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1. I NTRODUCTION

A continuous functionf = u + iv is a complex-valued harmonic function in a complex
domainC if both u andv are real harmonic inC. In any simply connected domainD ⊂ C,
we can writef = h + g, whereh andg are analytic inD. We callh the analytic part andg
the co-analytic part off . A necessary and sufficient condition forf to be locally univalent and
orientation-preserving inD is that|g′(z)| < |h′(z)| in D, see [1].

Denote byH the class of functionsf = h + g which are harmonic univalent and orientation-
preserving in the open unit diskU = {z : |z| < 1} so thatf = h + g is normalized by
f(0) = h(0) = fz(0) − 1 = 0. Therefore, forf = h + g ∈ H, we can expressh andg by the
following power series expansion

(1.1) h(z) = z +
∞∑

k=2

akz
k, g(z) =

∞∑
k=1

bk zk, |b1| < 1.

Observe thatH reduces toS, the class of normalized univalent analytic functions, if the co-
analytic part off is zero.

Forf = h + g given by (1.1), Jahangiri [2] defined the modified Salagean operator off as

(1.2) Dnf(z) = Dnh(z) + (−1)nDng(z), (n ∈ N0 = N ∪ {0}),

whereDnh(z) = z +
∞∑

k=2

knakz
k andDng(z) =

∞∑
k=1

knbkz
k.

Definition 1.1. For 0 ≤ α < 1, we letSHs(n, α) denote the class of harmonic functionsf of
the form (1.1) such that

(1.3) Re

(
2Dn+1f(z)

Dnf(z)−Dnf(−z)

)
> α, z ∈ U.

We let the subclassSHs(n, α) consist of harmonic functionsfn = h + gn in SHs(n, α) so
thath andgn are of the form

(1.4) h(z) = z −
∞∑

k=2

akz
k, gn(z) = (−1)n

∞∑
k=1

bkz
k, ak ≥ 0, bk ≥ 0.

If the co-analytic part off = h + g is zero, thenSHs(0, α) turns out to be the classS∗s (α) of
starlike functions with respect to symmetric points which was introduced by K. Sakaguchi [3].
Also, SHs(1, α) turns out to be the classKs(α) of convex functions with respect to symmetric
points which was introduced by Das and Singh [4].

In this paper, we have obtained the coefficient conditions for the classesSHs(n, α) and
SHs(n, α). Further a representation theorem, inclusion properties and distortion bound for the

classSHs(n, α) are established. Finally, properties of the integral operator
c + 1

zc

∫ z

0

tc−1f(t)dt,

c > −1 are also studied.

2. M AIN RESULTS

First, we introduce a sufficient coefficient bound for functions in the classSHs(n, α).

Theorem 2.1.Letf = h + g be given by (1.1). If
∞∑

k=1

(
(2k − 1)n(2k − 1− α)|a2k−1|+ (2k)n+1|a2k|

+ (2k − 1)n(2k − 1 + α)|b2k−1|+ (2k)n+1|b2k|
)
≤ 1− α

(2.1)
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wherea1 = 1 and0 ≤ α < 1, thenf is orientation-preserving, harmonic univalent inU , and
f ∈ SHs(n, α).

Proof. If the inequality (2.1) holds for the coefficients off = h + g, then by (1.2),f is
orientation-preserving and harmonic univalent inU . It remains to show that

Re

{
2Dn+1f(z)

Dnf(z)−Dnf(−z)

}
≥ α.

According to (1.2) and (1.3), we have

Re

{
2Dn+1f(z)

Dnf(z)−Dnf(−z)

}
= Re

{
2Dn+1h(z)− 2(−1)nDn+1g(z)

Dnh(z) + (−1)nDng(z)−Dnh(−z)− (−1)nDng(−z)

}
≥ α,

0 ≤ α < 1.

