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1. INTRODUCTION

In 1966, J. B. Diaz and F. T. Metcalf![3] proved the following reverse of the triangle inequal-
ity:
Theorem 1.1(Diaz-Metcalf, 1966) Leta be a unit vector in the inner product spac¥; (-, -))

over the real or complex number fidil Suppose that the vectorse H\ {0},i € {1,...,n}
satisfy

(1.1) ogrgw, ie{l,...,n}.
T
Then
(1.2) ey el <Yl
=1 1=1

where equality holds if and only if

(1.3) sz =r (Z ”%H) a

In an effort to find other sufficient conditions for the vectets. .., z,, such that a reverse
of the generalised triangle inequality would hold, S. S. Dragomir obtained in [4] the following
results:

Theorem 1.2(Dragomir, 2004) Leta be as in Theorerth 1.1 ande (0,1). If z; € H, i €
{1,...,n} are such that

(1.4) |x; —al| <p foreachie {1,...,n},
then

(15) VI=2 Y il <

with equality if and only if

(1.6) Z% =V1-p? <Z ||=’7Uz”) a

Theorem 1.3(Dragomir, 2004) Leta be as above and/ > m > 0. If z; € H,i € {1,...,n}
are such that either

1.7) Re (Ma — x;,x; —ma) >0
or, equivalently,

9

n
>
i=1

1
holds for each € {1,...,n}, then
: <
(1.9) m_|_MZHxZH sz )
with equality if and only if
_ 2vVmM [ <
(1.10) ;x =— (; H%H) a
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The aim of this paper is to provide refinements for the inequalifies (1.5)[and (1.9) under
slightly more general assumptions for the vectors involved. . , x,,. Applications in the spirit
of Wilf [9] for polynomials with complex coefficients are also given.

For some classical results concerning reverses for the generalised triangle inequality, see [6],
[7] and the Chapter XIII of the book[8]. For recent results, see [1], [2] ahd [5].

2. REVERSES OF THE TRIANGLE INEQUALITY
The following result holds:

Theorem 2.1.Let(H; (-,-)) be areal or complex inner product spagez K (C,R) andy > 0
suchthatg| > ~.Ife,z; € H, j € {1,...,n} are such that|e| = 1 and

(2.1) |lz; — Bell < (I8]* =~%)* foreachj e{l,...,n},
then
18]

22) ZH i < 2 <Z > < 2w

The equality holds in all inequalities fromn (2.2) simultaneously if and only if

(2.3) |zl =~ foranyje{l,...,n}

and

(2.4) -
; |ﬁ|

Proof. The condition[(2.]L), on taking the square, is equivalent to

(2.5) ||:lrj||2~|—72 < 2[RefRe(xj,e)+ImBIm (z;,e)
for anyj € {1,...,n} with equality if and only if the equality case holds [n (2.1) fpre
{1,...,n}.
Since
(2.6) 2|z < |lz;]|> +~° foreachj e {1,...,n}

with equality iff ||z;|| = v for j € {1,...,n}, hence, by[(2]5) andl (3.6) we have
Re BRe(z;j,e) + Im BIm (z;, e)
Y

with equality iff the case of equality holds in (2.1) affd;|| = v for j € {1,...,n}.
Summing[(2.J7) ovey from 1 to n we get

Re S Re <Z?:1 z;, e> + Im 3Im <Z;":1 z;, e>
Y

(2.7 |z < for je{l,...,n}

(2.8) >yl <

with equality if and only if the equality case holdsfin (2.1) foregeh {1, ..., n} and|z;| = ~
foreveryj € {1,...,n}.
Utilising the Cauchy-Buniakowsky-Schwarz inequality

(m? +p*) (M? + P?) > (mM +pP)*, m,p,M,P €R
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with equality if and only ifpM = m P, we can state that

(2.9) Re 3 - Re <ixj,e> +Im 3 - Im <il‘j,€> < |7 ‘<i%ﬁe>|
j=1 J=1 J=1

with equality iff

(2.10) Re () - Im <Zn:xj,e> =1Im(B) - Re <i:xj,e> .

Making use of the elementary fact that

ly = {y.e)el” = lyll* = Ky e,
wherey € H ande € H with ||e|| = 1, we deduce, foy = > 7, z;, that

(2.11) ‘<i%>€> ixj

with equality if and only if

(2.12) ij = Z (xj,e)e.

j=1

<

Now, by (2.8), [(2.P) and (2.11) we deduce the desired inequality (2.2).

Further, if [2.3) and[(2]4) hold true, then, obviously, the equality case is realised simultane-
ously in all inequalities fron (2]2).
Conversely, if the case of equality is realised in both inequalitigs i (2.2), it must hold in all

the inequalities used to prove them. Therefdre,|| = ~ for eachj € {1,...,n}. Moreover,
we must have

1
(2.13) lz; — Bel = (I8]* —=~%)*  forany j e {1,...,n},

and {2.1p) and (2.12). Squarir{g (2.13) and utilising|(2.3) we dethude’ (z;,¢)] = +* for

eachj € {1,...,n}, which is clearly equivalent to
(2.14) ReB-Re(zj,e) +Im 3 - Im (z;,e) = >
for everyj € {1,...,n}. Summation ovey from 1 to n in (2.14) produces

(2.15) Re - Re <ij,e> —|—Imﬁ-1m<2xj,e> = ny2

J=1 J=1

A simple calculation shows that the equatidns (R.10) and|(2.15) give

(2.16) Re <ij,e> :n72,RL26 and Im <ij’€> — 2 %7
J=1 |ﬁ| j=1 |ﬁ|

which, by [2.12) imply[(2.]4).

