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1. I NTRODUCTION

LetKH(p) denote the class of functions of the form

(1.1) f(z) = Az−p + k(z) + 2F1(a, b; c; z)−
2p∑

k=p+1

tk−p−1z
k−p−1

whereA > 0, p ∈ IN, k(z) = z
(1−z)2

is the Koebe function and

(1.2) 2F1(a, b; c; z) =
∞∑

n=0

(a)n(b)n

(c)nn!
zn

(
(a)n =

Γ(a + n)

Γ(a)
, c > b > 0, c > a + b

)
is the Gaussian hypergeometric function and

(1.3) tq =

(
q +

(a)q(b)q

(c)qq!

)
all the members of this class are analytic in the punctured diskD∗ = {z : 0 < |z| < 1}.

Definition 1.1. A functionf(z) belonging toKH(p) is said to be in the classKH∗(p, q, λ, α, β)
if it satisfies the condition

(1.4)

∣∣∣∣ zp+q+1f (q+1)(z) + Ab

λzp+q+1f (q+1)(z)− Ab + (1 + λ)αAb

∣∣∣∣ < β

for some0 < α ≤ 1, 0 ≤ λ ≤ 1 and(q = 0 or q = 2t), b = (p+q)!
(p−1)!

. For eachf(z) ∈ KH(p)

(here and through this paper) by direct calculation we have

(1.5) f(z) = Az−p +
∞∑

n=p

tnz
n

wheretn defined by (1.3) and

(1.6) f (j)(z) = (−1)jA
(p + j − 1)!

(p− 1)!zp+j
+

∞∑
n=p

n!

(n− j)!
tnz

n−j.

A functionf(z) ∈ KH(p) is said to be meromorphically multivalent starlike if

Re

{
− zf ′

f(z)

}
> 0

and meromorphically multivalent convex if

Re

{
−
(

1 +
zf ′′

f ′

)}
> 0.

Motivated by the recent work of H. Irmak and S. Owa [1], S. Shams and S. R. Kulkarni [3]
in the present paper we discuss some interesting properties of the classKH∗(p, q, λ, α, β) such
as radii of starlikeness and convexity, distortion theorem, extreme points, convolution, integral
operator and etc.
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2. M AIN RESULTS

For our main results we need the following lemma that has been proved in [2].

Lemma 2.1. Letf(z) ∈ KH(p), thenf(z) ∈ KH∗(p, q, λ, α, β) if and only if

(2.1)
∞∑

n=p

n!

(n− q − 1)!
(1 + λβ)tn ≤ β(λ + 1)Ab(1− α).

Now we find distortion bounds forf (q+1)(z) whenf(z) ∈ KH∗(p, q, λ, α, β).

Theorem 2.2.Letf(z) ∈ KH∗(p, q, λ, α, β) then for|z| = r

A(p + q)!

(p− 1)!

1

rp+q+1
− rp−q−1β(λ + 1)Ab(1− α)

1 + λβ
≤
∣∣f (q+1)(z)

∣∣
≤ A(p + q)!

(p− 1)!

1

rp+q+1
+ rp−q−1β(λ1(Ab(1− α)

1 + λβ
(2.2)

Proof. Let f(z) ∈ KH∗(p, q, λ, α, β). In view of above lemma we have

(2.3)
∞∑

n=p

tn ≤
β(λ + 1)Ab(1− α)(p− q − 1)!

p!(1 + λβ)

Thus ∣∣f (q+1)(z)
∣∣ =

∣∣∣∣∣(−1)q+1A
(p + q)!

(p− 1)!zp+q+1
+

∞∑
n=p

n!

(n− q − 1)!
tnz

n−q−1

∣∣∣∣∣
≤ A

rp+q+1

(p + q)!

(p− 1)!
+ rp−q−1 p!

(p− q − 1)!

∞∑
n=p

tn.

Now, making use of (2.3) we obtain∣∣f (q+1)(z)
∣∣ ≤ A(p + q)!

(p− 1)!

1

rp+q+1
+ rp−q−1β(λ + 1)Ab(1− α)

(1 + λβ)
.

Also

|f (q+1)(z)| ≥ A(p + q)!

(p− 1)!

1

rp+q+1
− rp−q−1β(λ + 1)Ab(1− α)

(1 + λβ)

which proves the assertion of Theorem 2.2.

3. RADII OF STARLIKENESS AND CONVEXITY

In this section we find radii of starlikeness and convexity for the classKH∗(p, q, λ, α, β).

