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ABSTRACT. We show that there are no (non-trivial) Hilbert-Schmidt Hankel operators with anti-
holomorphic symbols on the Bergman space of the unit8a(IB!) for I > 2. The result dates

back to [6]. However, we give a different proof. The methodology can be easily applied to other
more general settings. Especially, as indicated in the section containing generalizations, the new
methodology allows to prove some robustness results for existing ones.
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2 G. SCHNEIDER

1. INTRODUCTION

The Bergman spacB?(Q) of the domairt2 in C' is defined as
(1.1) B*(Q) := {f : holomorphic inQ and/ 1f(2)]?dA(z) < oo},
Q

where) denotes the Lebesgue-measur€inRemember, that the Hankel operator with symbol
g is given by
Hy(f): BX(Q) — L*(Q) : Hy(f) = (I = P)(g/),
where
(1.2) L*(Q) := {f :  measurable if and/ 1f(2)]?dM(z) < oo}
Q

and P is the orthogonal projection ontB?((2) (the Bergman projection). In the following we
will restrict our attention to the unit-bal' in C'.

We define
(1.3) 2 = l |22 dA(2).
Heren = (nq,...,n;) is a multi-index. Iﬁote, that the set
(1.4) {Z—n;neNl}

is a complete orthonormal-system6f (B').

The aim of this paper is to give a new proof for the fact that there are no (non-trivial) Han-
kel operators with anti-holomorphic symbajsif [ > 2. Such a symbol can be written as
9(2) = >, a,;z’, where the summation is over all possible multi-indiges (ji,..., ). The
following section reviews some related literature and Se¢tjon 3 gives the new proof. Section
[4 considers some generalizations. Especially, it is shown that the new methodology allows to
prove robustness of the mentioned result. This shows the usefulness of the new approach. In
addition some open problems are indicated.

2. RELATED LITERATURE

In the following section we will prove that there are no (non-trivial) Hilbert-Schmidt Hankel
operators with anti-holomorphic symbols on the Bergman space of the unitt@l) for each
[ € Nandl > 2. The first proof of this result is due tol[6]. In the following years there has
been quite a lot of work in this field. 1n][2] it is shown that on the weighted sp&t¢®!’)
the operatorsi; and H; are in the Schatten-p-clas if and only if MO(f) € Lr(B') for
2 < p < oo. (This extends the work of [7]. Here the special case 0 is considered.) Some
of the mentioned definitions and concepts need to be explained. First,

(2.1) B%(B') = {f . fis holomorphic inB' and /Bz If ()2 du,(2) < oo}.

Heredu, (z) = (1 — |z|*)*d\(z). The mean oscillation is given by

(2.2) MO(f)(z) = (If (=) = | (=) ") "/?

andf is the Berezin transform gf given by f(z) = (fk., k.). (Herek. is the normalized repro-
ducing kernel ofB32(B!)). There have also been results in this context for the tase < 2.
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For more on this see (for the special case= 0) [5]. Further results in this context for the
spacesB3?(B') can be found in[3].

In this work, we want to take a different approach than the mentioned papers. It is more func-
tional analytical and the crucial results only depend on the Hilbert space structure of the space
B2(B') (as will be indicated in the following). The used approach has been (partially) devel-
oped in [4] and[1]. To indicate, how it can be used to (easily) yield some results, we will prove
that there are no non-trivial Hilbert-Schmidt Hankel operators with anti-holomorphic symbols
in the following section. For some possible generalizations see Sgttion 4.

3. NON-EXISTENCE OF HILBERT-SCHMIDT HANKEL OPERATORS ON THE BERGMAN
SPACE

In the following proposition we show that there are no non-trivial Hilbert-Schmidt Hankel
operators with anti-holomorphic symbols.

Proposition 3.1. There are no non-trivial Hilbert-Schmidt Hankel operators with anti-holomor-
phic symbols on the Bergman space of the unit-B2(B') for each/ € N and/ > 2. That

is, the only Hilbert-Schmidt Hankel operators with anti-holomorphic symbols have constant
symbols.

