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1. INTRODUCTION

Let (X, || - ||) be a Banach space. The main goal of this paper is establish the existence and
uniqueness of pseudo almost period®olution to the abstract neutral Cauchy problem
d

whereA is the infinitesimal generator of an uniformly exponentially stable semigroup of linear
operators(T'(t));>o on X, Du = wu(0) — f(t,u), the historyu, : [-p,0] — X defined by
ut(6) = u(t + 0) belongs to the phase spae= C([—p,0],X), andf,¢g : R x B — X are
pseudo almost periodic of ordgiin ¢ € R uniformly in the second variable.

The existence of almost automorphic, almost periodic, asymptotically almost periodic, and
pseudo almost periodic solutions is one of most attractive topics in the qualitative theory of
differential equations due to their significance and applications in physical sciences.

The concept of the pseudo almost periodicity (p.a.p. for short) which is the central issue in
this paper was first initiated by C. Y. Zhang in the earlier nineties[[25, 26]- and is a natural
generalization of the well-known (Bohr) almost periodicity (a.p.). Thus this new concept is
welcome to implement another existing generalization of the (Bohr) almost periodicity, the
notion of asymptotically almost periodicity (a.a.p.) due to Fréchet, see,le.g., [5], and [11]. For
more on these and related issues, see, elg.| [1]/12]] 13]/14]/16],17],18],.19], [10], [17], [25] and
the references therein.

Some contributions related to pseudo almost periodic solutions to abstract differential equa-
tions and partial differential equations have recently been madelin [15],(16,/7, 8| 9], 10,16, 4, 17].
Existence results concerning almost periodic and asymptotically almost periodic solutions to
ordinary neutral differential equations and abstract partial neutral differential equations have
recently been established in [18,/ 20) 14]. However, the existence of pseudo almost periodic
to functional-differential equations with delay, especially, abstract partial neutral differential
equations is an untreated topic and this is the main motivation of the present paper.

This paper is organized as follows. In Sectign 2 we introduce some notations, definitions
and properties related to the theory of almost periodic and pseudo almost periodic functions.
Furthermore, we establish some preliminary results on the composition of pseudo almost pe-
riodic functions of clasg. Finally, in Sectiorj 4, we establish the existence and uniqueness
of pseudo almost periodic solutions to the above-mentioned problem. We next illustrate the
previous existence result by an example.

2. PRELIMINARIES

Let (X, || - ||) be a Banach space. In this section we introduce the required background and
some preliminaries that we need in the sequel. In this paper,D(A) ¢ X — X denotes
the infinitesimal generator of an uniformly asymptotically stable semigroup of linear operators
(T(t))>0 onX, and M, w are some positive constants such that(¢) ||[< Me ', ¢ > 0.

To deal with pseudo almost periodic solutions we will need to introduce some classical and
new concepts. In what follow$Z, || - [|z) and(W, || - ||w) stand for Banach spaces. In addition
to thatC'(R, Z) and BC'(R, Z) denote the collection of continuous functions, and the Banach
space of bounded continuous functions fr@rinto Z equipped with the sup norm defined
by ||u|leo := sup ||u(t)]|z, respectively. Similar definitions apply for both(R x Z, W) and

teR

S
BC(R x Z,W). The notationB,(z, Z) stands for the open ball centeredvat Z with radius
r > 0.
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Definition 1. A functionf € C(R,Z) is almost periodic (a.p.) if for each > 0 there exists a
relatively dense subset Bfdenoted byH (e, f, Z) (i.e., there existd > 0 such thata,a + J] N
H(e, f,Z) # {0} for eacha € R) such that|f(t + 7) — f(t)||z < ¢ for eacht € R and each
T € H(e, f,Z). The collection of those functions will be denoted4y(Z).

We need the next Lemma in the sequel.

Lemma 1. [24, p.25]A functionf € C(R,Z) is almost periodic if and only if the set of
functions{o,f : 7 € R}, where(o.f)(t) = f(t + 7), is relatively compact it€' (R, Z).

Similarly, a functionF' € C(R x Z,W) is called almost periodic im € R uniformly in
z € Z if for eache > 0 and for all compaci’ C Z, if there exists a relatively dense subset of
R denoted byH(e, F, K) such that| F'(t 4+ 7,2) — F(t,2)|lw < e forallt € R, z € K, and
T € H(e, F, K). The collection of those functions will be denotdd(Z, W).