The proof is completeg

The following corollary may be stated.
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Corollary 2.2. Let (H;(-,-)) be as above and, A € K (C,R) such thatRe (Ad) > 0. If
e,x; € H,j € {1,...,n} are such that either

(2.17) Re (Ae —z;,x; —de) >0 foreachj e {1,...,n}

or, equivalently,

(2.18) xj—(sJ;A~e <%|A—5| foreachj e {1,...,n},
then
1 |A+94 1 A+ |
(2.19) ZH%! 5 1249 <Zﬂf > <5 |—|, Z%H
R( Re(A5) j=1

The equality holds in all inequalities (2]19) simultaneously if and only if

(2.20) |z;|| = y/Re (AS) foreachj e {1,...,n}
and

2 (A + 6) Re (AS
(2.21) —Z Lii’e( ).

Proof. Let 3 := 2+ andy = [Re (A(?)]% . Then itis clear thal3| > v and applying Theorem
[1.7 for these ch0|ces we deduce the desired regult.

Remark 2.1. If A = M >m = ¢ > 0, then [2.1B) provides a refinement pf (1.9).
Another particular case of interest is incorporated in the following corollary:

Corollary 2.3. Lete € (0,1). If e,z; € H are such thatle| = 1 and

(2.22) |z; —e]| <e foreachje {1,...,n},

|

The equality holds in all inequalitief (2]23) simultaneously if and only if

then

(2.23) Z ||| < ———

(2.24) |z;|| = V1 —¢2 foreachjc {1,...,n}
and
(2.25) —ij = (1-¢?%)

The proof is obvious by Theor.l on choosihg 1 andy = 1 — &2.
Remark 2.2. The above Corollary 2|3 provides a refinement of the result in Thejorgm 1.2.
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3. APPLICATIONS FOR POLYNOMIALS

In 1963, H. S. Wilf obtained the following inequality of arithmetic mean — geometric mean
type for complex numbers:

Theorem 3.1(Wilf, 1963). Suppose the complex numbeysatisfy

(3.1) |argzi|§@/)<g, i=1,...,n.
Then
1 1

(3.2) 21202l < (s00¥) ~ |21 + o + 2l
unlessnisevenant; = --- = z,2 = Z(nj2)41 = " = Zp = re’ (r > 0), in which case
equality holds.

Let
(3.3 P(z)=ay+az+- - +at"=a,(z—21) (2 — zp)
be given, where,, . .., z, are the zeros oP (z) .

Utilising Theorenj 3.JL, Wilf proved the following interesting inequalities for the polynomial
P(z).

Theorem 3.2 (Wilf, 1963). Let z be a point from which the convex hull of the zeros of the
polynomialP (z) subtends an anglgy) < =. Then

(3.4) [P (2)] > nlan|™ |P(z)|n% cos 1.
If p denotes the distance froato the centre of gravity of the zeros Bf(z) , then
(3.5) [P (2)] < lan| (psecp)”.

Now, utlising the well-known arithmetic mean - geometric mean inequality

1
n 2 1 n
3.6 i < - i i >0,1e{l,..., ,
(3.6) (ga > < ;a a i€{ n}
with equality if and only ifa; = - - - = a,,, we can state the following result.
Theorem 3.3.Let(H; (-,-)), 8,v,eandx;, j € {1,...,n} be asin Theorefn 1.1. Then

n n /6 1 n
(3.7) (H H%\I) <l Ls,

=1 R
with equality if and only if[(2]3) and (2.4) hold true.

Remark 3.1. It is obvious that the inequalitie§ (2]19) arnd (2.23) can generate the following
multiplicative weaker versions

& "1 A+
. : < . =
(3.8) (LII H%H) <3 =

providedz;, e, § andA satisfy the hypotheses of Corolldry P.2; and

(3.9) lz;l] | < -z
H : | Z :
wherez;, e ande satisfy the hypothesis of Corollary 2.3.

Y

5|

J=1

)
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If one is interested to state a Wilf-type inequality for the arithmetic mean — geometric mean
of complex numbers as ifi (3.2), then one can obtain the following result:

Proposition 3.4. Leté € C with || = 1 ande € (0,1) . If uy,...,u, € C are such that
(3.10) lu; —¢| <e foreachje {1,...,n}
then

1
n

1
(3.11) < —

n
I
j=1

n
>
n 4 !

J=1

with equality if and only if

(3.12) luj| = vV1—¢e2 foreachj e {1,...,n}
and
(3.13) %;uj =(1-€)¢
Now, applying Proposition 3|4 to the complex numbers
1 1
z—z Tz 2y,

and proceeding as in Wilf’s paper, we can state the following result:

Proposition 3.5. Let P andz, .. ., z, be as above. If € Cis such that fog € C with |¢| = 1
ande € (0,1),

(3.14) ! —§’§5 foreachk € {1,...,n},
Z — Zk
then
(3.15) 1P (2)] > nlan|" VI—2|P (2)|"7
with equality if
1
|z — 2, :\/1—_752 foreachk € {1,...,n}

and )

1 P(z) 9

n P(z) (1-<)¢

Finally, if one applies Propositign 3.4 to the complex numbers
Z = 2y B = Zn,y
then one can state the following result:

Proposition 3.6. Let P and z, ..., z, be as above. It € C is such that there exists € C,
€| = 1ande € (0,1) with

(3.16) |z — 2z, — & <e foreachk e {1,...,n},
then

az] 1|
3.17 P)|l<——|z—— z
(3.17) PEIS g [
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The equality holds irf (3.17) if and only if

|z — 2| =vV1—¢? foreachk e {l,...,n}

and

1 n
z:Esz—i—(l—g)ﬁ.
k=1
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