Remark 3.1. A Hankel operator with constant symbol satisfies

(3.1) H(f)=c(f-f)=0 Vfe B*B).
As in previous work (concerning Hankel operators on generalized Fock-spaces) the limiting
behavior of the sequenges, /¢’ — 2 /c%_ } ., will play an important role. The following

lemma describes the limiting behavior of the sequefde . /c2 — 2 /c2_, } For simplic-
ity, we only consider the case= 2.

neNt’

Lemma 3.2. Letn = (ny,ny) andk = (ki1, k2) # (0,0). We have

2 2 k1 ko

c c nitn
3.2 nth__n o~ O L2 B(ng,ns).
(3.2) a2 A, (ng 4 ng)krtke (ma, )

Here, we abbreviated (n, ny) := (Clnll + @%)_

Proof. Direct calculation shows (fat = (ny, ny)) that (see alsad [8])
I !
(3.3) 0721 — D&7
(m + ng + 2)'

whereD is a constant. Therefore, we have

2 2
Cn+k Cn

(3.4) 2 2
n n—

k
(m + kl)'(TLQ + kQ)'(nl + no + 2)' _ (nl)'(nQ)'(nl + ngo — kl — k2 + 2)'
(nl)'(ng)'(nl + no + ]{71 + k’g + 2)' (nl — k’l)'(ng — ]{?2)'(77,1 + ng + 2)'

g 2 1 1
~ C—nl n2 (Cl— + Cg—)

(n1 + ng)kath ny ns
k1 ko
ni n
=0—"1"2 _F(ny,ny).

(Tbl + n2)k1+k2
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This finishes the proof

Before we start the proof of Propositipn 3.1, we prove the following proposition. It is the
main ingredient of the proof of Propositipn B.1 and reflects the functional analytic nature of the
approach.

Proposition 3.3. Assume that the Hankel operats; is Hilbert-Schmidt, wherg = >, bz,
Then all Hankel operatorél.., wherek satisfies, # 0, have to be Hilbert-Schmidt.

Proof. For simplicity, we prove the result fér= 2. It can be shown that (see [1])
n 2 2 2
z _ 2 | Cntk C 2Cntk
3 | (5| = Zome [t - 2 A

k<n n n
wheref = > biz*. Herek = (ki ko) is a multi-index and: < n meanst; < n; andky < no.
(Summation of multi-indices will also be defined component-wise.) Especially, we have for
f =7Zz"that

2
n

k

2 2

2" c

3.6 Hr (= )] = =t
o) (G =%
if £ < nand

n 2 2 2

z C C
3.7 H (= || = 2E - n
&0 H f<cn) G Caon

if £ < n. The operatof{; is Hilbert-Schmidt if and only if
Z’ﬂ
: H: | —
(3.8) ; ‘ ; (cn)

Therefore, ifH7 is Hilbert-Schmidt forf = Dok b, Z* then H_» must be Hilbert-Schmidt for
all k£ with b, # 0. &

2
< OQ.

Remark 3.2. Note, that equatiop 3.5 reflects the functional analytic nature of the approach. It
can be verified by direct calculation using the expansiofi ahd rewriting the norm in terms

of the corresponding inner product. Furthermore, one has to make use of the fact, that the holo-
morphic functions:™ are pairwise orthogonal.

Now we give a proof for Propositign 3.1.

Proof. (Proposition@ Remember, that it follows from Propositi.3 that#f is Hilbert-
Schmidt forf = 3~, byz" then H_« must be Hilbert-Schmidt for ak with b, # 0. Therefore,
it is enough to show that-.« is not Hilbert-Schmidt for alk # 0. Direct calculation shows that
(see also8])

I
3.9 2 = 2#_
(3.9) n =T (TL1+TL2+2)!

If H.. were Hilbert-Schmidt, then we would (at least) have to have
2 2

(3.10) P TR}

2
cz c

ni,mn2
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However
2 kv k
(3.11) ok G o (o1 o1
2 cnpg (ny + ng)kithe ny Ny
k1 ko
._ 1y
= C—<n1 T n2>k1+k2E(n1, TLQ).
Clearly, we have
2 2 k1, ko
Cntk _ _C nyny
(3.12) e C E(ny,ns)
mz,n:z 2 Gl ;;2 (g + ng)kithe )
k’l k‘z
1y
2 C nzr; nl + n2 k1+k2+1
1,12
-3 Y
e nl +n2 k1+k2+1
ni,n2>0
D3
c— = nk’l-‘rk‘z-‘rl
1=
In addition,
- n ke . 7
(3.13) Z nit(n —n)ks > [5] Z (n—ny)" & C nMthtt

ni=|+

T3]

Here[z]| denotes the largest integer smaller or equal t®he above calculation follows from
Euler's summation formula

(3.14)  f(O)+ f(1)+... /f ) dx + )+f()+/0 Bi(z)f (x) dz,

where By (z) is the first Bernoulli polynomial. That i®(z) = z — 1 for z € [0,1] and
By(xz + k) = By(x) Vk € Z. Therefore, the above sum cannot convegge.
Remark 3.3. The same methodology applies if we replace the Bergman Spa&) by the
following weighted Bergman spaces
(3.15) B:(B?) := {f . f is holomorphic inB> and/ |f (21, 22)|? dpg (21, 22) < oo}.