The notationP A F,(Z) stands for the space of functions

PAPy(Z) = {u € BC(R,Z) : lim QL/ | w(t) ||z dt = 0}.
r—oo 21 J_,.

To study the issues related to delay we need to introduce the new space of functions defined
for eachp € R by

1 T
PAPY(Z.p) = du € BO(R,Z) : lim —/ sup || u(@) |2 | dt =0\
r—00 2r —r Oe(t—p,t]
In addition to the above-mentioned spaces, the present setting requires the introduction of the
following new function spaces

r

1
PAPy(Z,W) = {u € BOC(RxZ,W): lim Dy |lu(t, z)||wdt = 0} , and
r—oo 21 J_,

PAPy(Z,W,p) = {u € BC(R x Z,W) : lim i/ ( sup || u(6,2) ||W> dt = 0} :
]

=00 2T J_p \ Get—p,t
where in both cases the limit (as— o) is uniforminz € Z.

In view of the above, itis clear th&APy(Z, p) andPAPy(Z, W, p) are continuously embed-
ded in the spaceB APy (Z) and PAP,(Z, W), respectively. Furthermore, it is not hard to see
that PAPy(Z,p) and PAPy(W,Z,p) are closed inPAPy(Z) and PAP,(W, Z), respectively.
Consequently, using [17, Lemma 1.2], one obtains the following:

Lemma 2. The space® APy (Z, p) and PAPy(W, Z, p) endowed with the uniform convergence
topology are Banach spaces.

Definition 2. A functionf € BC(R,Z) is called pseudo almost periodic (p.a.p.)fi= g + ¢,
whereg € AP(Z) andy € PAP,(Z). The class of those functions will be denotedbyP(Z).

Definition 3. A function " € BC(R x Z,W) is called uniformly pseudo almost periodic
(u.p.a.p.) ifF = G + &, whereG € AP(Z,W) and® € PAP,(Z,W). The class of those
functions will be denoted by PAP(Z, W).

We need to introduce two new notions of pseudo almost periodicity that we will use in the
sequel.

Definition 4. A functionF' € BC(R,Z) is called pseudo almost periodic of class p (p.a.p.p.)
if ' =G + ¢, whereG € AP(Z) andy € PAP,(Z,p). The class of those functions will be
denoted byPAP(Z, p).
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Definition 5. A functionF' € BC(R x Z, W) is called uniformly pseudo almost periodic of
class p (u.p.a.p.p.) if = G + p, whereG € AP(R x Z,W) andy € PAP,(Z,W,p). The
class of those functions will be denotedby AP (Z, W, p).

3. PRELIMINARY RESULTS

To establish our main result on the existence of pseudo almost periodic solutions we need to
prove some preliminaries results related to the composition of pseudo almost periodic functions
of classp. Basically, those results are inspired from ideas and estimates given in [17] and their
complete proofs can be found in Diagana and Hernandez [8].

Theorem 3.1.Let FF € UPAP(Z,W,p) and leth € PAP(W, p). Assume that there exists a
functionLy : R — [0, o) satisfying

(3.1) |F(t,21) — F(t,2)|lyy < Lp(t)||lz1 — 2|, VEtER, V2,2 € Z.
If
(3.2) lim sup—/ ( sup Lp( 9)) dt < oo, and
r—00 0ct—p,t]
.1
(3.3) lim —/ sup Lp(0) | £(t)dt =0
r—o0 2r —r \ O€[t—p,t]

for eaché € PAP,(R), then the function — F'(t, h(t)) belongs toP AP(W, p).

Remark 3.1. Note that assumption§ (3.2) arjd (3.3) are verified by many functions. Exam-
ples include constants functions, functionsial P(R, p), and functions ofZL!(R) which are
decreasing off), co) and nondecreasing droo, 0) among others.

Theorem 3.2.1f u € PAP(Z,p), thent — u, belongs taPAP(C([—p, 0], Z), p).
Theorem 3.3.Letu € PAP,(Z,p). If v is the function defined by

v(t) == /t T(t — s)u(s)ds, Vt €R,

—00

thenv € PAP(Z, p).

4. EXISTENCE RESULTS

In this section we study the existence of pseudo almost periodic solution for the neutral
system. The next definitions of a mild solution is inspired by semigroup theory.

Definition 1. A continuous function: : [o,0+a) — X, a > 0, is a mild solution of the neutral
system[(1]1) ofv, o + a), if u, = p and

u(t) = T{t—0)(p0)+ flo,9)+ f(t,u) +/ T(t— s)g(s,us)ds, t€lo,0+a).

