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1. INTRODUCTION
The following result is known as Ostrowski inequality:
atb\2

;)2 ](b —a)M,

(1.1)

wheref : [a,b] — R is differentiable function such thaf’(z)| < M, for everyzx € [a, b].
The Ostrowski inequality has been generalized by G. V. Milovanawid J. Péaric [1] and
A. M. Fink [2]. They considered generalizations [of (1.1) in the form:

(1-2) \%(f(mHng( b_a/ FO)dt] < K(n,p, )£,

which is obtained from Fink identity

1) 5 (f@)+ X o) - = [ Hode = s [ ok

where
n—k [0 @)r —a) = fEO) b
k! b—a ’

andk(t,x) =t —a,ifa <t <z <bandk(t,z) =t —b,ifa <x <t <b.
Fink obtained the following result:

Theorem 1.1. Let f("~1) be absolutely continuous dn, b] with £ € L,[a,b]. Then the
inequality [1.2) holds with

(= a)"™! + (b — )]s
nl(b— a)

(1.4) K(n,p,a) = Bi((n—1)g+1,q+1),

wherel < p < oo, . + 1 = 1, Bis Beta function, and

(n—1)"!

max{(z —a)", (b —z)"}.

Remark 1.1. Milovanovic and Péaric have proved in 1976. that

(x —a)"™ + (b — x)"t!
nn+D!(b—a)

which is the special case fpr= oo in Theoren 1.]L.

K(n,o0,x) =

S. S. Dragomir and A. Sofo [4] have used Fink identity to obtain following generalization of
the trapezoidal formula fot—time differentiable functions:
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WEIGHTED TRAPEZOIDAL RULE 3

Theorem 1.2.Let f : [a,b] — R be a mapping such that ifs, — 1) — th derivative f("~Y is
absolutely continuous o, b]. Then we have equality

/(@ + /0 ”Zl (n—k)(b—a)* ' (f*D(a) + (=D)* 1 fE V(b))

! 2 k=1 2k!
(L6) R
- m / [(t—a)(b—t)""t = (a—t)" 1 (b— )] f™(t)dt.

Letw : [a,b] — [0, 00) be some probability density function, i.e. integrable function satisfy-
ing [Pw(t)dt =1, andW (t) = [!w(z)dx for t € [a,b], W(t) = 0fort < a andW (t) = 1 for
t>b.

In this paper we give the extension of Fink identjty {1.3) for general weighted funetion
instead of uniform functiorgi—a. We derive the weighted trapezoidal rule using weighted Fink
identity and give error estimate for this formula.

2. WEIGHTED FINK IDENTITY

Theorem 2.1.Let f : [a,b] — R be such thay "~ is absolutely continuous function ¢ b]
for somen > 1. If w : [a,b] — [0, 00) is some probability density function, then the following
identity holds:

lm):/@@mw—ia@+i/mmww

1

2.1) + o L @0 k) M

Proof. First we multiply identity [(1.B) by: to get

n—

x 1 z) - ’ = 1 bx_ n—1 ) £
@2) 1)+ R = [ = s [ -0 ket

Now we multiply (2.2) byw(z) and integrate it with respect toto obtain

/ab w(x) f(z)dr + nzj /abw(x)Fk(m)dq: _ (/abw(x)dx> 3 ﬁ . /ab o
(2.3) _ = 1)1!(b — /ab (/abw(x)(x — )" k(¢ x)dy)f(n) (t)dt.

Now we subtract last identity from (2.2) to get (2. ).

Remark 2.1. A. Agli¢ Aljinovi¢, J. Péaric and A. VukelE [3] have proved the same identity
(2.7) using the weighted generalization of Montgomery identity

fx) = / w(t) F(H)dt + / P, ) /(1)
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whereP, (z,t) is the weighted Peano kernel defined By(x,t) = W (t), if a < ¢t < z, and
P,(z,t) =W(t) —1,forz <t <b.

Remark 2.2. We can recover Fink identity from weighted Fink identity. Suppfséa, b — R
is such thatf("~) is absolutely continuous function dm, b] for somen > 1 and identity)
holds for some probability density functionon [a, b].

