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1. I NTRODUCTION

The concept of linear 2-normed spaces has been investigated by Gähler in 1965 ([3]) and has
been developed extensively in different subjects by others. Lewandowska published a series of
papers on 2-normed sets and generalized 2-normed spaces in 1999-2003 ([5]-[9]). There are
some works on characterization of 2-normed spaces, extension of 2-functionals and approxima-
tion in 2-normed spaces ([1], [2] and [4]). Also, there are some works in approximation theory
(for example, [10]-[12]).

Let X be a linear space of dimension greater than 1 overK, whereK is the real or complex
numbers field. Suppose‖., .‖ be a non-negative real-valued function onX × X satisfying the
following conditions:

(i) ‖x, y‖ = 0 if and only if x andy are linearly dependent vectors.

(ii) ‖x, y‖ = ‖y, x‖ for all x, y ∈ X.

(iii) ‖λx, y‖ = |λ| ‖x, y‖ for all λ ∈ K and allx, y ∈ X.

(iv) ‖x + y, z‖ ≤ ‖x, z‖+ ‖y, z‖ for all x, y, z ∈ X.

Then‖., .‖ is called a 2-norm onX and (X, ‖., .‖) is called a linear 2-normed space.

Every 2-normed space is a locally convex topological vector space. In fact for a fixedb ∈ X,
pb(x) = ‖x, b‖, x ∈ X, is a seminorm and the familyP = {pb : b ∈ X} of seminorms gen-
erates a locally convex topology onX. But, there are no remarkable relations between normed
spaces and 2-normed spaces.

We couldn’t construct any 2-norm onX by a normed space(X, ‖.‖), and this could be a
motive for definition of generalized 2-normed spaces.

Definition 1.1. ([5]-[7]) Let X andY be linear spaces,D be a non-empty subset ofX×Y such
that for everyx ∈ X, y ∈ Y the sets

Dx = {y ∈ Y : (x, y) ∈ D}, Dy = {x ∈ X : (x, y) ∈ D}

are linear subspaces of the spacesY andX, respectively. A function‖., .‖ : D −→ [0,∞) is
called a generalized 2-norm onD if it satisfies the following conditions:

(N1) ‖x, αy‖ = |α|‖x, y‖ = ‖αx, y‖, for all (x, y) ∈ D and every scalarα.
(N2) ‖x, y + z‖ ≤ ‖x, y‖+ ‖x, z‖, for all (x, y), (x, z) ∈ D.
(N3) ‖x + y, z‖ ≤ ‖x, z‖+ ‖y, z‖, for all (x, z), (y, z) ∈ D.

Then,(D, ‖., .‖) is called a 2-normed set. In particular, ifD = X × Y , (X × Y, ‖., .‖) is
called a generalized 2-normed space. Moreover, ifX = Y , then the generalized 2-normed
space is denoted by(X, ‖., .‖).

Definition 1.2. ([5]-[7]) Let X be a linear space,χ be a non-empty subset ofX ×X such that
χ = χ−1 and the setχy = {x ∈ X : (x, y) ∈ χ} is a linear subspace ofX, for all y ∈ X. A
function‖., .‖ : χ −→ [0,∞) is called a generalized symmetric 2-norm onχ if it satisfies the
following conditions:

(S1) ‖x, y‖ = ‖y, x‖, for all (x, y) ∈ χ.
(S2) ‖x, αy‖ = |α|‖x, y‖, for all (x, y) ∈ χ and every scalarα.
(S3) ‖x + y, z‖ ≤ ‖x, z‖+ ‖y, z‖, for all (x, y), (x, z) ∈ χ.
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Then,(χ, ‖., .‖) is called a generalized symmetric 2-normed set. In particular, ifχ = X×X,
the function‖., .‖ is called a generalized symmetric 2-norm onχ and (X, ‖., .‖) is called a
generalized symmetric 2-normed space.

Definition 1.3. ([5]) Let (X × Y, ‖., .‖) be a generalized 2-normed space.

(a) The familyβ of all sets defined by
⋂n

i=1{x ∈ X : ‖x, yi‖ < ε}, wheren ∈ N,
y1, ..., yn ∈ Y and ε > 0, forms a complete system of neighborhoods of zero for a
locally convex topology inY .

