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ABSTRACT. Inthis article, Hermite-Hadamard’s inequalities are extended in terms of the weighted
power mean and log-convex function. Several refinements, generalizations and related inequali-
ties are obtained.
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1. INTRODUCTION

Let f(x) be a convex function on the closed interkal|, the well known Hermite-Hadamard’s
inequalities are expressed as

(1.1) f(a;b)gbia/abf(x)dmgw.

The middle term of inequality1) is called the arithmetic mean of the functigiiz) on the
interval [a; b]; the right term irf1) is the arithmetic mean of numbgis) and f(b).

It is well known that Hermite-Hadamard’s inequalities are an important cornerstone in math-
ematical analysis and optimization. There exists a very extensive literature on its refinements
and generations, please refer(to 1,12, 3,10, 11] and the references therein.

In 1976, the generations of Hermite-Hadamard’s inequalities were obtained ky arabi
Lackovi¢ [15] and Lupag[9]:

Theorem A. Letp, g be given positive numbers angd < a < b < b;. Then the inequalities

b 1 M+y b
12) s (pa+q ) < _/ Fo)de < pf(a) +qf ()
p+q 2y Sy p+q
hold for M = pgj:gb, and all continuous convex functiorfis [a, b;] — R iff

<P in {p.g)
y_—mln p,q .
p+q

If p=qg=1andy = b*T“ (1.2) are the Hermite-Hadamard’s inequalities.
In 1998, S. S. Dragomir and B. Mond [4] proved that

Theorem B. Let f : I — [0, 00) be a log-convex mapping dna,b € I witha < b. Then we
have

@3 Ay < [ G S+ b o) de < Glfa). 7))

where A is arithmetic mean(z geometric mean and an interval of real numbers. In what
follows, I will be used to denote an interval of real numbers.

Log-convex function is defined in[12, p.7] and presented as :

Definition. A functionf : I — [0,00) is said to belog-convexor multiplicatively convexif
log f is convex, or, equivalently, if for all, y € I andt € [0, 1] one has inequality:

(1.4) flta+ (1 —t)y) < [f@)][f )]

Sincef = exp(log f), it follows that a log-convex function is convex, but the converse may
not necessarily be true [12, p.7]. Following directly from {1.4), by the arithmetic-geometric
mean inequality, we have

(1.5) OIS < tf(E) + (1 =) f(y)
forall z,y € I andt € [0, 1].

Moreover, in 1999, weighted power mean was defined by Jeong Sheok Vme and Young Ho
Kim [8| p. 49] as

M,(r;a,b) = [ra® + (1 — MPIYP (0<r<1)

fora,b>0,p#0.

Letp = 1. Then

Mi(r;a,b) =ra+ (1 —r)b 2 A(r;a,b)
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is weighted arithmetic mean, and jet= 0,
My(r;a,b) = lir% M,(r;a,b) = a"b"" = G(r;a,b)
p%

is weighted geometric mean.

In 1998, Feng QIil[13] proved that the weighted power m&Aiir; a, b) is increasing in both
p andr and in botha andb. For more information about weighted power mean please see
[13,[14].

In this paper, motivated by S. S. Dragomir’s results, we will use weighted arithmetic mean
and weighted geometric mean to extend the Hermite-Hadamard’s inequalities. Some new in-
equalities will be deduced.

Theorem 1. Let f : I — [0, 00) be a log-convex mapping dn anda, b € I witha < b. Then
we have two inequalities:

@8 A< 5 [ Ar ), 24 - mlde < A ), 0]

for M = ”Z%Z” andy < %% min {p, ¢};

W7 flAGab) < — a/ alr (a+b—2)]dz < Gl f(a), Fb)],
wherer = Iﬁq andp, g are posmve numbers.

Corollary 1. If a,b € I with0 < a < b and f is nondecreasing on, we get

(1.8)  fIG(r;a,b)] < —/ fla+b—z)de < Glr; f(a), f(b)],
where) < r <1.

Corollary 2. Letg : I — R be a convex mapping ahanda,b € I with0 < a < b. Then we
have

b
(1.9) glA(r;a,b)] <In {b ! / exp [Alr;g9(z), g(a + b —z)]] dz

—Qa @

< Alr; g(a), g()],
where) <r < 1.

The following theorem for log-convex functions also holds.