Let's denote

b= . (] 00 ==k 0a)

By partial integration we get
1 b b
b= e | ([ o -k 0ae) 7wy

1 b b . -
2.4) - = | ([ =) o
(2.5) — L+,

where we denote

o=~ [, (0w

By partial integration, we obtain

1 b n—2 n—1 n—2 n—1
J, = (n_l)!a)_a))/Qw(t)[f( (a)(t = a)"* = FOD)(E - b |dt 4+ Ty

I+ T,

! 1 ’ n—2 n—1 n—2 n—1
T~ =) | 2O =t = e -

By iteration we get

Jn - J],q + Jl
k=2
Further,
1 b
J = — t)dt
1 b —a . f( ) )
and
b 1 b
I _/ w(t)f(t)dt — f)de.
a —aj,
Finally,
I, = 11+Z k) + (n—1)J,

:Z/a dt+/ w(t) f(t)dt — b_a/f
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That implies that first, third and last member 2.1) can be replacebegpyff(t)dt SO we
get
(2.6)

n—1 n b b
@) = = S Rle)+ o [0+ s [ = k) )y
k=1 a ’ @
Dividing this byn we obtain [(1.B).

Remark 2.3. In [3] is shown that if we takes(t) = -, for t € [a, b], formula ) becomes

b—a
Fink identity [1.3), which allows us to call (2.1) weighted Fink identity. Previous remark is the
generalization of this result.

3. TRAPEZODIAL FORMULA AND ITS EXTENSION

Let f : [a,b] — R be a mapping such that its — 1) — th derivative f~1) is absolutely
continuous ora, b]. Then, by Theorern 1.2. we have generalized trapezoidal forfinula (1.6). We
can write

S~ (=B = a)* 7 (47D (a) + (1A ())

o 2k!
I e G A R G Vi A ()
P 2k! ’
so we get from[(1]6)
fla) + f(b) L (0= k) (b= ) L[f*D(a) + (= D)FLFED (b))
> o ; o%!
(32) — o Ty
b
= m/ [(t—a)(b—t)" "t + (a —t)" "Lt — b)]F™(t)dt.
In [3] is obtained the following weighted trapezoidal formula:
@3 @+ o) = [wwina+ Y [unmo
a k=1 YO
- imi”‘kp“*xww—af*+fW”an—w“ﬂ
24~ K
b
e 1;!(5 ) / [(a=y)" " (y—=b) + (b—9)" "y — a)l f™ (y)dy

- op4;w_axlef“”“‘”%%@imﬂﬂm@“”

Remark 3.1. We can recover generalized trapezoidal form[la] (3.2) from idertity (3.3) using
RemarkZ.D.

If we takew(t) = ﬁ in ) and apply Rema.2, we obtain generalized trapezoidal rule
(3.9). So, itis logical to call identity (31 3) generalized weighted trapezoidal formula.
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Theorem 3.1.Let f : [a,b] — R be a mapping such that ifs, — 1) — th derivative f("~Y is
absolutely continuous dan, b], and letw : [a,b] — [0, c0) be probability density function. Then
we can write the generalized weighted trapezoidal formula in the next way

ralg=(1-3) [eoizial vsmlze(1-3) [owi=al

(3.4) —

* 2n!(bl— a) / [la—y)" My —b)+b—yv)" (y—a)lf™(y)dy
|

Tl —a) /ab </ab“(t>(t - y>"71k(y7t)dt> £ (y)dy.

@5) 5[ - 0+ ) - b
_ (n N 1>f<a) —2|_ f<b) + % — n/; k [f(kfl)(a)(b . a)kfl + f(kfl)(b)(a o b)kfl ’
and
n—1 b
36 > / w(t)Fy(t)dt
n — b b n—1 b
= b—; {f(a)/a w(t)(t — a)dt — f(b)/a w(t)(t — b)dt} +;/ﬂ w(t)Fy(t)dt
and put it in(3.8) to get
U@+ 1) = [ s
n—1 b b n—1 .p
+ fla) [ w)(t—a)dt— f(b) | w(t)(t—>b)dt| + w(t)Fy(t)dt
=1 / Y
B (TL . 1)f(a) ; f(b) o % nk_' k [f(k—l)(a)(b _ a)k—l + f(k—l)(b)<a _ b)k—1i|
k=2 )

1 b - - .
g [ =0 = n+ 0= =l

e~ = | ( / 1)t = 5 k(. 000 £ ),

Putting all terms withf (a) and f (b) to the left side, and dividing by, we obtain|[(3.4)a

Now we establish error estimate for generalized weighted trapezoidal formula.
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Theorem 3.2.Let f : [a,b] — R be a mapping such that"~ is absolutely continuous on
[a, ] for somen > 1, f) € L,[a, b for1 <p < oo, > + ¢ = 1,and letw : [a,b] — [0, 00) be
probability density function. Define

