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2 N. MARIKKANNAN AND A. GANGADHARAN AND C. GANESAMOORTHY

1. INTRODUCTION
Let A denote the class of all analytic functions of the form

(1.1) f(z) = z+2anz”

which are analytic in the open unit disk := {z : |z|] < 1}. Let S be the subclass oft
consisting of univalent functions. A functighe A is said to be starlike of order, 0 < a < 1

if
ﬁ%»
R >a (z€A).
(7 e
This class is denoted by*(a), whereS*(0) = S*, the class of starlike functions. A function
f € Aisinthe clasd{(«), the class of convex univalent function of orderif

§R(1+ J{/;;)) >a (z€A).

Clearly K(0) = K, the class of convex univalent functions. A functifne A is said to be
uniformly convex inA if f(z) has the property

»( ) >

This class was introduced by Goodmah [2]. Further Kanas asdidskal[4] defined the class
k—UCV as

2f"(2) 2f"(2)
k—UCV := fEA:S%(1+—> >k|——=
{ f'(z) '(2)
Ranning [5] defined a new clas§ consisting of functiong € A satisfying
d%» 2f'(2)
R >
(ﬂd | f(2)
Kanas and Wéniowska[6] defined the clags— ST by

k—ST:{feA:%CﬂSO>«ZﬂSW4, O<k<m}

Letr € C\ {0}and—1 < B < A < 1. Afunction f € Ais said to be inkR" (A, B),
f'(z) -1
(A—B)T = B[f'(z) — 1]

This class was introduced and studied by Dixit and Pal [7].
Ponnusamy and Regnning [8] investigated the clgsavhich is defined as

2f'(2)
Sy = cA:
e 5
Let f(z) = z+> .~ ,a,z"andg(z) = z+>_ ., b,z". The Hadamard product or convolution
of f(z) andg(z), denoted by f x ¢)(z) is defined by

(f*xg)(z) =z+ Z apbp 2"

Finaly we recall a sufficiently adequate special case of a convolution operator which was intro-
duced earlier by Srivatsava [9], by using the Pochhammer symbol, defined by

(z € A).

‘ (z€ A and 0§k‘<oo)}.

-1

(z € A).

<1 (z € A).

— 1| < A, (zeA;/\>0)}.
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(A)y = F(Atn) 1 (n=0)
T TR AA+1D)A+2)..A+n—-1) (n=1,2,3...).
Let ay, g, ..., p and By, By, ..., 3, be complex numbers with, # 0,—1,-2... for all
j=1,2,...,q. The generalized hypergeometric series is defined as
oFo(2) = pF(an,an,.. . 08,8y ..., B, 2)

Z (a1)n(2)n .. (ap)n 2

—~ p<q-+1).
2 BouB - Bu . PO
This series converges absolutely in the entire complex plane foy; + 1 and in the unit disc
for p = ¢ + 1. The conditionp < ¢ + 1 is assumed throughout this paper. Note that the series
»Fy(1) converges folR(D>_%_, b; — > 7 a;) > 0.

The operator for functionsf € A is defined by

Igllgjgf(f) =z ply(an,.. . 0By, .., B,2) * f(2)

al n—1 a2)7l 1- (ap)n 1 n
D D EA T s o et

Merkes and Scott [10] and Ruscheweyh and Singh [11] used continued fractions to find suf-
ficient conditions for the functiom F, = 2z F'(a, b; ¢; z) to be in the clas§™*(a), (0 < o < 1)
for various choices of the parameters, c. Carlson and Shaffer [12] proved, convolution re-
sultsin the class™(«) can be expressed in terms of a linear operator acting on a hypergeometric
functions. Owa and Srivatsava [13] dealt extensively with univalent functions and starlike gen-
eralized hypergeometric functiops; (z) with p < ¢ 4+ 1. Gangadharaat al.[14] investigated
various mappings and inclusion properties involving such subclasses of analytic and univalent
functions.