Theorem 3.1. If f(z) ∈ KH∗(p, q, λ, α, β) thenf(z) is meromorphically multivalent starlike
of orderν(0 ≤ ν < p) in |z| < r = r1(p, q, λ, α, β, ν) where

(3.1) r1(p, q, λ, α, β) = inf
n

{
n!(1 + λβ)(p− ν)

(λ + 1)b(1− α)(n− q − 1)!(n + 2p + ν)

} 1
n+p

Proof. Let f(z) ∈ KH∗(p, q, λ, α, β). So by Lemma 2.1.
∞∑

n=p

n!

(n− q − 1)!
(1 + λβ)tn ≤ β(λ + 1)Ab(1− α)
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Now it is enough to show that ∣∣∣∣zf ′f
+ p

∣∣∣∣ ≤ p− ν

But

∣∣∣∣zf ′f
+ p

∣∣∣∣ =

∣∣∣∣∣∣∣∣
−pAz−p +

∞∑
n=p

ntnz
n

Az−p +
∞∑

n=p

tnzn

+ p

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
−pAz−p +

∞∑
n=p

ntnz
n + pAz−p +

∞∑
n=p

ptnz
n

z−p

(
A +

∞∑
n=p

tnzn+p

)
∣∣∣∣∣∣∣∣∣

≤

∞∑
n=p

(n + p)tn|z|n+p

A−
∞∑

n=p

tnzn+p

≤ p− ν

or
∞∑

n=p

(n + p)tn|z|n+p ≤ A(p− ν)− (p− ν)
∞∑

n=p

tnz
n+p

or
∞∑

n=p

(n + 2p + ν)

A(p− ν)
tn|z|n+p ≤ 1.

Now by using (2.1) we have

(3.2) tn ≤
β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
, n ≥ p

Then
∞∑

n=p

(n + 2p + ν)

A(p− ν)
tn|z|n+p

≤
∞∑

n=p

β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
|z|n+p

(
n + 2p + ν

A(p− ν)

)
≤ 1.

So it is enough to suppose

|z|n+p ≤ n!(1 + λβ)(p− ν)

(λ + 1)b(1− α)(n− q − 1)!(n + 2p + ν)

and so the proof is complete.

In view of Theorem 3.1 and since “f is convex if and only ifzf ′ is starlike” we have

Corollary 3.2. Let f(z) ∈ KH∗(p, q, λ, α, β) thenf(z) is meromorphically convex of order
ν(0 ≤ ν < p) in |z| < r = r2(p, q, λ, α, β, ν) where

(3.3) r2(p, q, λ, α, β, ν) = inf
n

{
p(p− ν)(1 + λβ)(n− 1)

(n + 2p− ν)β(λ + 1)b(1− α)(n− q − 1)!

} 1
n+p
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4. EXTREME POINTS

We discuss the extreme points ofKH∗(p, q, λ, α, β) in the next theorem.

Theorem 4.1.Letf0(z) = az−p, a > 1 and

(4.1) fn(z) = z−p +
β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
zn, n ≥ p

whereq ∈ N, n ∈ N0, z ∈ ∆∗, thenf(z) ∈ KH∗(p, q, λ, α, β) if and only if it can be expressed
by

f(z) =
∞∑

n=0

ηnfn(z)

whereηn ≥ 0, ηi = 0(i = 1, 2, · · · , p− 1) and
∞∑

n=0

ηn = 1.

Proof. Let f(z) =
∞∑

n=0

ηnfn(z) so

f(z) = η0z
−p +

∞∑
n=1

ηn

(
z−p +

β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
zn

)

= Az−p +
∞∑

n=p

ηn

β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
zn

where

A = η0a +
∞∑

n=1

ηn = η0a + 1− η0 = η0(a− 1) + 1 > 0

Thereforef(z) ∈ KH∗(p, q, λ, α, β) since

∞∑
n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)
× β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)
ηn

=
∞∑

n=p

ηn =
∞∑

n=1

ηn = 1− η0 ≤ 1.