(b) The family β of all sets defined by
⋂n

i=1{y ∈ Y : ‖xi, y‖ < ε}, wheren ∈ N,
x1, ..., xn ∈ X andε > 0, forms a complete system of neighborhoods of zero for a
locally convex topology inX.

We will denote the above topologies by the symbolsτ(X, Y ) and τ(Y,X), respectively.
In the case whenX = Y , we will denote these topologies byτ 1(X) = τ(X, Y ) and
τ 2(X) = τ(Y, X).

Let us consider the linear spacesX andY and letD ⊆ X × Y be a 2-normed set andZ be a
normed space. A mapf : D −→ Z is called 2-linear if it satisfies the following conditions:
(i) f(x1 +x2, y1 + y2) = f(x1, y1)+ f(x1, y2)+ f(x2, y1)+ f(x2, y2), for all x1, x2, y1, y2 ∈ X
such thatx1, x2 ∈ Dy1

⋂
Dy2,

(ii) f(δx, λy) = δλf(x, y), for all scalarsδ, λ and all(x, y) ∈ D.
A 2-linear mapf is said to be bounded if there exists a non-negative real numberM such

that‖f(x, y)‖ ≤ M‖x, y‖ for all (x, y) ∈ D. Also, the norm of a 2-linear mapf is defined by

‖f‖ = inf{M ≥ 0 : ‖f(x, y)‖ ≤ M‖x, y‖ for all (x, y) ∈ D}.

We denote by< b > the subspace of linear spaceX genereted by the elementb ∈ X. For a
generalized 2-normed space(X × Y, ‖., .‖), a subspaceW of X andb ∈ Y , we denote byW ]

b

the Banach space of allK-valued bounded 2-linear maps onW× < b >.

Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX andb ∈ Y .

(i) w0 ∈ W is called b-best approximation ofx ∈ X in W , if

‖x− w0, b‖ = inf{‖x− w, b‖ : w ∈ W}.

The set of all b-best approximations ofx in W is denoted byP b
W (x).

(ii) W is called b-proximinal if for everyx ∈ X\(W\W ), there existsw0 ∈ W such that
‖x − w0, b‖ = inf{‖x − w, b‖ : w ∈ W}, whereW denotes the closure ofW in the
seminormed space(X, pb).

Note that,W is b-proximinal if and only ifP b
W (x) 6= ∅ for all x ∈ X\W .

The following basic lemma is important in the proof of main results.

Proposition 1.1([3]; Theorem 3.6). . Let(X, ‖., .‖) be a 2-normed space,W be a subspace of
X andb ∈ X. If x0 ∈ X is such that

δ = inf{‖x0 − w, b‖ : w ∈ W} > 0,

then there exists a bounded 2-linear mapF : X× < b >−→ K such thatF |W×<b> = 0,
F (x0, b) = 1 and‖F‖ = 1

δ
.

By review of [3], we find that the following similar Lemma holds for generalized 2-normed
spaces.
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Lemma 1.2. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX and
b ∈ Y . If x0 ∈ X is such that

δ = inf{‖x0 − w, b‖ : w ∈ W} > 0,

then there exists a bounded 2-linear mapF : X× < b >−→ K such thatF |W×<b> = 0,
F (x0, b) = 1 and‖F‖ = 1

δ
.

Lemma 1.3. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
b ∈ Y andx ∈ X\W , whereW denotes the closure ofW in the seminormed space(X, pb).
Then,M ⊆ P b

W (x) if and only if there existsf ∈ X]
b such thatf |W×<b> = 0, ‖f‖ = 1 and

f(x0 −m, b) = ‖x0 −m, b‖ for all m ∈ M .

Proof. First suppose that there existsf ∈ X]
b such thatf |W×<b> = 0, ‖f‖ = 1 and

f(x0 −m, b) = ‖x0 −m, b‖ for all m ∈ M . Then,

‖x0 −m, b‖ = f(x0 −m, b) = f(x0, b) = f(x0 − w, b)

≤ ‖f‖ ‖x0 − w, b‖ = ‖x0 − w, b‖,
for all m ∈ M and allw ∈ W . Hence,m ∈ P b

W (x0) for all m ∈ M . Conversely, fixm0 ∈ M .
Then,

δ = ‖x0 −m0, b‖ = inf{‖x0 − w, b‖ : w ∈ W} > 0.