In this paper we obtain the sufficient conditions f(gllﬁ """ (f) to be in the classek —

-----

UCV,k— ST, S5, PMy(«) for f € S with appropriate restrlctlons amy, o, . . ., v, @Nd
Bl7ﬁ27"'7ﬁq'

2. MAIN RESULTS.
Lemma 2.1. [1] If the functionf(z) of the form[(1.]L) is in5 , then|a,,| < n.
Lemma 2.2. [4] A functionf(z) of the form|(1.1) is ik — UC'V/, if

[e.9]

1
;n(n — Dla,| < o
Lemma 2.3. [6] A functionf(z) of the form[(L1.1L) is ik — ST, if

> (n+ (n—1)k)|a,| < 1.
n=2
Lemma 2.4. [8] A functionf(z) of the form[(1.lL) is in63, if

[e.9]

> (A+n—1)as| <A

n=2

Theorem 2.5.Letf € S,«; > Oforalli =1,2,...,pand> 7, [3;| > Y°0_, |os| + 3. Then
the sufficient condition fofglg%“';p(f(z)) €ek—-UCV,is
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2511:.:.0:0 [p+2Fq+2(|a1| + ]-7 SRR |ap| + 1737 27 |51| + ]-7 SR |6q| + 17 27 ]-a ]-)

1

+p+1FQ+1(|O‘/1| + 1,...,|O{p| + 1’3’ |ﬁ1| + 17'-'7|Bq| + 1a27a1)] S kf—‘l'2

Proof. In view of Lemmg 2.P it is enough if we prove

[e.e]

(1) n-1(2)n-1--- (p)n- 1
;n(n_l)‘(ﬁ1>nl(ﬁ2) (B ) 1(1)n lan = k12

In view of Lemmd 2.l consider,

Oonn (1)n-1(a2)n—1--- (ap)n-1 a
; ( )‘(51%1(52% 1 (@;)n 1(Dny "
— 5| (o) 1(042)71 1 (ap)nt
D DL 17wt N T A BTG
- _ (\041|)n 1(laz])n-1 - - (lap])n-
< D B (Bl (D

n=2
00

(Ja1|)n-1(laa|)n-1- (|ap|)n—1
Z |51 n— 1(|52|)n 1- (|ﬁq|)n—1(1)n—2

n=

(|a Dn-1(l@z)na - - (Jap)n-1(2)n-1(1)n-1
(161 Dn-1(182Dn-1 - (!ﬂ D1 (Dn1(Dn—a(1)n—2

- (o) n—1(laz|)n-1 - - - (lap|)n-1(2)n-1
*Z 15 0ns (Bt - 0Byt (Dot (D

oo

2000y ... 3 (la] + Dns(foe] + Dz - - (Jap| + Dn-2(3)n-2(2)n-
BBy By | 4= (181] + Dna(|B2] + Dnz - (Iﬂ |+ Dn2(2)n-2(1)n—2(1)n—2

= (laau(oeDn- . (0D
2 B0 (D

200009 . ..

BBy --- By
+p+1Fq+1(‘a1‘ + 17 BRI ’ap’ + 1737 ‘ﬁl| + 17 sy |ﬁq’ + 1727 1)]

As the above expression is bounded abov%@( the result follows g

[
Mg

Il
V)

n

n=

proFypa(loa| + 1, .0 oy +1,3,2; |6, +1,..., |68, +1,2,1;1)

Theorem 2.6.Let f € S. Alsoq; > Oforalli =1,2,...,pand}_7_ |3, > >0, |ai| + 2.
Then the sufficient condition fdglg‘?’j_"'g"p(f(z)) ek—STis

20 ...«
(k+1)| =2 pii Py (on] + 1,0 oy + 1,318 + 1, |8, + 1,2;1)
4y ... 0,
+p+1F+1(|O./1| |ap|72; |ﬁl|’7|ﬁq|71a1) S 2
Proof. In view of Lemmd 2.B it is enough to prove that
N (@)1 ()t
[n—l—(n—l)k]' <1.
; Bnt - Bar W
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By Lemmg 2.1 we have,

g[n = 08|t EA Tt
s i[” 0 D et e,
= () S g et e
2 (R P T
S oo

(osDas . (apos
b+ D 5 s (B (Do

‘O‘l‘ n—1- (‘O‘p‘)nfl
*Z 13 Ts - 0B, (Do

_ - (|O‘1|)n 1- (|O‘p|>n 1(2>n 1
= D B (B D (D

(lox)n-1 - - - (Jop))n-1(2)n—1
+; (161 )n-1- (|ﬁq|)n—1(1)n—1(1)n_1

(Jea| + Dn—z - (lap] + Dn-—2(3)n—2
(|ﬁ1| +1)n—2...(‘ﬁq|+1>n 2( ) 2(1)n 2

|a1‘ |ap|) ( )n
*Z 180~ (B (DL

204 o
= (k+1) Bl ﬁp Fyo(lan] + 1,0 Jap + 1,38, + 1, B + 1,2;1)
! ¢ Ip+1
+p+1F+1(|a1| |ap|72; |ﬁ1|77|ﬁq|7171)_1

