∣∣ ≤ 1− b.

Theorem 4.5. Let 0 6= q(z) be convex univalent in∆ and zq′(z)
q(z)

be starlike univalent in

∆. Let q(z) satisfies (3.14). Letf ∈ A, 0 6=
(

zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
∈ H[1, 1] ∩ Q. If

φ(α, β, γ, δ, l, m; z) as defined by (4.1) is univalent in∆ and

αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
≺ φ(α, β, γ, δ, l, m; z),

then

q(z) ≺
(

zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
andq is the best subordinant.
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Proof. Theorem 4.5 follows from Theorem 2.2 by taking

p(z) :=

(
zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
.

By combining Theorem 4.1 and Theorem 4.5 we get the following sandwich theorem.

Theorem 4.6. Let 0 6= q1(z) and 0 6= q2(z) be convex univalent satisfying (3.14) and (3.1)
respectively andzq′i(z)

qi(z)
be starlike univalent in∆ for i = 1, 2. If f ∈ A,

0 6=
(

zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
∈ H[1, 1] ∩Q

andφ(α, β, γ, δ, l, m; z) as defined by (4.1) is univalent in∆. Further if

αq1(z)+βq2
1(z)+

γ

q1(z)
+

δzq′1(z)

q1(z)
≺ φ(α, β, γ, δ, l, m; z) ≺ αq2(z)+βq2

2(z)+
γ

q2(z)
+

δzq′2(z)

q2(z)
,

then

q1(z) ≺
(

zH l,m[α1 + 1]f(z)

(H l,m[α1]f(z))2

)
≺ q2(z)

andq1 andq2 are respectively the best subordinant and best dominant.

5. APPLICATION TO M ULTIPLIER TRANSFORMATION

Theorem 5.1.Leth ∈ H, h(0) = 1, h′(0) 6= 0, λ 6= −1, which satisfies the inequality

<
[
1 +

zh′′(z)

h′(z)

]
>
−1

2
, (z ∈ ∆).

If f ∈ Am satisfies the differential subordination.

2z (I(r + 1, λ)f(z))2

(I(r, λ)f(z))3 − z(I(r + 2, λ)f(z))

I(r + 1, λ)f(z)
≺ h(z),

then

(5.1)
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
≺ q(z),

where

q(z) =
−(1 + λ)

nz(−(1+λ)
n )−1

∫ z

0

h(t)t(−
(1+λ)

n )−1dt.

The functionq is the convex and is the best dominant.

Proof. Define the functionp(z) by

(5.2) p(z) :=
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
.

By taking logarithmic derivative ofp(z) given by (5.2), we get

(5.3)
zp′(z)

p(z)
= 1 +

z(I(r + 1, λ)f(z))′

I(r + 1, λ)f(z)
− 2z(I(r, λ)f(z)′

I(r, λ)f(z)
.

By using the identity

z(I(r, λ)f(z))′ = (1 + λ)I(r + 1, λ)f(z)− λ (I(r, λ)f(z))
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and (5.2) in (5.3), we obtain

zp′(z)

p(z)
= (1 + λ) + (1 + λ)

I(r + 2, λ)f(z)

I(r + 1, λ)f(z)
− 2(1 + λ)

I(r + 1, λ)f(z)

I(r, λ)f(z)
.

Hence,

p(z) +
zp′(z)

−(1 + λ)
=

2z (I(r + 1, λ)f(z))2

(I(r, λ)f(z))3 − z(I(r + 2, λ)f(z))

I(r + 1, λ)f(z)
.

The assertion (5.1) of Theorem 5.1 follows from Lemma 2.3.

Theorem 5.2.Let0 6= q(z) be univalent in∆ with q(0) = 1. Supposezq′(z)
q(z)

be starlike univalent
in ∆ and satisfies (3.1). Letf ∈ A and

Λ(α, β, γ, δ, r, λ; z)(5.4)

:= α

(
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
+ β

(
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)2

+
γ(I(r, λ)f(z))2

zI(r + 1, λ)f(z)

+ δ

{
(1 + λ) + (1 + λ)

I(r + 2, λ)f(z)

I(r + 1, λ)f(z)
− 2(1 + λ)

I(r + 1, λ)f(z)

I(r, λ)f(z)

}
.