(3.8) T(a,b,w,n) := f(a) [5 - (1 - E) /abw(t)b

then

(3.9 T(a,b,w,n) =

Further,
n— b b " 1
(3.10) |T(a,b,w,n)]| < W_l) [ / / (W (£) = Dk(y, (¢ — y)"2dt| ay| 17,
forp > 1, and
n—1 b
@11 [T(ebwn)] < g | [ W) = Dk - wr a1

1

[P@W () — 1)k(y, )(t — y>n—2dt)qdy] “ s sharp forl < p < oo,
fab(QW(t) — Dk(y, t)(t — y)"—2dtH is the best possible for= 1.

The constant_ it [ N
and the constan, i

The following lemma will be useful in the proof of Theor¢m|3.2.

Lemma 3.3. Let f andw be as in Theorefn 3.2. The following identities hold:

b b
312) (n=1) [ Wt -0 Ky 0t = (y-a)b-9)" '~ [ ok -9

and
(3.13)

(n=1) [ V() = 1) =) byt = (= D= = [ w0k -y

Proof. We use the partial integration formula for the integrals on the left side of the idenities.
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Proof of Theorerfi 3]2By the definition ofI'(a, b, w, n) and identity [(3.4) it follows that
(3.14) T(a,b,w,n)
1 b . - )
~ 20l(b—a) / (a=y)" "y =0+ (b -y)" "y —a)lf"()dy
1 b b - -
~ i L (] e = k) s )y

= s ) [e==-n+0-0-0-a

2nl(b—a

b
= 2 [ w0 - ) (0] 7 )y,
Applying Lemmg 3.3 twice we obtain

n—1

Tlabwn) = i [ [ W) = Dk - pr—2at] £ ).
Let's denote .
Clo) = 5=y |, W) = DG — ).

By Hdlder inequality we obtain

ot < ([ 1CwPa) 1701,

forp > 1, and
T (a,b,w,n)| < [|Clloo - [LF™ 1.

For the proof of the sharpness of the constémf \C(y)\qdy> * we take the functiorf such
that
F™(y) = sgnC(y) - |C(y)|77,
for1 < p < o0, and
F™(y) = sgnC(y),
for p = co. Forp = 1 we shall prove that

/:C(y)f(”)(wdy < ;g[gfg]IC(y)|</ab|f(”)(y)ldy>

is the best possible inequality. Suppose thdty,)| is maximum ofC on[a, b]. First, we assume
thatC'(yo) > 0. Fore small enough defing.(y) by

(3.15)

0, a<y<1yo
f)=9 Hw—w)" w<y<y+e
Ly —yo)", yo+e<y<b.

Yo+e 1 1 Yo+e€
/ C(y)gdy‘ = E/ C(y)dy.

Yo Yo

then fore small enough

[ cwrwa =
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Now, from inequality[(3.15) we have

1 Yyot+e Yyo+e 1
7 cwarcw) [T 1ar=cw).
€ Yo Yo €
Since,
1 Yyo+e
lim — C(y)dy = C(yo)

b€ Yo

the statement follows. For the caS¢y,) < 0, we take

Lly—y—e" ! a<y<uy
fy) =X —Zw—vo—e", w<y<y+e
0, Yyo+e<y<b

and the rest of the proof is the same as abgve.

Corollary 3.4. Let f : [a,b] — R be a mapping such that™~" is absolutely continuous on
[a, b] for somen > 1, f) € L,[a,b] for1 <p < oo, - + 7 =1, and letw : [a,b] — [0, 00) be
probability density function. Then we have

(3.16) T(a,b,w,n)| < K(a,b,n,p)| £,
where

(b—a)n_H_é 1
—=——Bi(g+1,(n—1)g+1) for p>1,¢g>1

1
a2 B —2) + (n)2 for p=q=2
(317)  K(abnp) =4 YV

for p=oc

maxy {(b—Y) (Y —a)" ' +(b—Y)" (Y —a)}
\ 2n!(b—a)

for p=1,
whereY” € [a, %+*] is solution of the polynomial equation

b—y)" ' =(y—a)" " +n-D[b-y)(y—a)"*—(y—a)(b—y)" ] =0.