Using the fact that Reω ≥ α if and only if |1− α + ω| ≥ |1 + α− ω|, it suffices to show that∣∣∣∣1− α +
2Dn+1f(z)

Dnf(z)−Dn(−z)

∣∣∣∣ ≥ ∣∣∣∣ 2Dn+1f(z)

Dnf(z)−Dn(−z)
− (1 + α)

∣∣∣∣
which is equivalent to∣∣2Dn+1f(z) + (1− α)(Dnf(z)−Dnf(−z))

∣∣
−
∣∣2Dn+1f(z)− (1 + α)(Dnf(z)−Dnf(−z))

∣∣ ≥ 0.
(2.2)

Substituting forDnf andDn+1 f in (2.2) yields∣∣∣∣∣2z + 2
∞∑

k=2

kn+1akz
k − 2(−1)n

∞∑
k=1

kn+1bkz
k

+ (1− α)

[
z +

∞∑
k=2

knakz
k + (−1)n

∞∑
k=1

knbkz
k + z

−
∞∑

k=2

kn(−1)kakz
k − (−1)n

∞∑
k=1

kn(−1)kbkz
k

]∣∣∣∣∣
−

∣∣∣∣∣2z + 2
∞∑

k=2

kn+1akz
k − 2(−1)n

∞∑
k=1

kn+1bkzk

− (1 + α)

[
z +

∞∑
k=2

knakz
k + (−1)n

∞∑
k=1

knbkz
k

+z −
∞∑

k=2

(−1)kknakz
k − (−1)n

∞∑
k=1

(−1)kknbkz
k

]∣∣∣∣∣
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=

∣∣∣∣∣2(2− α)z +
∞∑

k=2

kn
(
2k + (1− α)− (−1)k(1− α)

)
akz

k

−(−1)n

∞∑
k=1

kn
(
2k − (1− α) + (−1)k(1− α)

)
bkz

k

∣∣∣∣∣
−

∣∣∣∣∣−2αz +
∞∑

k=2

kn
(
2k − (1 + α) + (−1)k(1 + α)

)
akz

k

−(−1)n

∞∑
k=1

kn
(
2k + (1 + α)− (−1)k(1 + α)

)
bkz

k

∣∣∣∣∣
=

∣∣∣∣∣2(2− α)z + 2
∞∑

k=2

{
(2k − 2)n+1a2k−2z

2k−2

+ (2k − 1)n(2k − α)a2k−1z
2k−1

}
− 2(−1)n

∞∑
k=1

{
(2k)n+1b2kz

2k

+ (2k − 1)n(2k + α− 2)b2k−1z
2k−1

}∣∣
−
∣∣−2αz + 2

∞∑
k=2

{
(2k − 2)n+1a2k−2z

2k−2

+ (2k − 1)n(2k − α− 2)a2k−1z
2k−1

}
− 2(−1)n

∞∑
k=1

{
(2k)n+1b2kz

2k

+ (2k − 1)n(2k + α)b2k−1z
2k−1

}∣∣
≥ 2(2− α)|z| − 2

∞∑
k=2

(2k − 2)n+1|a2k−2| |z|2k−1

− 2
∞∑

k=2

(2k − 1)n(2k − α)|a2k−1| |z|2k−1 − 2
∞∑

k=1

(2k)n+1|b2k| |z|2k

− 2
∞∑

k=1

(2k − 1)n(2k + α− 2)|b2k−1| |z|2k−1 − 2α|z|

− 2
∞∑

k=2

(2k − 2)n+1|a2k−2| |z|2k−2 − 2
∞∑

k=2

(2k − 1)n(2k − α− 2)

|a2k−1| |z|2k−1 − 2
∞∑

k=1

(2k)n+1|b2k| |z|2k − 2
∞∑

k=1

(2k − 1)n(2k + α)|b2k−1 |z|2k−1

= 4(1− α)|z| − 4
∞∑

k=2

(2k − 2)n+1|a2k−2| |z|2k−2

− 2
∞∑

k=2

(2k − 1)n(2k − α + 2k − α− 2)|a2k−1| |z|2k−1

− 4
∞∑

k=1

(2k)n+1|b2k| |z|2k − 2
∞∑

k=1

(2k − 1)n(2k + α− 2 + 2k + α)|b2k−1| |z2k−1|

= 4(1− α)|z| − 4
∞∑

k=2

(2k − 2)n+1|a2k−2| |z|2k−2
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− 4
∞∑

k=2

(2k − 1)n(2k − 1− α)|a2k−1| |z|2k−1

− 4
∞∑

k=1

(2k)n+1|b2k| |z|2k − 4
∞∑

k=1

(2k − 1)n(2k − 1 + α)|b2k−1| |z|2k−1

= 4(1− α)|z|

[
1−

∞∑
k=2

{
(2k − 2)n+1

1− α
|a2k−2| |z|2k−3

+
(2k − 1)n(2k − 1− α)