Conversely, suppose thatf(z) ∈ KH∗(p, q, λ, α, β). Then by (2.1) we have

0 ≤ tn ≤
β(λ + 1)Ab(1− α)(n− q − 1)!

n!(1 + λβ)

Setting

(4.2) ηn =
n!(1 + λβ)

β(λ + 1)Ab(1− α)(n− q − 1)!
tn, (n ≥ p)
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ηi = 0(i = 1, 2, . . . , p− 1) andη0 = 1−
∞∑

n=1

ηn. Then

f(z) = Az−p +
∞∑

n=p

tnz
n

= Az−p +
∞∑

n=p

β(λ + 1)Ab(1− α)(n− q − 1)!ηn

n!(1 + λβ)
zn

= Az−p +
∞∑

n=1

ηn(fn(z)− z−p)

=

(
A−

∞∑
n=1

ηn

)
z−p +

∞∑
n=1

ηnfn

= η0f0(z) +
∞∑

n=1

ηnfn(z) =
∞∑

n=0

ηnfn(z).

This gives the required result.

5. SOME PROPERTIES OF KH∗(p, q, λ, α, β)

Theorem 5.1.Letfj(z)(j = 1, 2, ...m) defined by

fj(z) = Ajz
−p +

∞∑
n=p

tn,jz
n

be in the classKH∗(p, q, λ, α, β), then the functionF (z) =
m∑

j=0

cjfj(z)(cj ≥ 0) is also in

KH∗(p, q, λ, α, β) where
m∑

j=1

cj = 1.

Proof. Sincefj(z) ∈ KH∗(p, q, λ, α, β), by (2.1) we have
∞∑

n=p

n!

(n− q − 1)!
(1 + λβ)tn,j ≤ β(λ + 1)Ab(1− α)

also

F (z) =
m∑

j=1

cj

(
Ajz

−p +
∞∑

n=p

tn,jz
n

)

=
m∑

j=0

cjAjz
−p +

∞∑
n=p

(
n∑

j=0

cjtn,j

)
zn

= Bz−p +
∞∑

n=p

snz
n

where

B =
m∑

j=0

cjAj, sn =
m∑

j=0

cjtn,j.
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But
∞∑

n=p

[
n!

(n− q − 1)!
(1 + λβ)

]
sn

=
∞∑

n=p

[
n!

(n− q − 1)!
(1 + λβ)

][ ∞∑
j=0

cjtn,j

]

=
m∑

j=0

cj

{
∞∑

n=p

[
n!(1 + λβ)

(n− q − 1)!

]
tn,j

}

≤
m∑

j=0

cj(β(λ + 1)Ab(1− α))

= β(λ + 1)Ab(1− α).

Now the proof of Theorem 5.1 is complete.

Theorem 5.2.Letf(z), g(z) ∈ KH∗(p, q, λ, α, β) and given by

f(z) = Az−p +
∞∑

n=p

tnz
n

g(z) = Az−p +
∞∑

n=p

snz
n.

Then the functionh(z) = Az−p +
∑∞

n=p(t
2
n + s2

n)zn is also inKH∗(p, q, λ, α, γ) where

(5.1) γ ≥ 2(n− q − 1)!β2(λ + 1)Ab(1− α)

n!(1 + λβ)2 − 2λ(n− q − 1)!β2(λ + 1)Ab(1− α)

Proof. Sincef, g ∈ KH∗(p, q, λ, α, β) therefore we have

∞∑
n=p

[
n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

]2

t2n ≤

[
∞∑

n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)
tn

]2

< 1,

∞∑
n=p

[
n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

]2

s2
n ≤

[
∞∑

n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)
sn

]2

< 1.

The above inequalities yield us
∞∑

n=p

1

2

[
n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

]2

(t2n + s2
n) < 1.

Now we must show
∞∑

n=p

n!(1 + λγ)

(n− q − 1)!γ(λ + 1)Ab(1− α)
(t2n + s2

n) < 1.

But above inequality holds if

n!(1 + λγ)

(n− q − 1)!γ(λ + 1)Ab(1− α)
≤ 1

2

[
n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

]2
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or equivalently
1 + λγ

γ
≤ n!(1 + λβ)2

2(n− q − 1)!β2(λ + 1)Ab(1− α)
or

γ ≥ 2(n− q − 1)!β2(λ + 1)Ab(1− α)

n!(1 + λβ)2 − 2λ(n− q − 1)!β2(λ + 1)Ab(1− α)

and this gives the result.

6. HADAMARD PRODUCT

Theorem 6.1. If

f(z) = Az−p +
∞∑

n=p

tnz
n, g(z) = Bz−p +

∞∑
n=p

snz
n

be in the classKH∗(p, q, λ, α, β). Then Hadamard product off andg defined by

(f ∗ g)(z) = h(z) = ABz−p +
∞∑

n=p

tnsnz
n

is in the classKH∗(p, q, λ, α, γ) where

(6.1) γ ≥ (n− q − 1)!(λ + 1)Ab(1− α)β2

n!(1 + λβ)2 − λ(n− q − 1)!(λ + 1)Ab(1− α)β2

Proof. Sincef(z), g(z) ∈ KH∗(p, q, λ, α, β), so by (2.1) we have

(6.2)
∞∑

n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)
tn ≤ 1,

(6.3)
∞∑

n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)
sn ≤ 1.

