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ABSTRACT. In this present investigation, the authors obtain coefficient inequality for certain
normalized analytic functions of complex ordgfz) defined on the open unit disk for which

1+ 3 [% — 1] (0 < a < 1andb # 0be acomplex numbgties in a region
starlike with respect to 1 and is symmetric with respect to the real axis. Also certain applications
of the main result for a class of functions of complex order defined by convolution are given.
As a special case of this result, coefficient inequality for a class of functions defined through
fractional derivatives is obtained. The motivation of this paper is to give a generalization of the

coefficient inequalities of the subclasses of starlike and convex functions of complex order.
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1. INTRODUCTION

Let.A denote the class of analyticfunctionsf(z) of the form
(1.1) f(z):z+2akzk (zeA:={zeC:|z| <1})
k=2

andS be the subclass ofl consisting of univalent functions. Lefz) be an analytic function
with positive real part om\ with ¢(0) = 1, ¢’(0) > 0 which maps the unit disk onto a region
starlike with respect to 1 which is symmetric with respect to the real axisS'i(et) be the class
of functions inf € S for which

2f'(2)
f(2)

andC'(¢) be the class of functions ifi € S for which

2"(2)
f'(z)
where< denotes the subordination between analytic functions. These classes were introduced
and studied by Ma and Mindal![5]. They have obtained the Fekete-Szeg6 inequality for the

functions in the clas§’'(¢). Sincef(z) € C(¢) if and only if zf'(z) € S*(¢), we get the
Fekete-Szeg0 problem for functions in the cla%&p).

For a brief history of Fekete-Szeg6 problem for the class of starlike, convex and close-to-
convex functions, see the paper by Srivastava et al. [9].

Very recently Ravichandran et al.| [8] introduced the following classes of functions involving
complex order.

< ¢(z), (z€A)

1+ < ¢(2), (z€A),

Definition 1.1. Letb # 0 be a complex number. Let(z) be an analytic function with positive
real part onA with ¢(0) = 1, ¢'(0) > 0 which maps the unit disk onto a region starlike with
respect tal which is symmetric with respect to the real axis. Then the cf§$s) consists of

all analytic functionsf € A satisfying

1+ % (Z}f(,g) - 1) < 6(2).

The clasg”,(¢) consists of functiong € A satisfying

L2f"(2)
e

They have obtained the Fekete-Szeg6 inequalities for functions in these classes.

< ¢(2).

Motivated by the aforementioned works, we obtain the coefficient inequality for functions of
complex order in a more general class, ,(¢) which we define below. Also we give applica-
tions of our results to certain functions defined through convolution (or the Hadamard product)
and in particular we consider a cIa%Q’b(ng) of functions defined by fractional derivatives.
The motivation of this paper is to give a generalization of the coefficient inequalities of the
subclasses of starlike and convex functions of complex order obtained Ravichandranl et al. [8].

Definition 1.2. Letb # 0 be a complex number. Let(z) be an analytic function with positive
real part onA with ¢'(0) = 1, ¢’(0) > 0 which maps the unit disk onto a region starlike with
respect to 1 which is symmmetric with respect to the real axis. Then theMags)) consists
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of all functionsf € A satisfying

L[ 2f'(z) +a2?f"(z)
b [(1—a)f(z) + azf'(2)
For fixedg € A, we define the clasa/] ,(¢) to be the class of functiong € A for which
(f *x9) € MZ,(9).

To prove our main result, we need the following :

1+ < ¢(z) (0<a<l).

Lemma 1.1.[8] If p(2) = 1 + ¢12 + 2% + - - - is a function with positive real part, then
ez — pei| < 2max(1, 200 — 1[}
and the result is sharp for the functions given by

1+ 22 _1+z

1_227 p(’Z)_l_Z

p(z) =

2. COEFFICIENT PROBLEM
Our main result is the following :

Theorem 2.1.Let¢(z) = 1+ Biz + Bez? + B3z® + ---. If f(z) given by[(L.]L) belongs to
M, (¢), then
By |b] B 2u(1 + 2a)
_ a2l < 2P =22 e Sl
laz — paz| < 20+ 20) max{l,' + (1 1 1a) bB| ¢ .

