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1. INTRODUCTION

The concept of linear 2-normed spaces has been investigatedhigr@ 1965 ([3]) and has
been developed extensively in different subjects by others. Lewandowska published a series of
papers on 2-normed sets and generalized 2-normed spaces in 1999:2008 ([5]-[9]). There are
some works on characterization of 2-normed spaces, extension of 2-functionals and approxima-
tion in 2-normed spaces ([1],/[2] and [4]). Also, there are some works in approximation theory
(for example, [[10]4[12]).

Let X be a linear space of dimension greater than 1 é&vewhereK is the real or complex
numbers field. Supposg, .|| be a non-negative real-valued function &nx X satisfying the
following conditions:

(i) ||z, y|| = 0if and only if z andy are linearly dependent vectors.
(i) |z, yll = lly, x| forallz,y € X.
(i) [[Az,y|l = |A| ||, y| forall A € K and allz,y € X.

V) llz+y, 2] < [l 2l| + . 2|| for all 2y, = € X.
Then||., .|| is called a 2-norm otX and (X, ||, .||) is called a linear 2-normed space.

Every 2-normed space is a locally convex topological vector space. In fact for afixed,
() = ||z, 0|, x € X, is a seminorm and the familfy = {p, : b € X} of seminorms gen-
erates a locally convex topology on. But, there are no remarkable relations between normed
spaces and 2-normed spaces.

We couldn’t construct any 2-norm oK by a normed spacgX, ||.||), and this could be a
motive for definition of generalized 2-normed spaces.

Definition 1.1. ([5]-[7]) Let X andY be linear spaceg) be a non-empty subset &f x Y such
that for everyr € X,y € Y the sets

D,={yeY:(z,y) e D}, DV ={zx e X :(z,y) € D}

are linear subspaces of the spateand X, respectively. A functior|.,.| : D — [0,00) IS
called a generalized 2-norm dnif it satisfies the following conditions:

(Ny) ||z, ay|| = |||z, y]| = ||z, y]|, for all (x,y) € D and every scalat.

(V2) |,y + 2| < [z, yl| + ||, 2], for all (z,y), (x, 2) € D.

(Ns) [z +y, 2| < [z, 2]l + [ly, 2|, for all (z, 2), (y, 2) € D.

Then, (D, ||.,.||) is called a 2-normed set. In particular,/if = X x Y, (X x Y, ||.,.||) is
called a generalized 2-normed space. Moreovek i= Y, then the generalized 2-normed
space is denoted KX, ||., .||).

Definition 1.2. ([5]-[7]) Let X be a linear space; be a non-empty subset &f x X such that
x = x 'andthesey? = {xr € X : (z,y) € x} is alinear subspace df, forally € X. A
function||.,.|| : x — [0, 00) is called a generalized symmetric 2-norm pif it satisfies the
following conditions:

(51) Nz, yll = [ly, ||, for all (z,y) € x.

(S2) ||z, ay| = |||z, y||, forall (x,y) € x and every scalad.

(93) llz +y, 2l <z, 2l + [ly, 2|, for all (z, y), (z, 2) € x.
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Then,(x, |-, .||) is called a generalized symmetric 2-normed set. In particulgr=fX x X,
the function||., .|| is called a generalized symmetric 2-norm grand (X, |.,.||) is called a
generalized symmetric 2-normed space.

Definition 1.3. ([5]) Let (X x Y. ||.,.||) be a generalized 2-normed space.

(@) The family s of all sets defined by {x € X : |z,y]| < e}, wheren € N,
Y1, Y € Y ande > 0, forms a complete system of neighborhoods of zero for a
locally convex topology irt.

(b) The family 5 of all sets defined by ,{y € Y : |z;,y| < €}, wheren € IN,
x1,....,2, € X ande > 0, forms a complete system of neighborhoods of zero for a
locally convex topology inX.

We will denote the above topologies by the symbo{X(,Y) and 7(Y, X), respectively.
In the case whenX = Y, we will denote these topologies by (X) = 7(X,Y) and
To(X) = 7(Y, X).

Let us consider the linear spacEsandY and letD C X x Y be a 2-normed set arid be a
normed space. Amap: D — Z is called 2-linear if it satisfies the following conditions:
() f(zr+ 20,1 +y2) = f(z,90) + f(21,y2) + f@2, 1) + (22, 92), forall zy, zo, 91,92 € X
such thatey, z, € DV () D¥2,

(i) f(ox, \y) = ONf(z,y), for all scalars), A and all(z, y) € D.

