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1. INTRODUCTION

Let CH(p) denote the class of functions of the form

(1.1) f(z) =Az"P 4+ k(2) + 2Fi(a,b;¢; 2) Z th_p 12" P

k=p+1

whereA > 0,p € IN, k(z) = is the Koebe function and

()2

2 ( )”:M,c>b>o,c>a+b)

['(a)
is the Gaussian hypergeometric function and

- (o8)

all the members of this class are analytic in the punctured®isk {z : 0 < |z| < 1}.

(1.2) 2F(a,b;c; 2) Z

Definition 1.1. A function f(z) belonging toCH(p) is said to be in the clagSH* (p, ¢, A, a, 3)
if it satisfies the condition

Zp+q+1f(q+1)(z) + Ab

14
(1.4) Azptatd flat) () — Ab+ (1 + N Ab

<p

forsomeld < a < 1,0 < A< land(q=0o0rq =2t),b = (p+a)!

.. For eachf(z) € KH(p)
—1)!
(here and through this paper) by direct calculation we hav 1

(1.5) f(z)=Az"P + Ztnz”
wheret,, defined by[(1.8) and

() = (g @t I =D s~ _nt
(1.6) D (z) = (-1) A(p_l)!zpﬂ. +n§; i 2

A function f(z) € KH(p) is said to be meromorphically multivalent starlike if

Re{—;(—‘];} >0

and meromorphically multivalent convex if

() o

Motivated by the recent work of H. Irmak and S. Owa [1], S. Shams and S. R. Kulkarni [3]
in the present paper we discuss some interesting properties of thé(@iéés, ¢, \, a, 5) such
as radii of starlikeness and convexity, distortion theorem, extreme points, convolution, integral
operator and etc.
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2. MAIN RESULTS
For our main results we need the following lemma that has been proved in [2].
Lemma 2.1. Let f(z) € KH(p), thenf(z) € KH*(p, ¢, A, o, B) if and only if

[e.e]

(2.1) Z (n+!_1)!(1 + AB)t, < BN+ 1)Ab(1 — ).

n=p
Now we find distortion bounds fgit?+)(2) whenf(z) € KH*(p,q, A, a, 3).

Theorem 2.2.Let f(z) € KH*(p,q, \, o, B) then for|z| = r
Ap+q)! 1 pq 1 BA+1)Ab(1 — )

_ < | £lg+1)
(p— 1)' /]"PJqurl r 1 _‘_)\ﬁ — ‘f (Z)‘
Ap+g)! 1 _ge1 BAL(Ab(1 — o)
2.2 P4
(2.2) - (p—1)! 7"1’+‘1+1+T 1+ M3
Proof. Let f(z) € KH*(p, ¢, A\, v, ). In view of above lemma we have
BA+1)Ab(1 —a)(p—q—1)!
2.3 tn
2:3) Z pl(1+ A\B)
Thus
(g+1) ol gyt (p+q)! - n! n—q—1
FREL = A e+ L

A (p+Q)' p—q—1
rp+q+1(p_1)g+r (p— q_llzt

Now, making use of (Z]3) we obtain

| q+1 ‘ p + Q) 1 p—a-1 ﬁ()\ + 1)Ab(1 — a)
~ | yptq+l (1 ‘f’)\ﬁ)
Also
(2] > Ap+g) 1, 1 BA+ DA - )
- ( 1)' rptq+l <1+/\5)

which proves the assertion of Theorem| 2.

3. RADII OF STARLIKENESS AND CONVEXITY
In this section we find radii of starlikeness and convexity for the d@&s(p, ¢, A, a, 3).

Theorem 3.1.1f f(z) € KH*(p, q, \, a, B) then f(z) is meromorphically multivalent starlike
of orderv(0 < v < p)in|z| <r=ri(p,q, \ a, 3,v) where

1

. n!(1+\3)(p —v) e
@1 g f)=inf { A+ 1)b(1—a)(n—q—1)(n+2p+ V>}

Proof. Let f(z) € KH*(p, g, A, o, 3). So by Lemma 2]1.

o0

3 (n+!_1>!(1 + AB)ta < B(A+1)Ab(1 - a)

n=p
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Now it is enough to show that

zf!
— + p’ <p—v
f
But
—pAzTP + > nt, 2"
zf! n=p
7 +p| = = +p
Az7P 4 3 ty2n
n=p
—pAzTP + > nt2" 4+ pAzTP + > pty2"
B n=p n=p
z7P <A + > tnz”+p)
n=p
> (n+ p)talz|"*?
n=p
< = <p-—v
A= > tyznte
n=p
or
S (At < Alp—v) = (p—v) Yt
n=p n=p
or
= 2
Z (n + P + I/)tn‘z|n+p S 1
= Alp—v)

Now by using[(Z.]L) we have
BA+1)Ab(1 —a)(n —q—1)!

: < >

(32) fn = nl(1+ AB) b
Then

= (n+2p+v)

Z—tnyz‘nﬂ?