If

Λ(α, β, γ, δ, r, λ; z) ≺ αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,

then
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
≺ q(z)

andq is the best dominant.

Proof. Define the functionp(z) by

p(z) :=
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
.

By a straightforward computation we have

zp′(z)

p(z)
= (1 + λ) + (1 + λ)

I(r + 2, λ)f(z)

I(r + 1, λ)f(z)
− 2(1 + λ)

I(r + 1, λ)f(z)

I(r, λ)f(z)
.

Now our result follows as an application of Theorem 2.1.

Since the superordination results are dual of the subordination, we state the results pertaining
to the superordination, using the duality.

Theorem 5.3. Let 0 6= q(z) be convex univalent in∆ with q(0) = 1. Supposezq′(z)
q(z)

be starlike

univalent in∆ and satisfies (3.14). Letf ∈ A, 0 6=
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
∈ H[1, 1] ∩ Q. If

Λ(α, β, γ, δ, r, λ; z) as defined by (5.4) is univalent in∆ and

αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
≺ Λ(α, β, γ, δ, r, λ; z),

then

q(z) ≺
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
andq is the best subordinant.

Combining Theorem 5.2 and Theorem 5.3, we state the following sandwich theorem.
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Theorem 5.4.Let0 6= q1(z) and0 6= q2(z) be convex univalent in∆ satisfying (3.14) and (3.1)
respectively andzq′i(z)

qi(z)
be starlike univalent in∆ for i = 1, 2. If f ∈ A,

0 6=
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
∈ H[1, 1] ∩Q

andΛ(α, β, γ, δ, r, λ; z) as defined by (5.4) is univalent in∆. Further if

αq1(z)+βq2
1(z)+

γ

q1(z)
+

δzq′1(z)

q1(z)
≺ Λ(α, β, γ, δ, r, λ; z) ≺ αq2(z)+βq2

2(z)+
γ

q2(z)
+

δzq′2(z)

q2(z)
,

then

q1(z) ≺
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
≺ q2(z)

andq1 andq2 are respectively the best subordinant and best dominant.

By takingλ = 0 in Theorem 5.2, we get the following:

Corollary 5.5. Let0 6= q(z) be univalent in∆ with q(0) = 1, satisfying (3.1). Iff ∈ A and

(5.5) η(α, β, γ, δ, m; z) := α

(
zDm+1f(z)

(Dmf(z))2

)
+ β

(
zDm+1f(z)

(Dmf(z))2

)2

+
γ(Dmf(z))2

zDm+1f(z)

+δ

{
1 +

Dm+2f(z)

Dm+1f(z)
− 2Dm+1f(z)

Dmf(z)

}
.

If

η(α, β, γ, δ,m; z) ≺ αq(z) + βq2(z) +
γ

q(z)
+

δzq′(z)

q(z)
,

then
zDm+1f(z)

(Dmf(z))2
≺ q(z)

andq(z) is the best dominant, whereDmf(z) is the Sălăgean operator.

For the choice ofq1(z) =
1 + A1z

1 + B1z
, q2(z) =

1 + A2z

1 + B2z
(−1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1)

andλ = 0 in Theorem 5.4, we have the following:

Example 2. Let f ∈ A ,

(
zDm+1f(z)

(Dmf(z))2

)
∈ H[1, 1] ∩ Q andη(α, β, γ, δ, m; z) as defined by

(5.5) is univalent in∆. Further if

η1(α, β, γ, δ,m; z) ≺ η(α, β, γ, δ,m; z) ≺ η2(α, β, γ, δ, m; z),

then
1 + A1z

1 + B1z
≺

(
zDm+1f(z)

(Dmf(z))2

)
≺ 1 + A2z

1 + B2z

where

η1(α, β, γ, δ, m; z) := α

(
1 + A1z

1 + B1z

)
+β

(
1 + A1z

1 + B1z

)2

+γ

(
1 + B1z

1 + A1z

)
+

δ(A1 −B1)z

(1 + A1z)(1 + B1z)
.