A 2-linear mapf is said to be bounded if there exists a non-negative real nufmbsuch

that|| f(z,y)|| < M||x,y] for all (z,y) € D. Also, the norm of a 2-linear mapis defined by

I} = mf{M >0 [ f(z,y)]| < M|z, y|| for all (x,y) € D}.

We denote by b > the subspace of linear spagegenereted by the elemeine X. For a
generalized 2-normed spat& x Y, ||.,.||), a subspac# of X andb € Y, we denote byt
the Banach space of all-valued bounded 2-linear maps @nx < b >.

Let (X x Y, |.,.||) be a generalized 2-normed spaldé pe a subspace of andb € Y.
(i) wo € W is called b-best approximation ofe X in W, if

| — wo, b|| = inf{||z —w,b]| : we W}.

The set of all b-best approximations:ofn 1/ is denoted byP%, (z).
(i) W is called b-proximinal if for every € X\ (W\W), there existsv, € W such that
|z — wo, b|| = inf{||z — w,b|| : w € W}, whereW denotes the closure & in the
seminormed spaceX,, ps).

Note that,J¥" is b-proximinal if and only ifP, (x) # 0 for all z € X\W.

The following basic lemma is important in the proof of main results.

Proposition 1.1([3]; Theorem 3.6) . Let(X, ||.,.||) be a 2-normed spacé&l’ be a subspace of
X andb € X. If zy € X is such that

d = inf{||lxzg — w,b|| : w e W} >0,

then there exists a bounded 2-linear map: Xx < b >— K such thatF|y x>~ = 0,
F(z,b) = 1and||F|| = %

By review of [3], we find that the following similar Lemma holds for generalized 2-normed
spaces.
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Lemma 1.2.Let(X x Y, |.,.||) be a generalized 2-normed spat®,be a subspace of and
beY.If xy € X issuchthat

d = inf{||lxzg — w,b|| : w € W} >0,
then there exists a bounded 2-linear map: Xx < b >— K such thatF|y x>~ = 0,
F(x9,0) = 1and||F|| = ;.

Lemma 1.3. Let (X x Y,|.,.||) be a generalized 2-normed spad#&, be a subspace of,
b € Y andx € X\W, whereW denotes the closure ¥ in the seminormed spade, p;).
Then,M C P} (z) if and only if there existy € X! such thatf|y <> = 0, || f|| = 1 and
f(zo —m,b) = ||xg — m, b forall m € M.

Proof. First suppose that there exisfs € X! such thatf|y.«s = 0, ||f] = 1 and
f(xzg —m,b) = ||zg — m, b for allm € M. Then,

on—m,bH :f(;ro—m,b) :f(x(bb) :f<x0_w7b)

< [1£1 lwo = w, bl = [lzo — w, b]],
forall m € M and allw € W. Hencem € P, (zo) for all m € M. Conversely, fixng € M.
Then,
§ = ||xo — mo, b|| = inf{||zg — w,b|| : w e W} > 0.
By Lemm, there exists € X} such tha|w <> = 0, g(o,b) = 1 and||g|| = L. Now

for f = dg we have,f|wx<p> = 0, f(xg — mo,b) = ||xg — my, b|| and||f|| = 1. Note that,
f(zo —m,b) = ||xg — mo, b|]| = ||xg — m,b]| forallm € M. n

S|

2. 1-TYPE PSEUDO-CHEBYSHEV SUBSPACES

Definition 2.1. Let (X x Y, |.,.||) be a generalized 2-normed spatk,be a subspace of
andb €Y.

(i) W is called b-pseudo Chebyshev if for evarye X\, wherelV denotes the closure
of W in the seminormed spa¢&, p ), P (x) is non-empty and finite dimensional.
(i) W is called 1-type pseudo-ChebysheViifis b-pseudo Chebyshev for eveéry: b € Y.

Example 2.1.LetX =R* W = {(z,9,0) : 7,y € R} and
||(l'1,l'2,$3)7 (ylvaay3)|| =

max{|r1ys — Toy1| + [T1ys — T3y |, [T1Y2 — 23201 | + |w2ys — T3yl }

for all (xy1, 22, x3), (y1,92,y3) € X. Then,||.,.|| is a 2-norm onX and W is 1-type pseudo-
Chebyshev subspace.