B2
Heredp, (21, 22) = (1 — |z1|* — |22/*)*dA(21, 22). In this case the moment§ , are given by
the formula

(3.16) 2, =pim Ul t1)
’ F(n1+n2+a+3)

whereD is a constant and = (nq, n»).
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4. GENERALIZATIONS

In this section we want to emphasize the advantage of the approach, which stems from the
fact that - as mentioned above - the proof is a functional analytic one. Concretely, only some
Hilbert space properties of the Bergman space have been used. As an example, we want to
consider certain radial-symmetric perturbations of the weight-functions |z;]? — |z2]?)“.
Concretely, consider sonte< R < 1 and letp, : R" — R be a continuous function with
po(r) = (1 —ri —r3)*, wherer = |(r1,r;)| for r > R. We call the corresponding spaces
perturbed Bergman spacB%a (B?). Concretely, they are defined as follows:

(41) B (B%):= {f . f is holomorphic inB? and/ |f(21, 22)|* dp, (21, 22) < oo}.
]BQ

Heredp, (21, 22) = p,(|(21, 22)|)d\(z1, 22). The following proposition holds and can be seen
as a robustness result. For simplicity, we only consider the speciahcade

Proposition 4.1. There are no non-trivial Hilbert-Schmidt Hankel operators with anti-holo-
morphic symbols on the perturbed Bergman spaces of the unlBﬁadIB%’ ) for eachl € N and

[ > 2. That is, the only Hilbert-Schmidt Hankel operators with anti-holomorphic symbols have
constant symbols.

Proof. For sake of simplicity, we only explicitly consider the special case 0 and/ = 2. To
show the result, we first note that an analogue to Propositign 3.3 holds. Inspection of the proof
of Propositiory 3.1 shows that it is enough to show that the limiting behavior of the moments

4.2) 2 = / 72 dp (2)
BQ

is the same as the one of the moments(For a definition of? see the introduction.) For each
0 < R < 1we considerB?% := {z|R < |z] < 1})

.3) Lo Sl P dng(z)  Jesy P dio(2) 4 fig 1271 dpio(2)

' = Jee 12717 dpo(2) Jaz, 1272 dpao ()

and want to show that the above quotient convergdsitdn| = n; + ns — oo. Using polar
coordinates we se@¢, ; := {z|R < |z| < L})

L
(4.4) / 2" dpolz) = C / P2 3 (1) / P do(()

R,L
L
=0/r%”wmiﬂﬁL
R (In] +1)!

Consequently®’ > R)
f]BLB% |Zn|2 dpg(2) f]BL]B% ‘ZnP dpo(2)
fB% |22 dpg(z) fB;/ |22 dpg (2)
B fOR P23 d(r)
B fé/ r2inl+3 g\ (r)

R R2Inl+3
=1_R g+ -

(4.5)
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as|n| — 0 and therefore
fnp 272 dpag (2)

n|2 -
f% 272 dpg (2)
as|n| — 0. A similar argument is valid for the quotients
Juz 12" 7 dpo ()
fB% 272 dpy(2)’
sincep, must be bounded. However, for suitable valuegof
(4.9 [ dontz) = [ 1 din(e)

B B

and consequently the limiting behavior of the momari;t;o is the same as the one of the
moments:2. §

(4.6)

(4.7)

Remark 4.1. In the casex > 0 one has to be a little more precise with the estimates since
(1 — |z|)* vanishes at the boundary of the unit-ball.

Remark 4.2. As mentioned above, Proposition 4.1 can be seen as a robustness result for Propo-
sition[3.1. However, there are some open research questions.

(1) In connection with some of the literature presented in Sefction 2 it would be interesting to
investigate if the presented methodology can be adopted in order to investigate Schatten-
class membership of Hankel operators with anti-holomorphic functions.

(2) It would be of interest if the functional analytic approach can also (after some modifi-
cation) be applied to generaf-symbols.

(3) Some different spaces of holomorphic functions could be considered. As mentioned
above, there are already some existing results for generalized Fock spaces! (See [4] and

[1].)
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