Since the above quantity is bounded abovd jesult is provedn

Theorem 2.7.Let f € S. Alsoa; > Oforalli =1,2,...,pand>_7_, |3 > >0, |ai| + 2.
Then the sufficient condition fcig1 ;‘2.’.'.";,"‘p(f(z)) € S5, is

P+1Fq+1(|a1‘7 R |Oép|,2; ‘ﬁ1|7 ) |5q|7 ]-7 1)
1 2@1 Ckp

By B,

Proof. In view of Lemmg 2.4, it is enough to prove that

Foa(loal + 1,000 o + 1,358, + 1, B, +1,2;1) < 2.
p+1

[ee)

(Q1)n-1- '(Oép)nl
D””‘”‘(@nm B (D™ =2
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By using Lemma Z]1 we have

o0

B (@1)n—1- (ap)n—l a
2+ 1)‘(5 ot Bomr (D ™

(Jorn—1 - (lap)n-1(2)n-1
AE:\m,nl B s (Do
(2

|041| n—1 - (lapl)n 1 )n 1
+§:|ﬁl 0D (Ds(Da

B (oD - (Jop)n (D
- AE: T3Dn 0B, Dn(Dn(L

20&1...0&1, > (6%} +1n—2~~- Ozp+1n_23n_2
2:((|| ) (lop] +1)n-2(3)

IN

+

Br By | 2 (B + Dos - (13, + Doa@a(Dos
= )‘[P+1FQ+1(|Q1|’ R |ap|72; |ﬁ1|a ce |ﬁq|7 L; 1) - 1]
200 ...«
+ ﬁl 617 p+1Fq+1(‘a1‘+1a'-'7|ap|+1>3;|ﬁl|+17--'7’ﬁq’+172;1)'
1'.' q

Hence the result follows, as the above expression is bounded abovaby

3. THE CLASSPM,(«)
Definition 3.1. [15] Let P be the class of all analytic function§z) = z + > ° , a,2" with
a, > 0. Letg(z) =z + 2, b,2" be a fixed analytic function it with b,, > 0,
for all n > 2. Define the clas® M, («) by,

ZU*@%@) }
PM,(a) := EPR|(—F | <a (I<a<3/2;z€eA
= {1 e P (T ( [z ed)
This class was introduced by Ravichandedial..

Lemma 3.1. [15] Let the functionf(z) = z + >~ , a,2" be inP. Thenf(z) € PM,(«) if
and only if

oo

Z(n —a)a,b, <a—1 (1<a<3/2).

n=2
Lemma 3.2. [4,6] Let the functionf(z) = z + > >~ a,z" is in the class: — UCV then the
following coefficient inequality holds true.

(P1>n71
n!

la,| <

(ne N—{1})

whereP, = P (k) is the coefficient of in the function

z)=1+ iPn(k:)z

which is the extremal function for the claB$p;) related to the class — UC'V by the range of
expression

2f"(2)
1+ 702) (z € A).
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Similarly for a functionf(z) = z + > °, a,2" belonging to the class — ST, the following
coefficient inquality holds true

] < S (e N - (1)

whereP; = Py (k).
Lemma 3.3. [7] If f € R"[A, B], then the following coefficient inequality holds true.

A—-B
la,| <

7.
Note that ifg(z) is also univalent then we have the following interesting sufficient conditions.

Theorem 3.4.Leta; > Oforalli =1,2,...,pand}"7_, 8, > 37 a;+2. Then the sufficient
condition forz, F,(z) € PM,(«) is
207 ..
(a — 1)51
+ ot F+1(a1,...,ap,2,51,.. B 1) =1 < 1
Proof. In view of Lemmg 3.]L it is enough if we prove

[p+1 i+ 1, a0+ 1,38, + 1,0, 8, +1,2;1)]

o0

—a (Oé1)n_1 e (ap)n_l o
;(n )(ﬁl)n—1 o (Bn1(1)n1 bp < 1.