Example 2.2. Let W be a pseudo-Chebyshev subspace of a normed $pade||;) and let
(Y, ]].]|2) be an arbitrary normed space. Theh;, y|| = ||z||1||y||2 is @ generalized 2-norm on
X x Y andW is 1-type pseudo-Chebyshev subspace.

Proposition 2.1. Let (X x Y, |.,.||) be a generalized 2-normed spaé¥,be a subspace of
andb € Y. Then,IW is b-pseudo Chebyshev subspaceXoif and only if there do not exist
f e X!, zy € X\W, wherelV denotes the closure &F in the seminormed spa¢é, p,), and
infinitely many linearly independent elements ws, ... in W such thatf|y «<»> = 0, || f]| = 1
and f(z¢g — wp, b) = ||zg — wy, b||, forall n > 1.
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Proof. Suppose thalV is not b-pseudo Chebyshev subspace. Then, there existsY\WW,
such thatP}}, () is not finite dimensional. Fixo, € P} (x). Then, there exist infinitely many
elementsw;, ws, ... In Pé’[,(x) such thatw, — wy, wg — ws, ... are infinitely many linearly in-
dependent elements oF. Putzy = =+ — wy andg,, = w, — wy for all n > 1 and note that,
g1, g2, - are infinitely many linearly independent elementsiyf (z,). By Lemm, there
existsf € X! such thatf|y > = 0, || f|| = 1 andf(zo — gn, b) = ||z0 — gn, b|| for alln > 1.
This is a contradictiong

Corollary 2.2. Let(X x Y, |.,.|]|) be a generalized 2-normed space andiiétbe a subspace
of X. Then,WW is 1-type pseudo-Chebyshev subspace if and only if there do notexst
bo €Y, 19 € X\W, f3, € X}fo, wherelW denotes the closure & in the seminormed space
(X, py, ), @and infinitely many linearly independent elementsws, ... in W such that| f;, || = 1,
fbo‘WX<b0> =0 andfb0<560 — Wnp, bo) = HIO — Wp, b(]H forall n > 1.

3. (b,e)-PSEUDO CHEBYSHEV SUBSPACES

Definition 3.1. Let (X x Y.|.,.||) be a generalized 2-normed spatk€,be a subspace of,
0 # b e Y ande > 0 be given.

() wo € W is called (bs)-best approximation of € X in W, if
|z — wo, b|| < inf{|lx —w,b|| : we W} +e.

The set of all b-best approximations.ofn W is denoted by?j;, _ ().
(i) W is called (bs)-pseudo Chebyshev}?{,’[,ﬁ(x) is finite dimensional for every € X.

Theorem 3.1.Let (X x Y,|.,.||) be a generalized 2-normed spad¥&, be a subspace of,
wo € W,0# beY ande > 0 be given. Theny, € Fj,_() if and only if there exisf € X!
such thatf|wx<p> =0, || f|| = 1 and f(z — wq, b) > ||x — wo, b|| — €.

Proof. First suppose that there exigt € X/ such thatf|w.«> = 0, ||f| = 1 and
f(x —w,b) > ||z — wq,b|]| —e. Then,||x — wo, b|| < f(x — wo,b) + e = f(z —w,b) + ¢ <
|z —w,b||[|f|| + & = [|& —w,b|| + ¢ for all w € W. Hencew, € Pj,_(x). Conversely, Let
wo € Pl (x). If x € W, wherelV denotes the closure 6F in the seminormed spacé, ps),
chooseu, € W such that|z—wy, b|| < e. Then, everyf € X! with |y« <> = Oand||f|| = 1,
satisfiesf (z — wp, b) > || — wo, b|| —e. If 2 € X\W, § = inf{||xg — w,b]| : w € W} > 0.
Then by Lemm2, there exigtse X! such thay|y x> = 0, g(x,b) = 1 and||g|| = :. Put
f=20g. Then,f € X}, flwwars =0, || = 1andf(z —wo,b) + e =5+ > ||z —wo, b]. 0
Lemma 3.2. Let (X x Y,|.,.||) be a generalized 2-normed spad#&, be a subspace of,

e > 0begivenand # b €Y. Then,M C P}, _(x) if and only if there existg € X! such that
flws<e= =0, f|| =1and f(xg — m,b) > ||xg — m,b|| — e forallm e M.