1− α
|a2k−1| |z|2k−2

}
−

∞∑
k=1

{
(2k − 1)n(2k − 1 + α)

1− α
|b2k−1 |z|2k−2

+
(2k)n+1

1− α
|b2k| |z|2k−1

}]
≥ 4(1− α)|z|

[
1−

∞∑
k=2

{
(2k − 2)n+1

1− α
|a2k−2|+

(2k − 1)n(2k − α− 1)

1− α
|a2k−1|

}

−
∞∑

k=1

{
(2k − 1)n(2k − 1 + α)

1− α
|b2k−1|+

(2k)n+1

1− α
|b2k|

}]
.

This last expression is non-negative by (2.1), and so the proof is complete.

The harmonic function

f(z) = z +
∞∑

k=2

{
1− α

(2k − 2)n+1
x2k−2z

2k−2 +
1− α

(2k − 1)n(2k − 1− α)
x2k−1z

2k−1

}

+
∞∑

k=1

{
1− α

(2k)n+1
y2kz

2k +
1− α

(2k − 1)n(2k − 1 + α)
y2k−1z

2k−1

}
,(2.3)

where
∞∑

k=2

(
|x2k−2| + |x2k−1|

)
+

∞∑
k=1

(
|y2k−1| + |y2k|

)
= 1 shows that the coefficient bound

given by (2.1) is sharp.
The functions of the form (2.3) are inSHs(n, α) because

∞∑
k=1

(
(2k − 1)n(2k − 1− α)

1− α
|a2k−1|+

(2k)n+1

1− α
|a2k|

+
(2k − 1)n(2k − 1 + α)

1− α
|b2k−1|+

(2k)n+1

1− α
|b2k|

)
= 1 +

∞∑
k=2

(
(2k − 2)n+1

1− α
|a2k−2|+

(2k − 1)n(2k − 1− α)

1− α
|a2k−1|

)

+
∞∑

k=1

(
(2k − 1)n(2k − 1 + α)

1− α
|b2k−1|+

(2k)n+1

1− α
|b2k|

)
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= 1 +
∞∑

k=2

(
|x2k−2|+ |x2k−1|

)
+

∞∑
k=1

(
|y2k−1|+ |y2k|

)
= 2.

In the following theorem, it is shown that the condition (2.1) is also necessary for functions
fn = h + gn whereh andgn are of the form (1.4).

Theorem 2.2.Letfn = h + gn be given by(1.4). Thenfn ∈ SHs(n, α) if and only if

∞∑
k=1

(
(2k − 1)n(2k − 1− α)a2k−1 + (2k)n+1a2k

+(2k − 1)n(2k − 1 + α)b2k−1 + (2k)n+1b2k

)
≤ 1− α.

(2.4)

Proof. SinceSHs(n, α) ⊂ SHs(n, α), we only need to prove the (only if) part of the theorem.
To this end, for functionsfn of the form (1.4), we notice that the condition

Re

(
2Dn+1fn(z)

Dnfn(z)−Dnfn(−z)

)
≥ α

is equivalent to

Re

{
2(1−α)z−

∑∞
k=2 kn

(
2k−α+(−1)kα

)
akzk−(−1)2n

∑∞
k=1 kn

(
2k+α−(−1)kα

)
bkzk

2z−
∑∞

k=2 kn
(
1−(−1)k

)
akzk+(−1)2n

∑∞
k=1 kn(1−(−1)k

)
bkzk

}
≥ 0

which implies

Re

{
(1− α)z −

∑∞
k=2

{
(2k − 2)n+1a2k−2z

2k−2 + (2k − 1)n(2k − 1− α)a2k−1z
2k−1

}
z −

∑∞
k=2(2k − 1)na2k−1z2k−1 + (−1)2n

∑∞
k=1(2k − 1)nb2k−1z

2k−1

−
(−1)2n

∑∞
k=1

{
(2k)n+1b2kz2k + (2k − 1)n(2k − 1 + α)b2k−1z

2k−1
}

z −
∑∞

k=2(2k − 1)na2k−1z2k−1 + (−1)2n
∑∞

k=1(2k − 1)nb2k−1z
2k−1

}
≥ 0.

(2.5)

The above required condition (2.5) must hold for all values ofz in U . Upon choosing the values
of z on the positive real axis where0 ≤ z = r < 1, we must have

1− α−
∑∞

k=2

(
(2k − 2)n+1a2k−2r

2k−3 + (2k − 1)n(2k − 1− α)a2k−1r
2k−2

)
1−

∑∞
k=2(2k − 1)na2k−1r2k−2 +

∑∞
k=1(2k − 1)nb2k−1r2k−2

−
∑∞

k=1

(
(2k)n+1b2kr

2k−1 + (2k − 1)n(2k − 1 + α)b2k−1r
2k−2

)
1−

∑∞
k=2(2k − 1)na2k−1r2k−2 +

∑∞
k=1(2k − 1)nb2k−1r2k−2

≥ 0.

(2.6)

If the condition (2.4) does not hold, then the number in (2.6) is negative forr sufficiently close
to 1. Hence there existz0 = r0 in (0, 1), for which the quotient in (2.6) is negative. This
contradicts the required condition forfn ∈ SHs(n, α) and so the proof is complete.

The following theorem gives the distortion bounds for functions inSHs(n, α) which yields
a covering result for this class.

Theorem 2.3.Letfn ∈ SHs(n, α). Then for|z| = r < 1,

(1− b1)r −
1

2n

(
(1− α)

2
− (1 + α)

2
b1

)
r2 ≤ |fn(z)|

≤ (1 + b1)r +
1

2n

(
(1− α)

2
− (1 + α)

2
b1

)
r2.
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Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted. Letfn ∈ SHs(n, α). Taking the absolute value offn, we obtain

|fn(z)| ≤ (1 + b1)r +
∞∑

k=2

(ak + bk)r
k

= (1 + b1)r +
∞∑

k=2

(ak + bk)r
2

≤ (1 + b1)r +
1− α

2n+1

∞∑
k=2

(
2n+1

1− α
ak +

2n+1

1− α
bk

)
r2

≤ (1 + b1)r +
1− α

2n+1

(
1− 1 + α

1− α
b1

)
r2

= (1 + b1)r +
1

2n+1

(
(1− α)− (1 + α)b1

)
r2.

The following covering result follows from the left hand inequality in Theorem 2.3.

Corollary 2.4. Letfn of the form(1.4)be so thatfn ∈ SHs(n, α). Then{
ω : |w| < 2n+1 − 1 + α

2n+1
− 2n+1 − 1 + α

2n+1
b1

}
⊂ fn(U).

For our next theorem, we need to define the convolution of two harmonic functions of the

form fn(z) = z −
∞∑

k=2

akz
k + (−1)n

∞∑
k=1

bkz
k andFn(z) = z −

∞∑
k−2

Akz
k + (−1)n

∞∑
k=1

Bkz
k as

(fn ∗ Fn)(z) = fn(z) ∗ Fn(z)

= z −
∞∑

k=2

akAkz
k + (−1)k

∞∑
k=1

bkBkz
k(2.7)

to prove that the classSHs(n, α) is closed under convolution.

Theorem 2.5. For 0 ≤ β ≤ α < 1, let fn ∈ SHs(n, α) and Fn ∈ SHs(n, β). Then the
convolutionfn ∗ Fn ∈ SHs(n, α) ⊂ SHs(n, β).

Proof. For fn andFn as in Theorem 2.5. Then the convolutionfn ∗ Fn is given by (2.7). We
wish to show that the coefficients offn ∗ Fn satisfy the required condition given in Theorem
2.2. ForFn ∈ SHs(n, α), we note that|Ak| ≤ 1 and|Bk| ≤ 1. Now, forfn ∗ Fn we obtain

∞∑
k=2

(
(2k − 2)n+1

1− β
a2k−2A2k−2 +

(2k − 1)n(2k − 1− β)

1− β
a2k−1A2k−1

)

+
∞∑

k=1

(
(2k)n+1

1− β
b2kB2k +

(2k − 1)n(2k − 1 + β)

1− β
b2k−1B2k−1

)

≤
∞∑

k=2

(
(2k − 2)n+1

1− β
a2k−2 +

(2k − 1)n(2k − 1− β)

1− β
a2k−1

)

AJMAA, Vol. 4, No. 1, Art. 6, pp. 1-13, 2007 AJMAA

http://ajmaa.org


8 R. A. AL-KHAL AND H. A. AL-KHARSANI

+
∞∑

k=1

(
(2k)n+1

1− β
b2k +

(2k − 1)n(2k − 1 + β)

1− β
b2k−1

)

≤
∞∑

k=2

(
(2k − 2)n+1

1− α
a2k−2 +

(2k − 1)n(2k − 1− α)

1− α
a2k−1

)

+
∞∑

k=2

(
(2k)n+1

1− α
b2k +

(2k − 1)n(2k − 1 + α)

1− α
a2k−1

)
≤ 1

since0 ≤ β ≤ α < 1 andfn ∈ SHs(n, α). Thereforefn ∗ Fn ∈ SHs(n, α) ⊂ SHs(n, β).

