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1. INTRODUCTION

Let X be an arbitrary real Banach space ahd X — 2% thenormalized duality mapping
given by
(1.1) Jo:={f e X" (z, f) = = IF1, IF]l = ll=]]}, Ve € X

In [13] the following class of maps was introduced:
Definition 1.1. Let X be a normed space aritla subset ofX. A map7 is said to beasymptot-

ically pseudocontractivi there exists a sequengé&’,,}, K, € [1,00),Vn € N, lim,,_,, K, =
1, and there existg(z — y) € J(z — y) such that

(1.2) (T"w =Ty, j(z —y)) < Ky |z —y||*, Yo,y € B,Yn € N.
If there existse* such thatl'z* = x*, by settingy := z* in (1.2)) we get
(1.3) (T"x —a*, j(z — 2")) < K, ||z — 93*”2 Vo, y € B,Vn € N;

such a map is called asymptotically hemicontractive.

The modified Mann iteration, (se€ [8]), is defined by

(1.4) U1 = (1 — ap)up + o, T .
The modified Ishikawa iteration is defined, (see [6]), by
(1.5) Tpi1 = (1 — ap)x, + @, T yYn,

The sequencegy, } C (0,1), {8, } C [0,1) satisfy

n—oo

(1.6) lim o, = lim 3, =0, Zan = +4o00.
n=1

We shall give here the most general result concerning the convergence of Mann and Ishikawa
iterations dealing with a uniformly Lipschitzian and asymptotically pseudocontractive map.
Our result generalizes the main results from [3], [4],) [10] and [12]. We also give an affirmative
answer to the open question from [4] if the Mann or Ishikawa iteration converges when applied
to an asymptotically pseudocontractive (respectively an asymptotically hemicontractive map),
in more general spaces than Hilbert spaces.

2. PRELIMINARIES
We recall the following auxiliary results.
Lemma 2.1. [7] Let X be a Banach space andy € X. Then
(2.1) 2]l < flz + 7yl
for all » > 0 if and only if there existg(z) € J(x) such that(y, j(x)) > 0.

Lemma 2.2. [11] Let B be a nonempty subset of a Banach spacand let7 : B — B be a
map. Then the following conditions are equivalent:

(i) T is an asymptotically pseudocontractive map,

(i) for k, € [1,00),Vn € N, we have

(2.2) e =yl <|lz—y+r[(kd —T")x — (k,J —T")y|||,Vo,y € B,Vr > 0.
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Definition 2.1. Let X be a normed space aritla subset ofX, thenthe mag’ : B — Bis a
uniformly Lipschitzian map if for somé. > 1, we have||T"z — T™y|| < L ||z — y|| ,Vx,y €
B,Vn € N.

Lemma 2.3. [14] Let{¥,,} be a nonnegative sequence satisfying
(2.3) U1 < (1= X\) U, + 0,
where), € (0,1),>> A\, = o0 ando,, = o(\,). Thenlim,,_.,, ¥,, = 0.

3. MAIN RESULT

Theorem 3.1. Let B be a closed convex subset of an arbitrary Banach specand (u,,),
defined by(1.4) with (), and (3,), satisfying(L.6). LetT be an asymptotically pseudo-
contractive (or asymptotically hemicontractive) and uniformly Lipschitzian map itk 1
self-map ofB. If v, € B, then the modified Mann iteratiofi.4) strongly converges to the
nearest:* fixed point off".

Proof. From we obtain

(3.1) Up = Upa1 + Qplly, — T Uy,
= (14 ) upys1 + an(anknd — Tty +
— (14 kn) 2 upi1 + aptty, + o (T Uy 1 — T uy,)
= (14 a)upi1 + anlank,d — Ty 1+
— (1 + k)2 [un + oo (T — up)] + antin + (T Un 1 — T"uy,)
= (14 a2)uns1 + an(nknd — T tpig + (14 K)ol (u, — TMuy )+
+ [1 = (1 + kp)an)anuy + an (T up 1 — T uy,).