By Lemma 1.2, there existsg ∈ X]
b such thatg|W×<b> = 0, g(x0, b) = 1 and‖g‖ = 1

δ
. Now

for f = δg we have,f |W×<b> = 0, f(x0 − m0, b) = ‖x0 − m0, b‖ and‖f‖ = 1. Note that,
f(x0 −m, b) = ‖x0 −m0, b‖ = ‖x0 −m, b‖ for all m ∈ M .

2. 1-TYPE PSEUDO-CHEBYSHEV SUBSPACES

Definition 2.1. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX
andb ∈ Y .

(i) W is called b-pseudo Chebyshev if for everyx ∈ X\W , whereW denotes the closure
of W in the seminormed space(X, pb), P b

W (x) is non-empty and finite dimensional.
(ii) W is called 1-type pseudo-Chebyshev ifW is b-pseudo Chebyshev for every0 6= b ∈ Y .

Example 2.1.LetX = R3, W = {(x, y, 0) : x, y ∈ R} and

‖(x1, x2, x3), (y1, y2, y3)‖ =

max{|x1y2 − x2y1|+ |x1y3 − x3y1|, |x1y2 − x32y1|+ |x2y3 − x3y2|}
for all (x1, x2, x3), (y1, y2, y3) ∈ X. Then,‖., .‖ is a 2-norm onX and W is 1-type pseudo-
Chebyshev subspace.

Example 2.2. Let W be a pseudo-Chebyshev subspace of a normed space(X, ‖.‖1) and let
(Y, ‖.‖2) be an arbitrary normed space. Then,‖x, y‖ = ‖x‖1‖y‖2 is a generalized 2-norm on
X × Y andW is 1-type pseudo-Chebyshev subspace.

Proposition 2.1. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX
and b ∈ Y . Then,W is b-pseudo Chebyshev subspace ofX if and only if there do not exist
f ∈ X]

b , x0 ∈ X\W , whereW denotes the closure ofW in the seminormed space(X, pb), and
infinitely many linearly independent elementsw1, w2, ... in W such thatf |W×<b> = 0, ‖f‖ = 1
andf(x0 − wn, b) = ‖x0 − wn, b‖, for all n ≥ 1.
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Proof. Suppose thatW is not b-pseudo Chebyshev subspace. Then, there existsx ∈ X\W ,
such thatP b

W (x) is not finite dimensional. Fixw0 ∈ P b
W (x). Then, there exist infinitely many

elementsw1, w2, ... in P b
W (x) such thatw0 − w1, w0 − w2, ... are infinitely many linearly in-

dependent elements ofW . Putx0 = x − w0 andgn = wn − w0 for all n ≥ 1 and note that,
g1, g2, ... are infinitely many linearly independent elements ofP b

W (x0). By Lemma 1.3, there
existsf ∈ X]

b such thatf |W×<b> = 0, ‖f‖ = 1 andf(x0 − gn, b) = ‖x0 − gn, b‖ for all n ≥ 1.
This is a contradiction.

Corollary 2.2. Let (X × Y, ‖., .‖) be a generalized 2-normed space and letW be a subspace
of X. Then,W is 1-type pseudo-Chebyshev subspace if and only if there do not exist0 6=
b0 ∈ Y , x0 ∈ X\W , fb0 ∈ X]

b0
, whereW denotes the closure ofW in the seminormed space

(X, pb0), and infinitely many linearly independent elementsw1, w2, ... in W such that‖fb0‖ = 1,
fb0|W×<b0> = 0 andfb0(x0 − wn, b0) = ‖x0 − wn, b0‖ for all n ≥ 1.

3. (b,ε)-PSEUDO CHEBYSHEV SUBSPACES

Definition 3.1. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
0 6= b ∈ Y andε > 0 be given.