= Alp—v)

S~ BA+ DAL —a)(n—q—1)!, . (n+2p+v

< Y — ) < 1.

= ; nl(1+AB) ST
So itis enough to suppose

! _
|Z|n+p < n(l—{_)\ﬁ)(p V)

T A+l —-a)(n—qg—D!(n+2p+v)
and so the proof is completg.

In view of Theorenj 31 and since' is convex if and only if: /' is starlike” we have

Corollary 3.2. Let f(z) € KH"(p,q, A\, o, 5) then f(z) is meromorphically convex of order
v(0 <v<p)in|z| <r=ryp,q A\ «, [, v) where

{ pp—v)(1+ AB)(n — 1) }
n+2p—v)BA+1)b(1 —a)(n —qg—1)!

(33) TQ(p7Q7 )‘7047ﬁ7 V) = inf

n
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4. EXTREME POINTS

We discuss the extreme points/6f{*(p, g, A, a, 5) in the next theorem.

Theorem 4.1.Let fo(2) = az?,a > 1 and

L B+ 1)A(1—a)(n—q 1),
(4.) falz) =277 + m(lgﬁy Il nzyp

whereq € Nn € Ny, z € A*, thenf(z) € KH*(p, ¢, A\, , B) if and only if it can be expressed
by

= Znnfn(z>

wheren,, > 0,7, =0@=1,2,--- ,p—1)and > n, = 1.
n=0

Proof. Let f(=) = 3" 1, fu(2) SO
n=0

1) = e+ Yo, (zp LLESILLIES ALY

n!l(1 4+ \5)
_ A BA+1)Ab(1 —a)(n —q—1)! n
= A +Z 211 AD)

where

Aznoa+2m2noa+1—no=no(a—1)+1>0

n=1

Thereforef(z) € KH*(p, ¢, A\, v, B) Since

nl(1 4+ AG) BA+ 1AVl —a)(n—q—1)!
Z (n—qg—11BA+1)Ab(1 — «) 8 nl(1 4+ AG) I

=Znn=Znn=1—no§1-
n=p n=1

Conversely, suppose thétz) € KH*(p, ¢, A, «, 8). Then by |[(2.1) we have

BA+1)Ab(1 —a)(n—q—1)!
V=tns {1+ A5)

Setting

B n!(1+ AB)
(4.2) = BT DA — ) —g 1™ M =P)
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n, =00@=1,2,...,p—1)andn,=1— > n,. Then
n=1

flz) = Az_p—i—itnz”

_ 3 /8/\+1Abl—oz)(n—q—1)77nn
p+z nl(1+ A\B)

= A2+ Z Mo (fal2) = 277)
n=1
= (A - Zm) 7P+ Znnfn
=1
= nofo(2) + Z Nafn(2) =Y oful2)
n=0

This gives the required resuli.

5. SOME PROPERTIES OF KH*(p, ¢, A\, o, 3)
Theorem 5.1.Let f;(z)(j = 1,2, ...m) defined by

fi(2) = 2P ) by

n=p

be in the classCH*(p, ¢, A, o, 3), then the functionF'(z) = > ¢;f;(2)(¢; > 0) is also in
7=0
KH*(p, ¢, A\, o, ) where) ¢; = 1.
j=1

Proof. Sincef;(z) € KH*(p,q, A, o, ), by (2.1) we have

[e.9]

Z—(R_Z'_ i1+ M)ty < B+ 1) AD(1 — a)
n=p
also
F(z) = Xm: (Az p+2tmz )
= Z Az P —i—Z(Zc] n])
=0 n=p =0
= Bz P+ anz”
n=p
where
B Zc]Aj, Sy = chtny
=0
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But

i )
e[S

n=p

I
M8

n

P

i 1

IN

‘ ci(BAN+1)Ab(1 — )

= ﬂ(/\ + 1)Ab(1 — «).
Now the proof of Theorer 5.1 is complete.
Theorem 5.2. Let f(z), g(2) € KH*(p, q, A\, a, ) and given by

flz) = Az7P+ Z t,z"
n=p

g(z) = AzP+ Z Sp2"
n=p

Then the functioh(z) = A7 + 377 (t2 + s7)2" is also inKH*(p, ¢, A, «, y) where

2(n —q— 1)!B*(\+1)Ab(1 — a)
n!(1+A3)%2 —2A\(n — ¢ — D!F*(A + 1) Ab(1 — «)
Proof. Sincef, g € KH*(p, q, A\, o, ) therefore we have

(5.1) v >

=T n!(l—i-)\ﬁ) 12 ) o n!(1+)\ﬁ) 2
2 == DB DA —ay] = [Z DB DA _a)tn] <1,

n=p n=p
2
=T nl(1 4 A3) 2 > nl(1+ A\3)
< :
ngp (n—q—1)!1BA+1)Ab(1 — ) | on = nZ:p (n—q—1D!1BA+1)Ab(1 — «) snf <1
The above inequalities yield us
=1 nl(1+ \B) PP
an 2 Ln —q—DIB\+ 1 Ab(1 — a>} o) <1
Now we must show
= n!(1+ \y) 9 o
1.
nzp (n—q—1ly(A+1)Ab(1 — ) (b 50) <
But above inequality holds if

nl(1 4+ \y) - 1 n!l(1+ \5)
m—g—1IyA+1)A(1—a) = 2 |[(n—q—DIBA+1)Ab(1 — )
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or equivalently
14+ Ay < n!(1+ \3)?
YT 2(n—q—DIBFA+1)A(1 - )

or

2(n —q— DIB*A+ 1) Ab(1 — a)
n!(1+A3)%2 = 2A\(n — ¢ — D!F*(A + 1) Ab(1 — «)
and this gives the resulg.

Y2

6. HADAMARD PRODUCT
Theorem 6.1.If

f(z)=Az"P 4 Ztnz", g(z) =Bz"? + Z Sp2"
n=p =P
be in the clas&«H*(p, q, A, «, 3). Then Hadamard product gf and g defined by

(f*xg)(z) =h(z) = ABz"? + Ztnsnz”

n=p
is in the classCH*(p, ¢, A, v, y) where
n—q—1)!(\+1)Ab(1 — a)5?
61) S (s LSS
nl(1+A3)2 = A(n—qg— DA+ 1)Ab(1 — )
Proof. Sincef(z), g(z) € KH*(p, q, A, o, 3), so by [2.1) we have

(o)

nl(1 4+ AG)
(6-2) Z (n—q—1)IBA+1)Ab(1 — a)tn =1

n=p
= n!(1+ A\3)

. <1
(6.3) nzzp == D)BO+ DA —a) =1
We must find the smallestsuch that

> n!(1 4+ \y)
<
nz::p (n—q—1)ly(A+1)Ab(1 — oz)tnsn =1

by using the Cauchy - Schwarz inequality we have

- n!(1+ A\B)
(6.4) Z (n—q—1D!IB\+1)Ab(1 — «) tnsn < 1.

n=p
Now it is enough to show that

n!(1+ A\y) ;
(n—q—1Iy(A+1)Ab(1 — ) nn
< nl(1+ A3) e

(n—q—11BA+1)Ab(1 — )
or equivalently

— 11+ A6)
tnsn S m
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But from (6.4) we have
(n—q—1IBA+1)Ab(1 — a)

Vintn = W1+ A5)
So it is enough that
(n—q—1DIBA+1)Ab(1 — «) < v(1 4+ AB)
n!(1+ AB) T B+ M)
or
(n—q—1DA+1DA(1 —a) F? < 7
n! (T+A6)2 — 1+ My
or
1 nl(1+ A3)?
v TAS (n—q— 1A+ 1)Ab(1 — a)B?
or
- (n—q—1D!A+1)Ab(1 — a)p”
= I+ A8 — An—q— DI+ )AL — )3
|

7. INTEGRAL OPERATORS ON KH*(p,q, A\, a, 3)
Theorem 7.1.1f f(z) € KH*(p, ¢, \, o, B) then the functiorF,.(z) defined by

(7.1) F.(2) =(c+1—p) /1 vef(vz)dv, ¢ > 1
0

is also INKH*(p, ¢, A\, a, ).
Sincef(z) € KH*(p, q, A\, v, B) SO

f(z)=Az"P + Z tn2"
n=p

Therefore
1 o0 1
F.(z) = (¢c+1-p) / v [A(vz) P + Z tn(v2)"| dv
0 n=p |
1 oo i
= (c+1- p)/ AveTPz7P 4 Ztnvcmz" dv
0 n=p _

AJMAA Vol. 3, No. 2, Art. 5, pp. 1-10, 2006

AJMAA


http://ajmaa.org

10 S. NAJAFZADEH AND S. R. KULKARNI AND G. MURUGUSUNDARAMOORTHY

Since<~=2 < 1 we have

ct+14+n
- n! c+1—p
— 1+ X)) —t,
;:p(n—q—l)!( i mc—i—l#—n
N n! 1+ A8)t, byEI)<B(\ + 1)Ab(1
D EEE—— tn . — ).
<nZ:p(n_q_1)!( + A9ty by@I<H(A + 1)A(L - a)

Therefore, by using Lemma 2.1
FC(Z) € ICH*<pa q, /\7 Q, ﬁ)

Remark 7.1. With the same way that used in Theorem| 3.1, Corollary 3.2 we can grave
is multivalently starlike and multivalently convex of ordgid < n < p) in

1

n(1+A3)(p—n)(c+1—n) }"ﬂ’
A+ Dbl —a)(n—qg—D!(n+2p+n)(c+1—p)

|Z| < Rl(p7Q7 )‘)(1/757077]) = Hlf{

and

|Z| < RQ(pch )\,OZ,ﬁ,C,T]) = lnf{

respectively.

p(n =11+ NG8)(p—n)(c+1—n) }n+p
A+ Db —a)(n—q—1)(n+2p+n)(c+1-p)
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