We must find the smallestγ such that
∞∑

n=p

n!(1 + λγ)

(n− q − 1)!γ(λ + 1)Ab(1− α)
tnsn ≤ 1

by using the Cauchy - Schwarz inequality we have

(6.4)
∞∑

n=p

n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

√
tnsn ≤ 1.

Now it is enough to show that

n!(1 + λγ)

(n− q − 1)!γ(λ + 1)Ab(1− α)
tnsn

≤ n!(1 + λβ)

(n− q − 1)!β(λ + 1)Ab(1− α)

√
tnsn

or equivalently
√

tnsn ≤
γ(1 + λβ)

β(1 + λγ)
.

AJMAA, Vol. 3, No. 2, Art. 5, pp. 1-10, 2006 AJMAA

http://ajmaa.org


p-VALENT MEROMORPHICFUNCTIONS 9

But from (6.4) we have

√
tnsn ≤

(n− q − 1)!β(λ + 1)Ab(1− α)

n!(1 + λβ)

So it is enough that

(n− q − 1)!β(λ + 1)Ab(1− α)

n!(1 + λβ)
≤ γ(1 + λβ)

β(1 + λγ)

or
(n− q − 1)!(λ + 1)Ab(1− α)

n!

β2

(1 + λβ)2
≤ γ

1 + λγ

or
1

γ
+ λ ≤ n!(1 + λβ)2

(n− q − 1)!(λ + 1)Ab(1− α)β2

or

γ ≥ (n− q − 1)!(λ + 1)Ab(1− α)β2

n!(1 + λβ)2 − λ(n− q − 1)!(λ + 1)Ab(1− α)β2 .

7. I NTEGRAL OPERATORS ON KH∗(p, q, λ, α, β)

Theorem 7.1. If f(z) ∈ KH∗(p, q, λ, α, β) then the functionFc(z) defined by

(7.1) Fc(z) = (c + 1− p)

∫ 1

0

vcf(vz)dv, c ≥ 1

is also inKH∗(p, q, λ, α, β).

Sincef(z) ∈ KH∗(p, q, λ, α, β) so

f(z) = Az−p +
∞∑

n=p

tnz
n

Therefore

Fc(z) = (c + 1− p)

∫ 1

0

vc

[
A(vz)−p +

∞∑
n=p

tn(vz)n

]
dv

= (c + 1− p)

∫ 1

0

[
Avc−pz−p +

∞∑
n=p

tnv
c+nzn

]
dv

= (c + 1− p)

[
A

c− p + 1
vc−p+1z−p +

∞∑
n=p

tnz
n

(
1

c + n + 1
vc+n+1

)]1

0

= (c + 1− p)

(
A

c− p + 1
z−p +

∞∑
n=p

1

c + n + 1
tnz

n

)

= Az−p +
∞∑

n=p

c + 1− p

c + 1 + n
tnz

n
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Since c+1−p
c+1+n

< 1 we have
∞∑

n=p

n!

(n− q − 1)!
(1 + λβ)

c + 1− p

c + 1 + n
tn

<
∞∑

n=p

n!

(n− q − 1)!
(1 + λβ)tn by(2.1)<β(λ + 1)Ab(1− α).

Therefore, by using Lemma 2.1

Fc(z) ∈ KH∗(p, q, λ, α, β).

Remark 7.1. With the same way that used in Theorem 3.1, Corollary 3.2 we can proveFc(z)
is multivalently starlike and multivalently convex of orderη(0 ≤ η < p) in

|z| < R1(p, q, λ, α, β, c, η) = inf
n

{
n!(1 + λβ)(p− η)(c + 1− n)

(λ + 1)b(1− α)(n− q − 1)!(n + 2p + η)(c + 1− p)

} 1
n+p

and

|z| < R2(p, q, λ, α, β, c, η) = inf
n

{
p(n− 1)(1 + λβ)(p− η)(c + 1− n)

(λ + 1)b(1− α)(n− q − 1)!(n + 2p + η)(c + 1− p)

} 1
n+p

respectively.
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