By using Lemma 2]1 we have

IA
WE
3[0
B
¥

i Z n(al)n_l Ce (ap)n—l

Bl Bon (L
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2a
= ﬁ [p+1 +1(a1+1 ap+173?51+1776q+172ﬂ1)]
1-
+(a_1)[P+1Fq+1(a17"‘7051)72;517"'75(17 ) ) ]
As the above expression is bounded aboverby 1, the result follows g

Theorem 3.5.Letf € R"[A,B]anda; > 0forall i =1,2,...,pwith
_,B; > >_%, a; + 1. Then the sufficient condition fo}gl‘” 57(f(2)) € PMy(a)is,

A— B)|r
( )| |[p+1 Fop(on, .o, 0p,2,6,,...,8,,151)
- OéPFq(alw"JOép;ﬁlw”76q;1)+ ]S]-

Proof. In view of Lemmg 3.1L it is enough to prove that

o0

n — « (Oél)n_l ce (ap)n—l . L
;< )(ﬁl)n_1 o (ﬁq)n—l(l)n_l nbn < 1.

By using the coefficient estimates of the clasSesd R"[A, B], we have

[e.9]

> (n—a)g 51§fi)17.1 wqg%)? o
< gm o) wqgjp?(l o
= (A-DB)7| g " 51()ji)1n._.1 (@gfﬂg;n—l
o
- - [ e

o () (@)
2 B w)n(l)n]

= (A B)|T|[p+1 -I-l(ala"'>Oép72;ﬁl7"'7ﬁq7 ; )
_O‘qu<O‘17 e 70%517 s 7/8(]; 1) + a].
The above expression is bounded aboveby 1. Hence the result follows

Theorem 3.6.Letf € k — UCV anda; > 0foralli =1,2,...,p
with >2%_, 3; > 3"V, a; + P1. Then the sufficient condition fofg“o“2 5P(f(2)) € PMy(a)is,

Oél...Oé.Pl
(51”.2 ) priFgr(a+1,. 0+ L, P+ 158, +1,...,8,+1,2;1)

+(1_Oé)[l7+1 +1(0417--->Oép7pl;ﬁl7" ﬁqa ; ) ]<Oé—1
Proof. In view of Lemmd 3.1L it is enough to prove that

00 o (Oél)n_l - (ap)n—l . o
nZ:;( )(51)11_1 e (ﬁq)n—1<1)n—1 nbn < 1.
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In view of Lemmd 2.l and Lemnia 3.2 we have

—« (a1)n-1---(ap)n1 u
;(n )(ﬁ1>n71 (ﬂq)nfl(l)nfl nbn
- —a (Oq)n—1'~-(0%)n—1 n(}ﬂ)n_1
: ;(n )(ﬁ1)n—1 SR (ﬁq)n—l(l)n—l n!
Sy (@)t (0p)u 1 (P
< ;(n )(ﬁl)nfl o (ﬁq)nfl(l)nfl(mnfl

_ n— o (al)n—l e (ap)n—l(Pl)n—l
;< )(ﬁl)n_l o (Bn-1(D)n—1 (1)1

& (41— ) (@) (ap)a(P)n
“%2 B - BynWn(1)n
(

> ay P1
B 22(( Dn - (0p)a(P)a

W (@1)n - - (@p)n(P1)n
+ E:x%% ><>u»

P\ = (a1 D (0 + 1)y (P4 1)
- () E

n=1 ﬁl + 1 (5 + 1)71—1(2)71—1(1)71—1
S ap)n(Pl)
+(1—
“;; Ba(Ln(1)n
- (M) iyl +1,. 0+ L, P+ 18, + 1., 8, +1,2;1)
B,... 5,

+(1_a)[p+1Fq+1(ala--~7O‘p7pl§51,~~aﬂqa ;1) —1].
Since the above expression is bounded above byl, the result follows g

On similar lines we have the following theorem, the proof of which is omitted.

Theorem 3.7.Letf € k — ST anda; > Oforalli =1,2,...,p
with 379, 3, > >0, a; + Pr + 1 thenl 5> gp(f(z)) € PM,(w), if

2041...0[pP1

BB,
+(1 — a)[proFysa(ar, ... ap, P, 26y, 3,1, 1:1) — 1] < a— 1.

q’ I I

p+2Fq+2<a1+17--‘7ap+17P1+173;ﬁ1+17-”7/6q+17272;1)
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