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ABSTRACT. By virtue of the coefficient inequalities for certain analytic functigiis) in the
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N («) involving the coefficient inequalities.

Key words and phrasesAnalytic Function, Subordination, Coefficient Inequality, Distortion Theorem.

2000Mathematics Subject Classificat 0B0C45.

ISSN (electronic): 1449-5910
(© 2006 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
http://www.ams.org/msc/

2 SHIGEYOSHI OWA AND JUNICHI NISHIWAKI

1. INTRODUCTION
Let A, be the class of functionf(z) of the form

o)

(1.1) fz) =24 ) and (neN=1,23,--)

that are analytic in the open unit difk= {z : z € C and |z| < 1}. Let M,,(«) denote the
subclass of4,, consisting of functiong (=) which satisfy the following condition

(1.2) Re{ZJ{(]S)} <a (z€U)

for somea(a > 1). Also, let,(«) be the subclass o4 consisting of all functiong'(z) which
satisfy

zf”(Z)}

1.3 Req 1+ < « zelU

1.3 {1420 (zeU)

for somea(a > 1). By the definitions for the classe$t,(«) and NV, («), we note that

f(z) € N,(«) ifand only if zf'(z) € M,(a). The classes\;(a) andN;(«) whenn = 1

were considered by Uralegaddi, Ganigi and Sarangi [3], Nishiwaki and Owa [1], and Owa and
Nishiwaki [2].

Remark 1.1. Let us consider the functiofi(z) given by

2(a—1)

(1.4) flz) = 2(1=2")""n €A,

Then, it follows that

2f'(z) . 2(a—1)2"

(1.5) O
This implies that

zf'(z) 1+2"
(1.6) a— 8 = (o — )1—2”

Noting that

(1.7) Re{iz:}ﬂ) (z €U,
we see that
(1.8) Re {ZJ{;S)} <a (zeU),

thatis, f(z) € M, («). Furthermore, we have that

(1.9) f(z) = /02(1 — M dt € Ny(a).
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2. COEFFICIENT INEQUALITIES
Let us consider the coefficient inequalities for the classgg«) and,,(«).
Theorem 2.1.1f f(z) € A, satisfies

(2.1) > {(k—1) + [k =20+ 1}Hax| £ 2(a—1)

k=n+1

for somex(a > 1), thenf(z) € M, («).

Proof. Suppose thaf(z) € A, satisfies the coefficient inequality. Then, if we show that

2f'(z)
(2.2) 7 (ZL’;(Z) <1 (zel),
8 - (2a—-1)
we obtain thatf(z) € M, («). Indeed, we have that
f2)
f(2)
(2.3) TC) P
f(2)
Py S i (b = Dlagl 2]+
T 2a—1) =30l k= 20+ a2
< Zzozn—‘rl(k — 1)|ag|
200 = 1) = 24l g1 [k — 200+ 1y
< 1

forz e U
Noting thatf(z) € N, («) ifand only if z f'(2) € M, («), we have
Corollary 2.2. If f(z) € A, satisfies

(2.4) > k{(k—=1)+ |k — 20+ 1|} ax| £ 2(a—1)

k=n+1

for somen(a > 1), thenf(z) € N,(a).

2 . .
Remark 2.1. If 1 < a = % then the mequalltle.l) a.4) become

(2.5) Yo (k-a)a] £ a-1
k=n-+1

and

(2.6) > k(k—a)lax| £ a—1,
k=n+1

respectively.
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3. DISTORTION INEQUALITIES
In view of Theoren 21 and Corollafy 2.2, we introduce the subclas$gigy) and N («) of
A, which satisfy the coefficient inequaliti.l) a@ZA) for same o

2 :
, respectively.

Theorem 3.1.1f f(z) € M («), then

[2a]—-1
a_
(3.1) 2| = Z jaglz]* = o———q 1= > lax| p |2/
k=n+1 k=n+1
a—1 e
s |f)] s 2+ Z Jax| |2 + Tha—a) ! Z x| o[22
k=n+1 k=n+1
and
[2a]—1 [204]( [2a]—1
(3.2) L= > ka2 # L= ) ag| p |2
k=n-+1 k=n-+1
[2a]—1 [2a]—1
/ w1, 120)(a—1) [20]—1
< FR) S 14> ka2 +[2a]—_a L= > axl g 2|
k=n+1 k=n+1
for z € U, where the symbdl | means the Gauss symbol.
Proof. Note that
(3.3) > {k=1)+ |k — 20+ 1]} |ay
k=n+1
[2a]—1
= 2(a—-1) Zlak|+2z k— a)|ag|
k=n+1
< 2a-1).
This gives us that
(3.4) Z |a| = [204—_& 1 - Z ||
k=[2a] k=n+1
Therefore, we have that
[2a]—1
(3.5) F(z) S Jel+ ) lawllzlf + Z Jax||2]*
k=n+1 k=[2a]
[2a]—1 o—1 [2a]—1
k I . [2¢]
S e R D 1
k=n+1 k=n+1
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and
[2a]—-1 00
(3.6) F) 2 12l = