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1. INTRODUCTION

A continuous functionf = u + iv is a complex-valued harmonic function in a complex
domainC' if both « andwv are real harmonic i'. In any simply connected domain C C,
we can writef = h + g, whereh andg are analytic inD. We callh the analytic part ang
the co-analytic part of. A necessary and sufficient condition fpto be locally univalent and
orientation-preserving i is that|¢'(z)| < |W'(z)| in D, seel[1].

Denote byH the class of functiong = h + g which are harmonic univalent and orientation-
preserving in the open unit disk = {z : |z| < 1} so thatf = h + g is normalized by
f(0) = h(0) = f.(0) — 1 = 0. Therefore, forf = h+ g € H, we can expresk andg by the
following power series expansion

(1.1) h(z)=z+ Zakzk, g(z) = Zbk 2K |by| < 1.
k=2 k=1

Observe that{ reduces taS, the class of normalized univalent analytic functions, if the co-
analytic part off is zero.
For f = h + g given by [1.1), Jahangiri [2] defined the modified Salagean operatpasf

(1.2) D"f(z) = D"h(z) + (—=1)"D g(z), (n € No = NU{0}),
whereD"h(z) = z + i k"ayz* andD"g(z) = i k" by, 2"
k=2 k=1

Definition 1.1. For0 < a < 1, we letSH,(n, «) denote the class of harmonic functiofief
the form [1.1) such that

2D" f(2)
(1.3) Re(an(z) — D"f(—z)) >a, zelU

We let the subclasS H ,(n, ) consist of harmonic function§, = h + g, in SH(n, ) SO
thath andg, are of the form

o0

(1.4) h(z) =z — Zakzk, gn(z) = (—1)"Zbkzk, ap >0, b, > 0.
k=2 k=1

If the co-analytic part off = h + g is zero, ther5 H (0, «) turns out to be the class’(«) of
starlike functions with respect to symmetric points which was introduced by K. Sakaguchi [3].
Also, SH(1, «) turns out to be the clagds;(«) of convex functions with respect to symmetric
points which was introduced by Das and Singh [4].

In this paper, we have obtained the coefficient conditions for the clasBesn, o) and
SH,(n,a). Further a representation theorem, inclusion properties and distortion bound for the

—_ . . . . 1 [?
classS H(n, ) are established. Finally, properties of the integral opercafer—/ tLf()dt,
ZC
¢ > —1 are also studied. "

2. MAIN RESULTS

First, we introduce a sufficient coefficient bound for functions in the c$dgg(n, «v).
Theorem 2.1.Let f = h + g be given by[(1]1). If

o0

2.1) > ((2k — 1)"(2k — 1 — a)agk—1| + (2k)"" |z
’ k=1

(2 = 12k — 1+ )b | + (28)" bor]) < 1 - a
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wherea; = 1 and0 < a < 1, thenf is orientation-preserving, harmonic univalentlin and
f € SHy(n, ).

Proof. If the inequality [2.1) holds for the coefficients ¢f = h + g, then by [(1.R),f is
orientation-preserving and harmonic univalentinlt remains to show that

2Dn+1f(z) }
o st ) 2
According to [1.P) and (I} 3), we have
2D f(2) }
| st

_ Re{ 2D Th(z) — 2(-1)" D" g(2) _} > a,
Drh(=) + (—1)"Drg(z) — Dh(—2) — (~1)y"Drg(—2)

0<ax<l.

Using the fact that Re > «ifand only if |1 — a + w| > |1 + a — w|, it suffices to show that

)
‘1 T D)~ Dr(—2)

which is equivalent to

2wt
—’Dnﬂz)—m(—z) (1+a)

22) 2D f(2) + (1= a)(D"f(2) — D" f(—=2))]
' — [2D™ f(2) — (1+ ) (D" f(2) = D" f(=2))| > 0.

Substituting forD™ f and D"*! f in (2.2) yields

2z +2 Z ko, 2k — 2(— Z k. z

k=2

+ (1 —«)

z+ Z k" ay 2" + ( Z kb zZF + 2

- Zk‘"(—l ap?® — (= Zk‘" __]

2z + 2 Z ka2 — 2(— Z k" bz,

k=2
—(1+a) z—l—Zk"akz + ( Zk”b
k=2
+z—§:(—1)’% apz® — (— ”i kb Z ]
k=2 k=1
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=122—a)z+ ik‘"(?k’ +(1—a)— (-1)F1—a))azs

k=2

Zk” (2k — (1 — ) + (=1)*(1 — a))b7*

: ‘_2% F3 KRk~ (14 )+ (—DH -+ @)t

1" i K" (2k + (1+a) — (—1)*(1+ a))bpz"

k=1

22— )z +2) {(2k —2)" M ag_pz*

k=2
+(2k — 1)"(2k — a)ag_12*7'} — D™ {(2k)" by
k=1
+ (2]€ — 1)n<2k +a — 2)52]6,122’671}}
— ‘—2az +2 Z{(Qk — 2)" gy 92?2
+ 2k —1)"(2k — a — 2)a2k_1z2k_1} — )" Z{ (2k)" by Z2"
k=1

+ (2k — 1)"(2k 4+ @)bay—12" '}

> 22— )|z =2 (2k — 2)" M ag_ol |2[**

—2) (2k = 1)"(2k — a)|age—1| [2[*7 = 2> (2k)" by |2

k=2 k=1
—2) (2k = 1)"(2k + a — 2)|ba| |21 — 202
k=1
—2) (2k = 2)" M aga| [2[* 72 = 2) "(2k — 1)"(2k —a — 2)
k=2 k=2
|ask—1] |27 =2 " (2k) " bog| |2 — 2) "(2k — 1)™(2k + @) by |2[*7
k=1 k=1

—4(1—a)|z| — 42 (2k — 2)"Hagy_o| | 2% 2

—2) (2k = 1)"(2k — a + 2k — a — 2)[ag| |2
k=2

— 4 (2k)" o] 2 =2 (26 — 1)"(2k + o — 2+ 2k + ) bay | |27
k=1 k=1

o
=4(1— )|z = 4 (2k — 2)"ags—a| |2]*
k=2
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—4) (2 —1)"(2k — 1 — a)ag| |z[*
k=2
— 4 (2k)" oo [ = 4 (2 — 1)"(2k — 1+ ) [bap—a| |2
= k=1

[ (2k —2)n !
= 4(1 — O{)|Z| [1 — Z {%klzk_ﬂ |Z|2k_3

k=2

2k —1)"(2k -1 -«
+ ( ) ( )|a2k—1| |Z|2k—2}

l—«

(2k —1)" 2k 1+« _
_Z{ — >’b2k,1 ‘Z’Qk 2

O o H

> 4(1 - o)l [1 N L e ]

1 11—«
k=2
2k—1 2k -1+« 2k)nt1
_Z{ )|52k—1| + &) !b%l}] :
— l—«

This last expression is non-negative py [2.1), and so the proof is complete.

The harmonic function

B 1-« ok—3 l -« %1
(2) = Z+Z{ D R Gy STy ey

l—« 11—«
23 — —2k — =2k—1
(2:3) i Z { R T o S 2k — 1t a)

Wherez<|m2k_2| + |m2k_1|> + Z<|y2k—1| + |y2k|> — 1 shows that the coefficient bound

k=2
given by [2.1) is sharp.
The functions of the forn{ (2] 3) are if\/7,(n, a) because

= 2k =12k —1— « 2kt
Z(( )" ( ) (2k)

1o lagk—1| + 1 —a |as|
k=1

2k — D)2k — 1+ « 2k)"H
+( ) ( )|b2k71|+( _) ‘b2k|>

1 —
(2k — 2)"+ 2k—1)"(2k -1 -«
=1+ Z( |a2k—2|+< S )|a2k—1|)

11—«
k=

> -1+« 2k)ntl
( )|b2k—1| + <1 ) |bzk|)
k=1 —a

+
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[e.9]

=1+ Z(’x2k72| + |~T2k71’) + Z(|y2k71’ + ’?J?k‘)

=2 k=1
= 2.

In the following theorem, it is shown that the conditipn {2.1) is also necessary for functions
frn = h+ 7, whereh andg, are of the form[(T}4).

Theorem 2.2. Let f, = h + g, be given by(L.4). Thenf,, € SH,(n, ) if and only if
D ((2k = 1)™(2k — 1 — a)agk—1 + (2k)"
(2.4) =
+(2k — 1)"(2k — 14 a)bo—1 + (2k)"'byy,) <1 —a.

Proof. SinceSH,(n, o) C SHy(n,a), we only need to prove the (only if) part of the theorem.
To this end, for functiong,, of the form [1.4), we notice that the condition

(=) 2

is equivalent to

Re 2(1l—a)z=Y p i, k" (2k—a+(—1)*a)arz® — (—1)*" 307 k" (2k+a—(—1)"a)bpzy .-
22=3 5l k" (1= (=1)k)apzb+(=1)27 307 k(1= (=1)%)byz* -

which implies
Re (1— )z — Y pe {2k — 2)"Magg 2222 4+ (2k — 1)"(2k — 1 — a)ag,—122*71}
(2 5) z — Z,?;z(Qk — 1)"a2k_1z2’“—1 + (—1)2" 2211(2]{: — 1) 'bo — 122k L
' (= S {2k) " bR + (26 — 1)"(2k — 1 + a)boy—1 221} -
2= Ypa(2k = 1)ragy—122F 7+ (=120 307 (2k — 1)nbay g2 [ T
The above required condition (2.5) must hold for all valuesiofU. Upon choosing the values
of z on the positive real axis whefe< z = r < 1, we must have
L—a— 307, ((2k — 2)" M ag,_or® =3 4+ (2k — 1)"(2k — 1 — a)age_1r?""?)
1 — 22022(2]6 — 1)”&2k,17"2k72 —|— 22021 (2]€ — 1)nb2k 17“2]672
e ((2R) Mo (2K — 1)™(2k — 1+ )b 17 ?) -
1= 30, (2k — 1)age_ 1722 + >0 (2k — 1)boy 7262 =

If the condition [2.4) does not hold, then the numbef in|(2.6) is negative dafficiently close
to 1. Hence there existy = o in (0, 1), for which the quotient in[(2]6) is negative. This
contradicts the required condition f@f € SH ;(n, «) and so the proof is complete.

(2.6)

The following theorem gives the distortion bounds for function§'fid, (n, o) which yields
a covering result for this class.

Theorem 2.3.Let f,, € SH,(n,a). Thenfor|z| = r < 1,
1 11—« 14+«
_<( )_( )b1>r2§|fn(z)|

1— by)r —
(I=b)r =5 2 2

<(I+b)r+— <(1;a) - (1;a)b1> 2.

2n
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Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar
and will be omitted. Lelf,, € SH,(n,«). Taking the absolute value ¢f,, we obtain

] < @+b)r+ Y (a + be)r*

k=2
= (1+b) r—l—Zak—l—bk)

k=2

1— a2 2ntl )
< (1+b1)7"+ ont1 Z(l—aak+1— bk)T

IN

1-— 1+
(EEAIE— (1 S gm) 2

= (1+b)r+ 2n1+1 (1—a)— 1+a)b)r

|
The following covering result follows from the left hand inequality in Theofem 2.3.

Corollary 2.4. Let f,, of the form(L.4) be so thatf,, € SH,(n, ). Then

2n+1_1 2n+1_1
{w:]w]< o +ab1}Cfn(U).

2n+1 2n+1

For our next theorem we need to define the convolution of two harmonic functions of the

form f,(z) = z — Zakz + ( Z bez" andF,(z) = z — ZAkz + ( Z B,Zz" as
(fax Fo)(2) = ful2)* Fu(2)
(2.7) = z— ZakAkz + ( Zkakz

to prove that the clasSH ,(n, ) is closed under convolution.

Theorem 2.5.For0 < < o < 1, let f, € SH,(n,a) and F,, € SH,(n,3). Then the
convolutionf,, x F,, € SH(n,«) C SHy(n, ).

Proof. For f,, and F;, as in Theorem 2|5. Then the convolutign= F, is given by [2.7). We
wish to show that the coefficients gf, x F,, satisfy the required condition given in Theorem
2.4. ForE, € SH,(n, ), we note thatA,| < 1 and|By| < 1. Now, for f,, * F,, we obtain

© _ 9\n+1 _1\n 1
k=2 (%a%ﬂfl?k—? + (Qk 1)1(3]{5 ! ﬁ) a2k—1A2k—1)
0 n+1 _1\n o
+ Z (ﬁkz 3 bar, Bay, + (2 1)1(32 ), b2k—1BQk—1)
k=1
e __ 9\n+1 _1\n 1
< Z (%a%—z + (2K 1)1(32 1-5) a2k—1)

B
||

2
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=L [ (2k)mH (2k — 1)"(2k — 1+ 3)
+;<1_652k+ -3 bar, 1)
- n+1 - n _ .
=L [ (2k)mH (2k — 1)"(2k — 14 «)
+;<1_ab2k+ 1 —a a2k1>
<1

since0 < B < a < landf, € SH,(n,a). Thereforef, x F, € SH,(n,a) C SH,(n,3). 1
Now, we discuss the convex combinations of the cRBS (n, a).

Theorem 2.6. The classSH,(n, «) is closed under convex combinations.

Proof. Fori = 1,2,..., suppose thaf,, € SH,(n,a), where f, (z) = Z—Zalkz +

)" b;,z". Then, by Theore.2,
k=1

= [ (2k — 2)n+t (2k —1)"(2k — 1 — a)
Z ( iy + Qigy_y
k=2

-« -«
(2.8) = 7H1 @k—1)@k—1+a>
Z 12k 1—a biqu

<1

For) "t =1, 0 < t; < 1, the convex combination gf,, may be written as
=1

Ztifni(z) —z2-) (th%) F(=)my (Z tz‘%) z*

k=1 \i=1
Then, by [2.8)

2k — 2)"tt [ & (2k —1)"(2k — 1 — «
B (e ) 2 ()
{ : k) (itbm) 2k—1)"11(3ka—1+a (Ztibizk—l>}

2k — 2)ntt 2k — 1)"(2k — 1 — «
t; Z{Q _'_( ) ( )aiQk 1}
k)

Mg

k

Ay,
2k—2 1_0[

2k —1)"(2%k —1+a), })

11—«

=1

11—«
2 n+1
{(1 b 1

NERINGE

_l_

k=1

tizla

vl

=1
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and thereforeZ: tifn, € SHy(n, ). 1

=1

Next, we determine the extreme points of the closed convex hulghfn, ) denoted by
clco SH,(n, o).

Theorem 2.7.Let f, be given by(1.4). Thenf, € SH,(n,«) if and only if

o0

(2.9) fn(z) = Z |:(X2k71h2k—1(2) + XZkh%(Z)) + (Y‘Qkflgnzk71<z) + YorGn,, (ZD}
k=1
where
hi(2) = 2, hag—1(2) = 2 — 2 1)i(;ka_ — a)z%*l, k=2,3,...
hak-a(2) = 2 — ﬁz%a k=23,
g = 2+ (—1)”(% — 1;&;_ T a)z%*, k=1,2,...
Gng = 2+ (—1)"(;k_)nflz2k, k=1,2,...
3 [(Xok-1+ Xop) + (Youor + Vo) =1, X >0, ¥ >0,
k=1

In particular, the extreme points ofH (n, o) are {hox_1}, {har—2}, {gny._, } @NA{Gn,, }-

Proof. For functionsf,, of the form [2.9), we have

oo

Jn= Z((szq + Xo)z + (Yop—1 + sz)z)
k=1

> 11—«
2k—2 X B 2k—1
; ( 2% — 2 k=22 T Ty gy k1

it 1l—« 11—«
-1 n Y. —2k You —2k—1 .
+(=1) ;((%)nﬂ W o )k —1ta) )

Then
> 2)ntl 2k —1)"(2k -1 — «
Z ( Qok—2 + ( >1(_ )a2k—1>
k=2 @
)t (2k —1)"(2k — 1+ «)
+Z<1_ab2k - a bar, 1)
k=1
—Z Xop—o + Xog—1 +Z Yor—1 + Yar)
k=2 k=1
=1-X;<1

and sof,, € clco SH ,(n, o).
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Conversely, suppose th#t € clco SH,(n, ). Setting

2k —1)"(2k —1 -« 2k — 2)ntt
X2k71—( )( )a2k717X2k72:¥a2k727 k=23...
1—« 1 -«
2k — 1)"(2k — 1+ « 2k)nt!
Y2k—1:( )1( )bzk—byzk:( ) bok, k=1,2...
—« 11—«

WhereZ[(leH + Xop) + (Yap_1 + Yai,)] = 1, we obtain
k=1

fn(2) = Z [(szqh%q(z) + X2kh2k(2)) + (szflgngk,l(z) + Yngngk(Z))]

as requiredg

Finally, we study properties of an integral operator.

Theorem 2.8.Let f,, € SH(n,«) and letc be a real number such that > —1. Then the
function F,(z) defined by

(2.10) Fu(z) = S / e ()t
0

ZC

belongs to the clasSH(n, a).
Proof. From the representation &f,(z), it follows that

c+1

= [ gy ae

_ C; (/ztc‘lh(t)dtJr/ztc1g(t)dt>
— le </ et (t—Zaktk> dt
+ (—1)”/Z o1 (i bkt’f) dt

Fu(z) =

c+1 c+1
hereA, = B, = bi.. Therefore,
w k c+/~cak’ k i k
Z ((2k — 2)" ™ Agy—g + (2k — 1)"(2k — 1 — @) Agy,1)
k=2

+ ) ((2k)"' By, + (2k — 1)"(2k — 1 + o) By
k=1
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> +1 c+1
— ok — )t [ Y o+ (k= 1)k —1—a) [ — )
;{( ) <c+2k—2)a2“+( J'( a>(c+2k—1>a2’“ 1}
+1 c+1
oK)t [ £ b + (2% — 1)"(2k — 1 LU b
+};{( ) (c+2k) 2+ ' +a>(c+2k—1> o 1}

<> {2k — 2" agps + (26 — 1)"(2k — 1 — o)age—1 }
k=2

8

+ ) {(28)" by + (2K — 1) (2k — 1+ )by }
k=1
<1-—oa.

Sincef,(z) € SH(n, o), therefore by Theorefn 32,(2) € SH,(n,a). o

Theorem 2.9. Let ¢ be a real number such that > —1. If F,(z) € SH,(n,a), then the
function f,,(z) defined by(2.10) is univalentin|z| < R*, whereR* = min(ry, re,r3,74)

2k —2)"(c+1) V3
{(1 —a)(c+ 2k — 2)]

ry = inf
k

Y

-1 1 1/2k—2
) ing [ D@k 1 a)(e 1) Cheo
k (1-a)(c+k—-1)
and
[k =12k — 14 a)(c+ 1)V
r3 = inf ,
k| (1—a)(c—2k+1)
and
n 1/2k—1
ry = inf (2k)"(c+ 1) , k>1.
k(1 —a)(c—2k)
The result is sharp.
Proof. Let F,,(z) = z — Y a2 + (=1)" > 57", (ar > 0, > 0). It follows from (2.10)
k=2 k=1
that
21720 F, (2))
f(z) = V1 (c>-1)

2l (cz°71F,(2) + 2°F)(2))

N c+1

_ cFL(2) + 2F(2)

a c+1

1 - —_
= . {an(z) +z (1 - Zakzk’1 — (=" Z kbkzk1> }
¢t k=2 k=1
1 o0 o0
= {cz — ankzk +(=1)" Zcbkik

k=2 k=1
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+z— i k‘akzk — (—1)n i k‘bkfk}

— —Zc+kakz + ( 1)"ii_k5k3k

B c+ 2k —2 oy CHE—1 -
=z kz_;( 1 Q2k—27% + 1 A2k—1%

> (c—2k+1 c—2k
_1n b 2k1 b —2k
+ ( );(—CJrl 2%—1% P 22

= H+G,.

In order to obtain the required result it suffices to show tiigtz) — 1] < 1in |z] < R*.
Now [f’z) — 1| < 1if |[H' — G, — 1] < 1,

> 2k — 2 k—1
= Z (C—i_—(% — 2)agy_222 3 + H—(Qk - 1)a2k—122k_2)

P c+1 c+1

e e —2k+1 _ c—2k _
— (=" <c+—1(2k—1)bgk 722 4 p—— (2Kk) by 2k~ 1)
k=1

“le+2k—2 3 c+k—-1 _

Z cr 1 2/{ — 2)a2k,2z2k 3 + C+—1(2k — 1)a2k,122k 1‘
@11 = — 2%k +1 2k

Z + (2 — )by 222 4 — R < 1

P &
According to Theorerp 2|2, we have

= [ (2k — 2)"t! 2%k —1)"(2k—1—a

Z (—( 11— (l Gok—2 + ( )1(_ o )aqu
(12) s 2k — 1)"(2k — 1 2k )+

— n _ _|_ 1% n
+Z(( )1(_a )b2k1+(1_)&b2k)§1.

k=1

Hence [(2.111) will be true if

c+2k—2 B c+k—1 _
C_'_—]_(Qk' — 2)&2k,2|2|2k 3 + T (2]{Z — 1)a2k,1|z|2k 2
c—2k+1 c— 2k
2 _1 3 2k—2 2 2k—1
E S 2k = Db+ S 2R
2k — 2)ntl 2k — D)"(2k — 1 — «
< Q@mz + ( Al )a2k71
11—« 11—«
2k — 1" (2k — 1+ « 2k)nt1
L k=1 Dy 4 R
l—« l—«
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orif |z| < R* = min(ry, 9,73, 74) Where

2k —2)"(c+1) V3
{(1 —a)(c+ 2k — 2)}

ry = inf
k

. 2k —1)"(2k —1—a)(c+1) 1/2k—2
rg—lgf[ (1—a)(c+k—1) } , k>2
and
_inf (2k — 1)" 12k — 1+ a)(c + 1) 1/2k—2
T3 =1Ll { (I1—a)(c—2k+1) 1
_ 2k)"(c+1) 1V/* !
7“4—1%f Ll—a)(c—Zkﬁ)} , k>1.

Thereforef(z) is univalent in|z| < R*.
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