Proof. Let M C P};,.(x) and chooseuy, € P, () with ||z — wo, b = A + &, whereX =
inf{|lz — w,b|| : w € W}. By Theore, there exigt € X! such thatf|y .., = 0,
|fll = Land f(x — wy,b) > ||x — wp,b|| — . Then,f(x —m,b) = f(z — we,b) > ||z —
Wo,bl| — £ = A > ||z — m, b|| — &, for allm € M. g

Theorem 3.3. (X x Y |.,.||) be a generalized 2-normed spad¥, be a subspace of, 0 #

b € Y ande > 0 be given. ThenlV is (bg)-pseudo Chebyshev subspace if and only if there
do not existf € X?, z € X and and infinitely many linearly independent elementsws, ... in

W such that||z,b|| < 1, flwx<e= =0, || f]| = 1 and f(z — w,,b) > ||z — wy,, b|| — ¢, for all

n > 1.
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Proof. First assume that there exigte X7, z € X and infinitely many linearly independent
elementsuy, wo, ... iIn W such that|z, b|| < 1, flwx<e> =0, || f|]| = L andf(z —wp,b) > ||z —
wy, b|| — ¢, foralln > 1. Then,w, € Pjj,_(x) for all n > 1. It follows thatdim P}, (o) = oo
and hencéV is not (bg)-pseudo Chebyshev subspace. Now, supposéithatnot (bg)-pseudo
Chebyshev subspace. Sineg . (\r) = AP}, (z) and Py, (x) C Py, (2) forall 0 < e; <
2, © € X andX > 0, there existry € X with ||z, ]| < 1 such thatdim P}, _(x0) = oo.
Hence,Py () contains infinitely many linearly independent elementsy,, ... . By Lemma
, there existg € X/ such that|f|| = 1, flwx<s> = 0 @andf(zo — gn,b) > ||zo — gn, bl| — £
foralln > 1.1

Definition 3.2. Let (X x Y, |.,.||) be a generalized 2-normed spattes b € Y, ¢ > 0 be given
andf € X}. Define

Mb, = {xeX: fz,b)> |z, — &, [lz,b] <1+¢}.

Theorem 3.4.Let (X x Y,|.,.||) be a generalized 2-normed spad¥, be a subspace of,
0# b e Y ande > 0 be given. IfM}_is finite dimensional for allf < X! with || f|| = 1 and
flwx<p= = 0, thenW is (bg)- pseudo Chebyshev subspace.

Proof. Assume thatV is not (bg)-pseudo Chebyshev subspace. Then by Theprem 3.3, there
exist f € X!, o € X with ||zo,b|| < 1 and infinitely many linearly independent elements
wy, wy, ... IN W suchthat| f|| = 1, flwx<s> = 0, andf(xg — wy, b) > ||zo — wpy, b|| — ¢ for all

n > 1. Since||xg — wy, b|| < f(zog— wp,b) +e = f(xo,b) +e < 1+¢e, 20 —w, € MJ?E for all

n > 1. This is a contradictiong

Definition 3.3. Let (X x Y, |.,.||) be a generalized 2-normed spate; b € Y, e > 0 be given
and letM be a subspace df,f. For eachr € X, put

Dy’ ={y € X : f(y,b) = f(x,b) forall f € M & ||y, bl < [la,bl|asr + ¢},
where||z, bl = sup{|f(z,0)| - [[f]| <1, f € M}.

It is clear thatDM *is a non-empty, closed and convex subsgtdfp,), for all z € X.

We say thatV/ has the property (b) — F* if Di‘ﬁz” is finite dimensional for alk € X.

Theorem 3.5.Let (X x Y,|.,.||) be a generalized 2-normed spad¥, be a subspace of,
e > 0begiven0 # b € Y andletM, = {f € X}j : flwx<p= = 0}. Then,W is (bg)-pseudo
Chebyshev subspace if and onlyif, has the property (b) — F™*

Proof. If dim Dg{.‘@”’ = oo for somer € X, then there exist infinitely many linearly independent
elementsy;, v, ... in D}, Hencey, — y, € W foralln > 1 and

11 = (w1 = ), Ol = llym, Ol < [, bllage + & = llyr = (y1 = yn), bllagy + €

foralln > 1. Thereforey, —y, € vav,s(yl) forall n > 1. It follows thatl¥ is not (bg)-pseudo
Chebyshev subspace. Now, suppose tl"iratP{’Vﬁ(xo) = oo for somez, € X. Then, there
exist infinitely many linearly independent elemenisgs, ... in Pé’v,g(xo). It is easy to see that,
120 = gn. Il < [|z0 = gn. bl aso +& = ||z0, bllas, + foralln > 1. It follows thatzy — g, € D2
for all n > 1, which is a contradictiong
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