By using7™x* = x* we observe that

(3.2) v* = (14 a?)a* + ap(anknd — Tz + [1 — (1 + k)| anx™.
From (3.1)) and(3.2)) we get
(3.3) x* = uy,

= (1+a2) (2" — Upy1)+
+ ay, ((apknd — T2 — (pknd — T )tpgq) +
+[1 = (14 k) ag]an (@ —up) 4+ (1 + k) (T u, — u,)+
+ ap (T uy — T Up 1)
The norm of the sum of the first two terms on the right-hand sidB.gJ is equal to

(3.4) (L+02) ||[(2" — upsr) + 1 inoz% ((anknl = T")a" — (anknl =T )up41)|| -
Using (2.1)) with
(3.5) Ti= T = Upy,
Yy = (ankn[ - Tn)x* - (O‘nkn[ - Tn)u"Jrl’
an
T a2’

AJMAA Vol. 4, No. 2, Art. 16, pp. 1-8, 2007 AJMAA


http://ajmaa.org

4 STEFAN M. $OLTUZ

we obtain
(36) 1+ 02)(@" — ) + an (ankal = T™)2* = (auhd = Tt |
> (1+02) " — |

From (3.3)) and(3.6]) it follows that
(3.7) 27 — ]|

> ([0 02 — i)+ a (Ol = T2 = (0l = T )| +

+ 1= (14 Ep)ag]an |25 — unl| — (1 + kn)ad || T up — up || +
— ap || Ty — T Up g1 ||

> (L4 o) 2" = || + [ = (1+ Kn)an]on, |27 — [ +

— (L4 k) [Ty — || — an | Tty — T U1 ]| -

We shall prove later the first inequality frof@.7)). Supposing thaf3.7) holds, we obtain

(3.8) (14 a2) l2* = upga |
<=1 = (14 kp)anan} [[2° — up|| + (1 + kn)ai | T" v — un || +
+ ap || Ty — T g 1| -
Also, we know that
(3.9) [tn = T up|| < [[T"un — T2 + [[27 — un|
< Lilz" = upl| + (|27 — ua|
= (L+1)||z" —uyl -
Using (1.4)) , (3.9) and the fact thal" is a uniformly Lipschitzian map, we obtain
(3.10) ”Tnun-H - T"unH <L Hun-H - un“
= a, L |Ju, — T uy||
<o, L(L41) ||z — uy,l .
From[B.8) , (3.9) and(3.10) , by using(1 4+ a2)~' < 1,Vn € N, we get
(3.11) 2" = uppa |
<{1—[1—(1+ky)an]an} ||z — u,|| +
+ (1 + k)2 (L4 1) ||2* — up|| + 2L (L4 1) ||2* — uy]| .
The conditionlim,, ., a,, = 0 implies the existence of, € N, such that

1
3.12 el >
Condition(3.12)) assures the following inequalitiegy > ny,
1
3.13 n < 5
(3.13) =3+ k) + L1+ L))
9 1
o, <

3(1+L)(1+ky)’
1

IN

Qp

g.
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Using (3.11]) and(3.13]) we observe that

(3.14) {1-[1— (1 +ka)an]an} + (1 +ka)ad (L+1)+a2L (L +1)
=1l—ap+a, [(L4+ky)+L(1+L))an+ (1+k,)(L+1)al]

<1 + 1+1 =1 !
> Qp T Qp 373) 7 3an-

Relations(3.11)), (3.14)) , lead us to

* 1 *
(3.15) 2™ — Upia]] < (1 — gan) |lx* — u, ||, ¥n > nyg.
Setting in(2.3)) from lemmd 2.B

(3.16) U, = ||z" — uy,|,Vn > ny,

Ap = gan,Vn > Ny,

o, :=0,Yn € N,
we get
(3.17) lim ¥, = lim ||z — u,| = 0.

We prove now the first inequality frorf.7) . Set in(3.7)

(3.18) a=(1+0a2) (z" = ups1),
a' = (1+ap)(@" = 1)+
+ ap ((anknd — T™)x™ — (pkn I — T up 1),
b=1[1—(1+kn)am]an (2" —uy,),
(14 kp)a (T u, — uy),

c
d=an (T"up1 — T uy) ,

to obtain

(3.19) la"+b+c+d|
= [l&" = uall = |1+ o) (@" — upsr)+
+ oy, ((nknd — T 2™ — (apknd — T ) ups1) +
+ 1= (1 + kn)ag)an (2 —wp) + (1 + k)l (T"u, — uy) +
+ ap (T"uy — T upyq) ||

> 11+ 02)(&" — tna) + n (Quknd — T2 — (aknl — T )| +
+ (1= (1 + k)] |25 — wn|| — (14 Ep)ad [|[T"u, — || +

— ap | Ty, — T U1 ||

= [l + (ol = llell = Nl
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We shall now prove3.19) using the following relations