Proof. Let’s supposéd < p < oo (thatimpliesl < ¢ < co). By Theorenj 32.

b at
<gi=a| [ || @vo-rwne—y dy] N,

(318) [T (a. b, n)| < Ll) [/b

Now, let us establish some upper bounds for the integral
/b

AJMAA Vol. 4, No. 1, Art. 8, pp. 1-12, 2007 AJMAA
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Since0 < W (t) < 1, for everyt € [a, b], so|2W (t) — 1| < 1 and we have
/b
b
< (]
b b q
/ (/ (y — )™ 2dt+/ (y—a)- (t—y)"—2dt) dy
Yy

/b(zw —Dk(y, £t — )" th‘ dy

b
|k(y, 0)] - [t = y|™” zdt) dy

b

- —+ - a)%ydy

Il
S~ s

— ;) /ab ((b Yy —a)" '+ (y—a)(b- y)”‘l)qdy

(n—1)1
{using inequality |u + v|? < 297 (|u|? + |v]9)}

q—1 b b
(712——1)4’ </ (b—y)"(y — )" Vdy + / (y —a)?(b— y)(”—l)qdy>
— m iql)q ~(b—a)™ - Blg+1,(n—1)g+ 1),

where the last identity is obtained by the substitutjoa a + u(b — a) and the symmetry of the
Beta function,

1
B(u,v) = B(v,u) = / N1 =)t w,v > 0.
0

Further,

|

and from [[3.1B) we deduce

Q=

b q 1 1
/ W (t) - 1)k(y,t)(t—y)”‘2dt‘ dy] < %(b—a)"“BQ(qH, (n—1)g+1),

(b—a)" s

1 n
S Big+ L= D+ 1) /7))

(3.19) |T(a,b,w,n) <

and the first part of the theorem is proved. bet ¢ = 2 we have by Theorefn 3.2

1

/ <2W<t>—1>k<y,t><t—y>”2dt12dy] 17l

n—1 ’
(3.20) |T(a,b,w,n)| < (b —a) [/
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and same as in previous casB)/ (t) — 1| < 1, so we calculate

/“b /b (1)1 - It — "] “dy
) /ab :/:’(b —y)(y —t)"dt + /yb(y —a)(t - y)”’zdt} 2dy

= [ o027 -,

n—1

11

B W/ (b= 9y — )2 4200 — y)"(y — @) + (y — @)*(b — y)*" 2| dy

a

_ ﬁ [(b _ gyt <23(3, 2n — 1)+ 2B(n+ 1,n + 1))]
) <n2—(b1>_2?2)ni TN !

From (3.20) we have

|T(a,b,w,n)| < \/%n! V2(2n — 2)! + (n!)?

Forp = co andgq = 1 we have by Theorefn 3.2

n—1 b
(3.21) [T'(a,b,w,n)| < (b —a) [/a

and we calculate

— Dk(y,1)(t — y)"dt|dy

/ /Ik y,t) y\”’th)dy

IN

| ewo - i)

Lo

“dt\dy] 7l

_ / / - t)"_th+/ab(y —a)(t —y)"_th>dy

- / (6 —4)(y — )™ + (y — a)(b— )" ']dy

n—1J/,
2(b — a)"!
(n—1Dn(n+1)
So, from [3.2]L) we obtain

| ( b, ,n)| - n(n+ 1)! H ”OO

For the last casg, = 1 andg = oo, we also apply Theorem 3.2
-1 b

——— sup

2n|(b - a) y€la,b]

Now we establish some upper bounds for

QW (£) — D)k(y, t)(t — y)Hdt‘.

(3.22)  |T(a,b,w,n)| <

sup
y€la,b]

AJMAA Vol. 4, No. 1, Art. 8, pp. 1-12, 2007
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12 S. KOVAC AND J. PECARIC AND A. VUKELIC

We have

sup} ‘ /ab(ZW(t) — Dk(y,t)(t — y)n—2dt‘

yEla,b
b
< sup [ k(- gt
ye[avb] a
Y b
= s [ [0-n-0as [h-ap-yre
y€lab] - Ja Yy

= L s - w "+ (g —a)b— )"

n—1 ye[a,b]

= ol s

where last assertion follows from the fact that function

y=[0=y)y—a)"" +(y—a)(b—y)"]
is symmetric with respect &2 so the local extrema for that function aree [a, “*] which
are solution of the polynomial equation

b—y)" ' =y—a)" "+ n-1[b-y)(y—a)*—(y—a)(b—y)" ] =0.
Finally,

maxy{(b— Y)Y —a)" 1+ (b—Y)"HY —a)} (n)
: <
(3 23) |T(aab7w7n>’ = Qn‘(b_a) Hf Hl
which ends the proof of the theorem.
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