(i) w0 ∈ W is called (b,ε)-best approximation ofx ∈ X in W , if

‖x− w0, b‖ ≤ inf{‖x− w, b‖ : w ∈ W}+ ε.

The set of all b-best approximations ofx in W is denoted byP b
W,ε(x).

(ii) W is called (b,ε)-pseudo Chebyshev ifP b
W,ε(x) is finite dimensional for everyx ∈ X.

Theorem 3.1. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
w0 ∈ W , 0 6= b ∈ Y andε > 0 be given. Then,w0 ∈ P b

W,ε(x) if and only if there existf ∈ X]
b

such thatf |W×<b> = 0, ‖f‖ = 1 andf(x− w0, b) ≥ ‖x− w0, b‖ − ε.

Proof. First suppose that there existf ∈ X]
b such thatf |W×<b> = 0, ‖f‖ = 1 and

f(x − w0, b) ≥ ‖x − w0, b‖ − ε. Then,‖x − w0, b‖ ≤ f(x − w0, b) + ε = f(x − w, b) + ε ≤
‖x − w, b‖‖f‖ + ε = ‖x − w, b‖ + ε for all w ∈ W . Hence,w0 ∈ P b

W,ε(x). Conversely, Let
w0 ∈ P b

W,ε(x). If x ∈ W , whereW denotes the closure ofW in the seminormed space(X, pb),

choosew0 ∈ W such that‖x−w0, b‖ < ε. Then, everyf ∈ X]
b with f |W×<b> = 0 and‖f‖ = 1,

satisfiesf(x − w0, b) ≥ ‖x − w0, b‖ − ε. If x ∈ X\W , δ = inf{‖x0 − w, b‖ : w ∈ W} > 0.
Then by Lemma 1.2, there existsg ∈ X]

b such thatg|W×<b> = 0, g(x, b) = 1 and‖g‖ = 1
δ
. Put

f = δg. Then,f ∈ X]
b , f |W×<b> = 0, ‖f‖ = 1 andf(x−w0, b) + ε = δ + ε ≥ ‖x−w0, b‖.

Lemma 3.2. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
ε > 0 be given and0 6= b ∈ Y . Then,M ⊆ P b

W,ε(x) if and only if there existsf ∈ X]
b such that

f |W×<b> = 0, ‖f‖ = 1 andf(x0 −m, b) ≥ ‖x0 −m, b‖ − ε for all m ∈ M .

Proof. Let M ⊆ P b
W,ε(x) and choosew0 ∈ P b

W,ε(x) with ‖x − w0, b‖ = λ + ε, whereλ =

inf{‖x − w, b‖ : w ∈ W}. By Theorem 3.1, there existf ∈ X]
b such thatf |W×<b> = 0,

‖f‖ = 1 andf(x − w0, b) ≥ ‖x − w0, b‖ − ε. Then,f(x − m, b) = f(x − w0, b) ≥ ‖x −
w0, b‖ − ε = λ ≥ ‖x−m, b‖ − ε, for all m ∈ M .

Theorem 3.3. (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX, 0 6=
b ∈ Y andε > 0 be given. Then,W is (b,ε)-pseudo Chebyshev subspace if and only if there
do not existf ∈ X]

b , x ∈ X and and infinitely many linearly independent elementsw1, w2, ... in
W such that‖x, b‖ ≤ 1, f |W×<b> = 0, ‖f‖ = 1 andf(x − wn, b) ≥ ‖x − wn, b‖ − ε, for all
n ≥ 1.
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Proof. First assume that there existf ∈ X]
b , x ∈ X and infinitely many linearly independent

elementsw1, w2, ... in W such that‖x, b‖ ≤ 1, f |W×<b> = 0, ‖f‖ = 1 andf(x−wn, b) ≥ ‖x−
wn, b‖ − ε, for all n ≥ 1. Then,wn ∈ P b

W,ε(x) for all n ≥ 1. It follows thatdim P b
W,ε(x0) = ∞

and henceW is not (b,ε)-pseudo Chebyshev subspace. Now, suppose thatW is not (b,ε)-pseudo
Chebyshev subspace. SinceP b

W,ε(λx) = λP b
W,ε/λ(x) andP b

W,ε1
(x) ⊆ P b

W,ε2
(x) for all 0 < ε1 ≤

ε2, x ∈ X andλ > 0, there existx0 ∈ X with ‖x0, b‖ ≤ 1 such thatdim P b
W,ε(x0) = ∞.