The result is sharp.
Proof. If f(z) € M,(¢), then there is a Schwarz functiar =), analytic inA with w(0) = 0
and|w(z)| < 1in A such that

1 z2f'(2) + az?f"(2) B
@1 e e R
Definep, (z) by
(2.2) pl(z):it—zgi;:1+clz+02,z2+..._

Sincew(z) is a Schwarz function, we see thatp, (z)) > 0 andp,(0) = 1. Define the function
p(z) by

g [ 2@ e ) ] b
In view of equations (2]1)[ (2.2), (2.3), we have
A= p(z) — 1)
o9 =0 ()
Since

2)—1 1 e c3
TR S CHERCR RS
1

and therefore

—1 1 1 2 Byc?
¢(%%%H):1+5&“”%b&(@‘ﬁ)+‘&}*+”“
1
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from this equation[(2]4), we obtain

(25) b= 20
2
1 1 1
(26) bg = 5 (Bl (CQ — 56%)) + ZBQC%.
from the equation (2]3), we obtain
bb,
2.7 -t
(2.7) az 1+ &),
212
(2.8) a3 = M
2(1 4+ 2a)
By applying [2.5),[(2.6) in[(2]7) an@l (2.8) we have
b3101
Ay = s
2(1+ )
2
aw = B2 G _ppe up g

4(1+2a)  8(1+20)
Therefore we have
bB;

(29) as — /LCZ% = m |:CQ - UCﬂ
where . 5 2u(1 + 20)
B B G sk
U—Q[l Bl+{ (+a) 1]()31}

Our result now follows by the application of Lemina]l.1. The result is sharp for the function
defined by

V[ r@+ae)
d T {(1—a)f(2)+042f’(2> 1] o)
an - 1 [ 2f'(2) + a2 f"(2) _ 1] = ¢(2).
b (1—a)f(z)+azf(z)
|

Fora =1, in Theorenj 2.1 we get the result obtained by Ravichandran ét al. [8].

Corollary 2.2. Let¢(z) = 1 + Byz + Byz? + Byz® + ---. If f(2) given by[(1.]) belongs to
S;(¢), then

For a special case = 0, Theorenj 2.1 reduces to another result obtained by Ravichandran et
al. [8].

Corollary 2.3. Let¢(z) = 1 + Byz + Byz? + Byz® + ---. If f(2) given by[(1.]) belongs to

Cy(¢), then
BQ 3/,6

By
— 1—2u)bB

Bilb
|ag — pas| < 12| ’maX{l;
1

The result is sharp.

Blb
3 — pa) < 21 ’max{l;

The result is sharp.
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Example 2.1. By takinga = 0, b = (1 — f)e " cos), ¢(z) = 1=, we obtain the following
sharp inequality for\-spirallike functionf(z) of order j;

1— A 4 2u(l +2
ﬂma}({l, e 49 (1 — M) (1 — B)cosA
3. APPLICATIONS TO FUNCTION DEFINED BY FRACTIONAL DERIVATIVES

|as — paj| <

1+ 2« (1+a)?
This result was obtained by Keogh and Merkes [4].

In order to introduce the clasd} ,(¢), we need the following :

Definition 3.1. (seel[6]7]; see also [10, 11]) Lé¢t =) be analytic in a simply connected region
of the z-plane containing the origin. The fractional derivativefadf order\ is defined by

where the multiplicity of(z — £)* is removed by requiring thasg(z — &) is real forz — £ > 0.

Using the above Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [6] introduced the opefator4 — A defined by

(P )(2) =T(2 =N D2 f(2), (AN#2,3,4,...).
The class\M}} ,(¢) consist of functiong” € A for which Q*f € M, ,(¢). Note thatM{,(¢) =
Sy (¢) and M ,(¢) is a special case of the clasg] ,(¢) when

(3.1) +Z n;;-lu— ))\)z”.
Let .

9(2) =2+ gn?" (gn>0)
Since 7:2

flz) =2+ Zzanz” e M?,(¢)
iff

F(2) % g(z) = 24 ) gnanz" € May(9),

n=2
we obtain the coefficient estimate for functions in the clag$, (¢), from the corresponding
estimate for functions in the clagg,, ,(¢). Applying Theoren.l for function

f*9(2) = 2+ grap2® + gsazz® + ...,
we get the following theorem after an obvious change of the parameter

Theorem 3.1. Let the functions(z) be given bys(z) = 1+ Byz + Byz? + B3z® + - - If f(2)
given by (1.1L) belongs /7 ,(¢), then

Bi|b
lag — pas| = ¢max 1,
2(1 4 2a)gs

The result is sharp.

By 2u(1 + 204)9;;)
41— LT g
By ( (14 a)%g 1
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Since
() +Z n—i—l—)\) =
we have
_rEere-x 2
(32) PETTEoN 2=
(3.3) . PArEe-» _ 6

I'(4—M\) 2=XB-=X)
for g, andgs given by [3.2) and (3]3), Theorgm B.1 reduces to the following :

Theorem 3.2. Let the functions(z) be given by)(z) = 1+ Byz + Byz? + B3z® + -+ - If f(2)
given by|[(1.]l) belongs t1/ ,(¢) then

2—N)(3—

2=NE-NBI
12(1 + 2a)
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