Now, we discuss the convex combinations of the classSHs(n, α).

Theorem 2.6.The classSHs(n, α) is closed under convex combinations.

Proof. For i = 1, 2, . . ., suppose thatfni
∈ SHs(n, α), wherefni

(z) = z −
∞∑

k=2

aikz
k +

(−1)n

∞∑
k=1

bikz
k. Then, by Theorem 2.2,

∞∑
k=2

(
(2k − 2)n+1

1− α
ai2k−2

+
(2k − 1)n(2k − 1− α)

1− α
ai2k−1

)

+
∞∑

k=2

(
(2k)n+1

1− α
bi2k

+
(2k − 1)n(2k − 1 + α)

1− α
bi2k−1

)
≤ 1.

(2.8)

For
∞∑
i=1

ti = 1, 0 ≤ ti ≤ 1, the convex combination offni
may be written as

∞∑
i=1

tifni
(z) = z −

∞∑
k=2

(
∞∑
i=1

tiaik

)
zk + (−1)n

∞∑
k=1

(
∞∑
i=1

tibik

)
zk.

Then, by (2.8)

∞∑
k=2

{
(2k − 2)n+1

1− α

(
∞∑
i=1

tiai2k−2

)
+

(2k − 1)n(2k − 1− α)

1− α

(
∞∑
i=1

tiai2k−1

)}

+
∞∑

k=1

{
(2k)n+1

1− α

(
∞∑
i=1

tibi2k

)
+

(2k − 1)n(2k − 1 + α)

1− α

(
∞∑
i=1

tibi2k−1

)}

=
∞∑
i=1

ti

(
∞∑

k=2

{
(2k − 2)n+1

1− α
ai2k−2

+
(2k − 1)n(2k − 1− α)

1− α
ai2k−1

}

+
∞∑

k=1

{
(2k)n+1

1− α
bi2k

+
(2k − 1)n(2k − 1 + α)

1− α
bi2k−1

})

≤
∞∑
i=1

ti = 1,
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and therefore
∞∑
i=1

tifni
∈ SHs(n, α).

Next, we determine the extreme points of the closed convex hulls ofSHs(n, α) denoted by
clcoSHs(n, α).

Theorem 2.7.Letfn be given by(1.4). Thenfn ∈ SHs(n, α) if and only if

(2.9) fn(z) =
∞∑

k=1

[(
X2k−1h2k−1(z) + X2kh2k(z)

)
+
(
Y2k−1gn2k−1

(z) + Y2kgn2k
(z)
)]

where

h1(z) = z, h2k−1(z) = z − 1− α

(2k − 1)n(2k − 1− α)
z2k−1, k = 2, 3, . . .

h2k−2(z) = z − 1− α

(2k − 2)n+1
z2k−2, k = 2, 3, . . .

gn2k−1
= z + (−1)n 1− α

(2k − 1)n(2k − 1 + α)
z2k−1, k = 1, 2, . . .

gn2k
= z + (−1)n 1− α

(2k)n+1
z2k, k = 1, 2, . . .

∞∑
k=1

[
(X2k−1 + X2k) + (Y2k−1 + Y2k)

]
= 1, Xk ≥ 0, Yk ≥ 0,

In particular, the extreme points ofSHs(n, α) are{h2k−1}, {h2k−2}, {gn2k−1
} and{gn2k

}.

Proof. For functionsfn of the form (2.9), we have

fn =
∞∑

k=1

(
(X2k−1 + X2k)z + (Y2k−1 + Y2k)z

)
−

∞∑
k=2

(
1− α

(2k − 2)n+1
X2k−2z

2k−2 +
1− α

(2k − 1)n(2k − 1− α)
X2k−1z

2k−1

)

+ (−1)n

∞∑
k=1

(
1− α

(2k)n+1
Y2kz

2k +
1− α

(2k − 1)n(2k − 1 + α)
Y2k−1z

2k−1

)
.