Theorem 2. Let f : I — (0,00) be a log-convex mapping dn 0 < r < 1 anda,b € I with
a < b, then we have

(1.10) FlA(r;a,b)] < exp LL /M+y In f(z) dﬂc}

Yy M—y
1 M+y
< — G[f(x), f2M —z)] d
2y M—y
1 M4y
— r)dx
<o ), I

< LIf(M —y), f(M +y)],
whereM = ra + (1 — r)b and the logarithmic mea#h(p, q) = 2

Inp—Ing”
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Corollary 3. Letg : I — R be a convex mappingoh 0 < r < 1anda,b € I witha < b,
then we have

1 M+y
(1.112) exp g[A(r;a,b)] < exp [@ /M g(x)dx}

< 1 exp {g(fﬁ) +g(2M — 1’)] d
2y M—y 2
1 M+y

< @ - expg(x)dx

< E[f(M —y), f(M+y)].

whereM = ra + (1 — r)b and the exponential meaki(p, q) = —eng:Zqu_

X

2. PROOFS OF THEOREMS
Proof of Theorer|1lIt is clear that
M4y M4y
/ f(x)dx:/ f2M — x)dx.
M—y M—y

Applying A(r; a, b) = ra+(1—r)bwithr = S to inequality(1.2), we obtain the inequalities

(1.8) immediately.
Sincef is log-convex, we have

flta+ (1 =1)b] < [f(a)]'[f ()],

It =t)a+0b] < [f(a)] ' [f(D)]"
forallt € [0,1].
If we multiply the above inequalities and take weighted geometric mean, we obtain

G[r: f(ta+ (1~ t)b). f(1 — t)a + th)] < G[r: f(a), ()

forallt € [0,1].
Integrating this inequality on [0,1], we get

/0 Glr; f(ta+ (1= )b), f(1 — t)a+ th)] dt < G[r; f(a), F(B)].

If we change the variable := ta + (1 — ¢)b, t € [0, 1], we obtain

b
[ Gl -] de

/1 Glr; f(ta+ (1= t)b), fF(1 —t)a+th)] dt =

and the second inequality in (1.7) is proved.
Let us reconsider the generalization of Hermite-Hadamard’s inequditiés (1.2). Applying the
log-convex functiong : I — [0, ) to (1.2), we have

pa+gb 1M pln f(a) +qln f(b)
ln[f(wq)}gﬂ/ﬂu i f{z)de < pta |

Hence, we get

(2.1) f (p‘”qb) < exp [2i / o 1nf<x>dx} < "/ F@r O

p+q Y M—y
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From inequality[(Z2.]1), we have

f (’M> < "R/Fla)rf(B)

p+4q
foralla, 3 € 1.
If we choosex = ta + (1 — t)b, 5 = (1 — t)a + tb, then we get the inequality

(2.2) flIA(r; a,b)] < Glr; f(ta+ (1= 1)b), f((1 = t)a + tb)]

forallt € [0,1].
Integrating this inequality] (2}2) off), 1] overt, we obtain the first inequality in (1.7). The
theoren L is proved completely.

Proof of Corollary[1. Sincef is nondecreasing oh andA(r; a, b) > G(r; a,b), we get
JTA(r;a,b)] = fG(r;a,0)].
So the inequalitieg (1.8) hola.

Proof of Corollary{2. Define the mapping’ :— (0,00), f(z) = expg(z), which is clearly
log-convex onl. Using theorem]1, we obtain

b
exp g[A(r;a,b)] < bL/ Glr;expg(x),expg(a+b—x)|dx
—a ),

< G[r;exp g(a), exp g(b)].
By taking the logarithm in both sides, we get the inequalifies (29).

Proof of Theorem|2The first inequality is proved in (2.1).
We now have

Glr; f(z), f(2M — z)] = exp {111 (G(r; f(x), f(2M — 2)))

forall z € [a, b].
Integrating this equality oz, b] and using the well known Jensen’s integral inequality for
the convex mapping exp(.), we have

1 M+y

E - G[r;f(x),f(QM — a:)} dz
1 [M+y

= % v exp [ln (G(r; f(z), f(2M — :r;)))} dz

r 1 M+y

> exp % ) In (G(r; f(z), f(2M — z))) dx}
iy

= exp 2_y v A(r;f(x),f(QM — x)) dx}
(1 M+y

= exp % . lnf(x)dx] :

Since it is obvious that

M+y M+y
/ lnf(x)dx:/ In f(2M — z)d=z,

M—y M-y

the second inequality ifi (1.]LO) is proved.
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By the monotonicity of weighted power mean, we have the inequality
Glri f(x), f(2M — z)] < Alr; f(z), f2M — z)]
for z € [a, b]. By integration, we obtain

1 M+y 1 M+y
(2.3) | Gf).feM —a)]de< o [ fa)da

2y M—y 2y M—y
and the third inequality (1.10) is proved.
To prove the last inequality, we use the log-convexity off hus, we have

(2.4) FIEM —y)+ (1 =) (M +y)] < [f(M =)' [f(M + )]

forallt € [0,1].
Integrating [(2.4) ovet on [0, 1], we get

@8 [ Fh0r—y+a-n0r]ars [ FOr— o g

As we know,

/0 fIR(M —y) + (1 —8)(M +y)| dt
and

/0 FOM = )P [F(M + )]t dt = LLF(M —y), (M +)].

Applying these two equations to the inequallty {2.5), we obtain the fourth inequality.
The proof is completeg

Proof of Corollary3. Using the same method of proof of theorein 2 witlp g(z) instead of
f(z), we obtain the inequalities (1]11). The details will be omitted.
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