Hence,PW,ε(x0) contains infinitely many linearly independent elementsg1, g2, ... . By Lemma
3.2, there existsf ∈ X]

b such that‖f‖ = 1, f |W×<b> = 0 andf(x0 − gn, b) ≥ ‖x0 − gn, b‖− ε
for all n ≥ 1.

Definition 3.2. Let (X×Y, ‖., .‖) be a generalized 2-normed space,0 6= b ∈ Y , ε > 0 be given
andf ∈ X]

b . Define

M b
f,ε = {x ∈ X : f(x, b) ≥ ‖x, b‖ − ε, ‖x, b‖ ≤ 1 + ε}.

Theorem 3.4. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
0 6= b ∈ Y andε > 0 be given. IfM b

f,ε is finite dimensional for allf ∈ X]
b with ‖f‖ = 1 and

f |W×<b> = 0, thenW is (b,ε)-pseudo Chebyshev subspace.

Proof. Assume thatW is not (b,ε)-pseudo Chebyshev subspace. Then by Theorem 3.3, there
exist f ∈ X]

b , x0 ∈ X with ‖x0, b‖ ≤ 1 and infinitely many linearly independent elements
w1, w2, ... in W such that‖f‖ = 1, f |W×<b> = 0, andf(x0 −wn, b) ≥ ‖x0−wn, b‖− ε for all
n ≥ 1. Since‖x0 −wn, b‖ ≤ f(x0 −wn, b) + ε = f(x0, b) + ε ≤ 1 + ε, x0 −wn ∈ M b

f,ε for all
n ≥ 1. This is a contradiction.

Definition 3.3. Let (X×Y, ‖., .‖) be a generalized 2-normed space,0 6= b ∈ Y , ε > 0 be given
and letM be a subspace ofX]

b . For eachx ∈ X, put

DM,b
x,ε = {y ∈ X : f(y, b) = f(x, b) for all f ∈ M & ‖y, b‖ ≤ ‖x, b‖M + ε},

where‖x, b‖M = sup{|f(x, b)| : ‖f‖ ≤ 1, f ∈ M}.

It is clear thatDM,b
x,ε is a non-empty, closed and convex subset of(X, pb), for all x ∈ X.

We say thatM has the property (b,ε)− F ∗ if DM,b
x,ε is finite dimensional for allx ∈ X.

Theorem 3.5. Let (X × Y, ‖., .‖) be a generalized 2-normed space,W be a subspace ofX,
ε > 0 be given,0 6= b ∈ Y and letM0 = {f ∈ X]

b : f |W×<b> = 0}. Then,W is (b,ε)-pseudo
Chebyshev subspace if and only ifM0 has the property (b,ε)− F ∗.

Proof. If dim DM0,b
x,ε = ∞ for somex ∈ X, then there exist infinitely many linearly independent

elementsy1, y2, ... in DM0,b
x,ε . Hence,y1 − yn ∈ W for all n ≥ 1 and

‖y1 − (y1 − yn), b‖ = ‖yn, b‖ ≤ ‖x, b‖M0 + ε = ‖y1 − (y1 − yn), b‖M0 + ε

for all n ≥ 1. Therefore,y1− yn ∈ P b
W,ε(y1) for all n ≥ 1. It follows thatW is not (b,ε)-pseudo

Chebyshev subspace. Now, suppose thatdim P b
W,ε(x0) = ∞ for somex0 ∈ X. Then, there

exist infinitely many linearly independent elementsg1, g2, ... in P b
W,ε(x0). It is easy to see that,

‖x0−gn, b‖ ≤ ‖x0−gn, b‖M0 +ε = ‖x0, b‖M0 +ε for all n ≥ 1. It follows thatx0−gn ∈ DM0,b
x0,ε

for all n ≥ 1, which is a contradiction.
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