Then
∞∑

k=2

(
(2k − 2)n+1

1− α
a2k−2 +

(2k − 1)n(2k − 1− α)

1− α
a2k−1

)

+
∞∑

k=1

(
(2k)n+1

1− α
b2k +

(2k − 1)n(2k − 1 + α)

1− α
b2k−1

)

=
∞∑

k=2

(X2k−2 + X2k−1) +
∞∑

k=1

(Y2k−1 + Y2k)

= 1−X1 ≤ 1

and sofn ∈ clcoSHs(n, α).
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Conversely, suppose thatfn ∈ clcoSHs(n, α). Setting

X2k−1 =
(2k − 1)n(2k − 1− α)

1− α
a2k−1, X2k−2 =

(2k − 2)n+1

1− α
a2k−2, k = 2, 3 . . .

Y2k−1 =
(2k − 1)n(2k − 1 + α)

1− α
b2k−1, Y2k =

(2k)n+1

1− α
b2k, k = 1, 2 . . .

where
∞∑

k=1

[
(X2k−1 + X2k) + (Y2k−1 + Y2k)

]
= 1, we obtain

fn(z) =
∞∑

k=1

[(
X2k−1h2k−1(z) + X2kh2k(z)

)
+
(
Y2k−1gn2k−1

(z) + Y2kgn2k
(z)
)]

as required.

Finally, we study properties of an integral operator.

Theorem 2.8. Let fn ∈ SHs(n, α) and letc be a real number such thatc > −1. Then the
functionFn(z) defined by

(2.10) Fn(z) =
c + 1

zc

∫ z

0

tc−1fn(t)dt

belongs to the classSHs(n, α).

Proof. From the representation ofFn(z), it follows that

Fn(z) =
c + 1

zc

∫ z

0

tc−1 {h(t) + g(t)} dt

=
c + 1

zc

(∫ z

0

tc−1h(t)dt +

∫ z

0

tc−1g(t)dt

)

=
c + 1

zc

(∫ z

0

tc−1

(
t−

∞∑
k=2

akt
k

)
dt

+ (−1)n

∫ z

0

tc−1

(
∞∑

k=1

bktk

)
dt


= z −

∞∑
k=2

Akz
k + (−1)n

∞∑
k=1

Bkz
k,

whereAk =
c + 1

c + k
ak, Bk =

c + 1

c + k
bk. Therefore,

∞∑
k=2

(
(2k − 2)n+1A2k−2 + (2k − 1)n(2k − 1− α)A2k−1

)
+

∞∑
k=1

(
(2k)n+1B2k + (2k − 1)n(2k − 1 + α)B2k−1

)
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=
∞∑

k=2

{
(2k − 2)n+1

(
c + 1

c + 2k − 2

)
a2k−2 + (2k − 1)n(2k − 1− α)

(
c + 1

c + 2k − 1

)
a2k−1

}

+
∞∑

k=1

{
(2k)n+1

(
c + 1

c + 2k

)
b2k + (2k − 1)n(2k − 1 + α)

(
c + 1

c + 2k − 1

)
b2k−1

}

≤
∞∑

k=2

{
(2k − 2)n+1a2k−2 + (2k − 1)n(2k − 1− α)a2k−1

}
+

∞∑
k=1

{
(2k)n+1b2k + (2k − 1)n(2k − 1 + α)b2k−1

}
≤ 1− α.

Sincefn(z) ∈ SHs(n, α), therefore by Theorem 2.2Fn(z) ∈ SHs(n, α).

Theorem 2.9. Let c be a real number such thatc > −1. If Fn(z) ∈ SHs(n, α), then the
functionfn(z) defined by(2.10) is univalent in|z| < R∗, whereR∗ = min(r1, r2, r3, r4)

r1 = inf
k

[
(2k − 2)n(c + 1)

(1− α)(c + 2k − 2)

]1/2k−3

,

r2 = inf
k

[
(2k − 1)n−1(2k − 1− α)(c + 1)

(1− α)(c + k − 1)

]1/2k−2

, k ≥ 2

and

r3 = inf
k

[
(2k − 1)n−1(2k − 1 + α)(c + 1)

(1− α)(c− 2k + 1)

]1/2k−2

,

and

r4 = inf
k

[
(2k)n(c + 1)

(1− α)(c− 2k)

]1/2k−1

, k ≥ 1 .