η2(α, β, γ, δ, m; z) := α

(
1 + A2z

1 + B2z

)
+β

(
1 + A2z

1 + B2z

)2

+γ

(
1 + B2z

1 + A2z

)
+

δ(A2 −B2)z

(1 + A2z)(1 + B2z)
.

The functions
1 + A1z

1 + B1z
and

1 + A2z

1 + B2z
are respectively best subordinant and best dominant.
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Theorem 5.6.Let q(z) be univalent in∆ with q(0) = 1 and satisfies (3.9). Letf ∈ A and

Ω(α, β, γ, r, λ; z) :=

(
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
×

[
α + β

(
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
+

(5.6) γ

{
(1 + λ) + (1 + λ)

I(r + 2, λ)f(z)

I(r + 1, λ)f(z)
− 2(1 + λ)

I(r + 1, λ)f(z)

I(r, λ)f(z)

}]
.

If
Ω(α, β, γ, r, λ; z) ≺ αq(z) + βq2(z) + γzq′(z),

then
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
≺ q(z)

andq is the best dominant.

Proof. Theorem 5.6 follows by takingp(z) :=
zI(r + 1, λ)f(z)

(I(r, λ)f(z))2
.

Since the superordination results are dual of the subordination, we state the results pertaining
to the superordination, using the duality.

Theorem 5.7.Letq(z) be convex univalent in∆ with q(0) = 1 and satisfies (3.17). Letf ∈ A,

0 6=
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
∈ H[1, 1]∩Q. If Ω(α, β, γ, r, λ; z) as defined by (5.6) is univalent in

∆ and
αq(z) + βq2(z) + γzq′(z) ≺ Ω(α, β, γ, r, λ; z),

then

q(z) ≺
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
andq is the best subordinant.

Combining Theorem (5.6) and Theorem (5.7), we state the following sandwich theorems.

Theorem 5.8. Let q1(z) andq2(z) be convex univalent in∆ satisfying (3.17) and (3.9) respec-

tively. If f ∈ A, 0 6=
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
∈ H[1, 1] ∩ Q andΩ(α, β, γ, r, λ; z) as defined by

(5.6) is univalent in∆. Further if

αq1(z) + βq2
1(z) + γzq′1(z) ≺ Ω(α, β, γ, r, λ; z) ≺ αq2(z) + βq2

2(z) + γzq′2(z),

then

q1(z) ≺
(

zI(r + 1, λ)f(z)

(I(r, λ)f(z))2

)
≺ q2(z)

andq1 andq2 are respectively the best subordinant and best dominant.

By takingα = 1, β = 0, λ = 0 andq1(z) =
1 + A1z

1 + B1z
, q2(z) =

1 + A2z

1 + B2z
,

(−1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1) in Theorem 5.8, we get the following corollary of
Shanmugam et al. [14]

Corollary 5.9. Let q1(z) andq2(z) be convex univalent in∆ and satisfies (3.17) and (3.9)
respectively. Letf ∈ A and

φ1 ≺ (1 + γ)
zDm+1f(z)

(Dmf(z))2
+ γz

Dm+2f(z)

(Dmf(z))2
− 2γ

(Dm+1f(z))2

(Dmf(z))3
≺ φ2,
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where

φ1 =
1 + A1z

1 + B1z
+ γ

(A1 −B1)z

(1 + B1z)2

φ2 =
1 + A2z

1 + B2z
+ γ

(A2 −B2)z

(1 + B2z)2

then
1 + A1z

1 + B1z
≺ zDm+1f(z)

(Dmf(z))2
≺ 1 + A2z

1 + B2z
.

The functions
1 + A1z

1 + B1z
and

1 + A2z

1 + B2z
are repectively best subordinant and best dominant.
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