(3.20) la"+ b+ c+d| + ||| + |4l
> |la" +b+c+d|| + [|c+d
?
> la'|| + |l
> lall + o] -

The last inequality from3.20)) is given by(2.1)) , that is||a’|| > ||a|| . We further prove that

(3.21) ld +b+ctd]+lletdl = 1] + 1]
By using

(3.22) = Uy =2 — up + oy (u, — T"uy)
we obtain

(3.23) 'l = 1[(1+ ap) (@™ = wper)+

+ ay, ((anknd =Tz — (anknd — T )un41) ||

= 11+ ap)(@" = tns1) + ko (27 — nt1)

— an (T"2" = T"up 1) ||

= | (1 + k) &2 (apuy, — anT"u,) +

+ (1 +kp) a2 (2% — up) + (2° — Upy1) +

— o (T = Ty ) |

= | (1 + kn) a2 (u, — T"uy,) +

= (T"2" = T up i) + (L + ko) o (27— u,) +

+ (2" —up) + an (U — T"uy) ||

= | (1 + k) a? (u, — T"u,) +

—ap (T"* — T "Upyy — T + T™uy) + (14 k) o2 (2% — u,) +
+ (2" —up) + ay (U — T"uyp) + g (=T + T uy,) ||
=1 (1 + k) a? (u, — T"u,) +

— o (=T Upyy + T up) + (14 ky) @2 (2 — uy) +

+ (2" — up) + ap (u, — %) |].

The last equality is true becauséz* = z*. Finally, we have

(3.24) || = || (1 + k) a2 (wn — T™uyp) +
—ap (T"up — T upyq) +
+ (1 —a, + (1 —i—kn)ai) (x* —uy) ||
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<= (T + k) 0 (wn — TMun) + an (T uy — TMupia)) || +
+ (1= an+ (1 +ky) al) l2° — |

= [l2" = un +

+ || = (1 + k) @ (un — T™up) + i (T un — T g 41)) || +
— (= (k) a) [ —

= |la" + b0+ cHd|| + [lc+d]| — o]

The last equality is true because we already know that
(3.25) |2 — up|| = |la" + b+ c+d].
|

Remark 3.1. If lim, . a,, # 0, then our Theorer{8.1 holds supposing conditiof.12)) is
satisfied.

The modified Ishikawa iteration also converges, being equivalent to the modified Mann iter-
ation.

Theorem 3.2.[11] Let B be a closed convex subset of an arbitrary Banach space:,,),, and
(un)n defined by(1.5) and (1.4)) with («,,), and(8,,), satisfying(L.6). LetT be an asymptoti-
cally pseudocontractive and uniformly Lipschitzian with> 1 self-map ofB. Letz* be a fixed
point of T'. If ug = xy € B, then the following two assertions are equivalent:

(i) the modified Mann iteratioifL.4]) strongly converges to*,

(i) the modified Ishikawa iteratioffl.5)) strongly converges to*.

Remark 3.2. Each fixed point has its own basin of attraction. The rfidpas no unique fixed
point. The starting point is crucial for the convergence of Mann or Ishikawa iteration. For
example, takd” = I, the identity map orB, with k£, = 1,Vn € N. Each point ofB becomes a
fixed point and the starting point is directly a fixed point.

Theorenj 3.]1 generalizes the Theorem from [3] because in [3] the isdbounded, the space
X is uniformly convex andca,,),, and(/3,,),, satisfy some additional conditions. We also gen-
eralize Theorem 1 from_[12], because the space is smooth and the following conditions are
required: >_ (k, — 1) < +oo, > a2 < +oo andd_ B8, < +oo. Our Theorenj 3]1 general-
izes the main results from/[2] and [10] because the rmMagatisfies the following restrictive
condition:

(3.26) (T"Cnr1 = 2", ] (Tnrs — &) < ko lzn — & = & (lznen —27[1)

where (z,,),, is the modified Mann (respectively modified Ishikawa) iteratiotisjs a fixed
point andy : [0, 00) — [0, c0) is a strictly increasing function with (0) = 0.

In [1] and [5] the convergence and (L.5) is shown, dealing with an asymptotically
pseudocontractive map without being uniformly Lipschitzian. However,lin [1] @and [5] the as-
sumptions are more restrictive than those from our Theprejm 3.1: the Banach space is uniformly
smooth, the seB is bounded, respectivel§( B) is bounded and the map satisfies condition
(3-26).
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