Since the semigroup is uniformly exponentially stable, the next concept of a pseudo almost
periodic mild solution is clear.

Definition 2. A functionu € BC(R,X) is a mild pseudo almost periodic solution of neutral
system[(1]1), if for eache R and

t

w(t) = f(t,u) +/ T(t —s)g(s,us)ds, t€R.

—0o0
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To discuss the existence of pseudo almost periodic solutions we suppogejth&t x B —
X belong toU PAP(B, X, p), whereB = C([—p, 0], X) is the (Banach) space of all continuous

functions from[—p, 0] into X equipped with the norii¢||z = sup |[|¢(t)]|.
te[—p,0]

Theorem 4.1.The functiong, g : Rx B — X are continuous and there exist a constant> 0
and a continuous functiop, : R — [0, co) such that

” f(tﬂ/fl) - f(t>¢2> || < Lf H ¢1 - ¢2 HB>
g(t, 1) =gt 0y) (| < Lg(t) || 1 — ¥y |15,

forall ¢t € Randevery), € B(i = 1,2). If
t
(4.1) ©=Ls+ Msup/ e =L (s)ds < 1,
teR J -0

then there exists a unique pseudo almost periodic mild solutign tp (1.1).

Proof: Letl' : PAP(X,p) — C(R,X) be the operator defined by

(4.2 Cu(t) == —f(t,u) + /t T(t—s)g(s,us)ds, teR.

— 00

Clearly, T'u is well-defined and continuous. Moreover, from Theorém$[33, 3.2 ahd 3.3 it
easily follows that'u € PAP(X, p) whenever, € AP(X,p). On the other hand, far,v €
PAP(X,p) we get

t
I Tut) =To() | < Ly [ u — v |5 +M/ e I Ly(s) || us — vs |5 ds

t
< (Lf + Msup/ ew(tS)Lg(s)dS> | v—v s
(4.3) < Ofu—vl

which prove thafl is a strict contraction. Consequently, by the Banach fixed-point principle
there exists a unique mild solution {o ({1.1), which obviously is pseudo almost perimdic.

5. EXAMPLE

This section is devoted to a concrete example related to the existence of pseudo almost peri-
odic solutions to the neutral system (1.[1)-{1.2).
In what follows, we seK = (L?[0, 7], || - |2) and defined the linear operator

D(A) :={ueX:u" € L*0,7], uw(0) = u(r) =0}, Au:=u", Yu € D(A).

It is well known thatA is the infinitesimal generator of an analytic semigrdifg¢));>o on
X. Moreover, A has a discrete spectrum, with eigenvalues of the fermi,n € N, whose

corresponding (normalized) eigenfunctions are given,jfy) := \/2 sin(ng).
s

The corresponding semigroup tois defined byl'(t)u = Z e_”2t(u, zn) 2z for eachu € X,
n=1

with the estimatdl 7'(¢)|| < e* for everyt > 0.

AJMAA Vol. 4, No. 2, Art. 12, pp. 1-7, 2007 AJMAA


http://ajmaa.org

6 TOKA DIAGANA AND EDUARDO HERNANDEZ

Consider the first-order neutral system

o luo+ | 0 boutt-+s.0s| = o fuiee)+ [ bs)ult + 5,€)ds| + aofult,)

p o¢? —p
0
(5.1) +/ a(s)u(t+ s,&)ds, (t,&) € R x [0, 7],
(5.2) u(t,0) = wu(t,m) =0,

wherea, b, ag are continuous functions.
By defining the substituting operators
0

(5.3) ft0)(©) = [ bls)uls dds

—-p
0

(5.4) GL)E) = aol€)w(0,€) + / a(s)6 (s, €)ds,

—-p
the system[(5]1)-(52) can be rewritten as a system of the (1.1)-(1.2). Moreover, it is clear
that f, g are bounded linear operators and that

(5.5) IF (&) < [ /bZ(S)dSI lls,

-p
0
5 lott ol < (llaoll ot/ [ a2(s)ds | - 0]
-p
forallt € Randy, € B(i =1, 2).
The next result is a straightforward consequence of Theprgm 4.1.

Proposition 1. Under the previous assumptions, the neutral sysiem (5.1))-(5.2) has a unique
pseudo almost periodic mild solution whenever

(5.7) /_0 b%(s)ds + <HCL0HOO + /_0 a2(3)ds> < 1.
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