The result is sharp.

Proof. Let Fn(z) = z −
∞∑

k=2

akz
k + (−1)n

∞∑
k=1

bkz
k, (ak ≥ 0, bk ≥ 0). It follows from (2.10)

that

f(z) =
z1−c(zcFn(z))′

c + 1
, (c > −1)

=
z1−c

(
czc−1Fn(z) + zcF ′

n(z)
)

c + 1

=
cFn(z) + zF ′

n(z)

c + 1

=
1

c + 1

{
cFn(z) + z

(
1−

∞∑
k=2

akz
k−1 − (−1)n

∑
k=1

kbkzk−1

)}

=
1

c + 1

{
cz −

∞∑
k=2

cakz
k + (−1)n

∞∑
k=1

cbkz
k
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+ z −
∞∑

k=2

kakz
k − (−1)n

∞∑
k=1

kbkz
k

}

fn = z −
∞∑

k=2

c + k

c + 1
akz

k + (−1)n

∞∑
k=1

c− k

c + 1
bkz

k

= z −
∞∑

k=2

(
c + 2k − 2

c + 1
a2k−2z

2k−2 +
c + k − 1

c + 1
a2k−1z

2k−1

)

+ (−1)n

∞∑
k=1

(
c− 2k + 1

c + 1
b2k−1z

2k−1 c− 2k

c + 1
b2kz

2k

)
= H + Gn.

In order to obtain the required result it suffices to show that|f ′n(z)− 1| < 1 in |z| < R∗.
Now |f ′nz)− 1| < 1 if |H ′ −G

′
n − 1| < 1,

⇒

∣∣∣∣∣
∞∑

k=2

(
c + 2k − 2

c + 1
(2k − 2)a2k−2z

2k−3 +
c + k − 1

c + 1
(2k − 1)a2k−1z

2k−2

)

− (−1)n

∞∑
k=1

(
c− 2k + 1

c + 1
(2k − 1)b2k−1z

2k−2 +
c− 2k

c + 1
(2k)b2kz

2k−1

)

≤
∞∑

k=2

∣∣∣∣c + 2k − 2

c + 1
(2k − 2)a2k−2z

2k−3 +
c + k − 1

c + 1
(2k − 1)a2k−1z

2k−1

∣∣∣∣
+

∞∑
k=1

∣∣∣∣c− 2k + 1

c + 1
(2k − 1)b2k−1z

2k−2 +
c− 2k

c + 1
(2k)b2kz

2k−1

∣∣∣∣ < 1.

(2.11)

According to Theorem 2.2, we have

∞∑
k=2

(
(2k − 2)n+1

1− α
a2k−2 +

(2k − 1)n(2k − 1− α)

1− α
a2k−1

)

+
∞∑

k=1

(
(2k − 1)n(2k − 1 + α)

1− α
b2k−1 +

(2k)n+1

1− α
b2k

)
≤ 1.

(2.12)

Hence (2.11) will be true if

c + 2k − 2

c + 1
(2k − 2)a2k−2|z|2k−3 +

c + k − 1

c + 1
(2k − 1)a2k−1|z|2k−2

+
c− 2k + 1

c + 1
(2k − 1)b2k−1|z|2k−2 +

c− 2k

c + 1
(2k)b2k|z|2k−1

<
(2k − 2)n+1

1− α
a2k−2 +

(2k − 1)n(2k − 1− α)

1− α
a2k−1

+
(2k − 1)n(2k − 1 + α)

1− α
b2k−1 +

(2k)n+1

1− α
b2k
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or if |z| < R∗ = min(r1, r2, r3, r4) where

r1 = inf
k

[
(2k − 2)n(c + 1)

(1− α)(c + 2k − 2)

]1/2k−3

r2 = inf
k

[
(2k − 1)n(2k − 1− α)(c + 1)

(1− α)(c + k − 1)

]1/2k−2

, k ≥ 2

and

r3 = inf
k

[
(2k − 1)n−1(2k − 1 + α)(c + 1)

(1− α)(c− 2k + 1)

]1/2k−2

r4 = inf
k

[
(2k)n(c + 1)

(1− α)(c− 2k)

]1/2k−1

, k ≥ 1.

Therefore,f(z) is univalent in|z| < R∗.
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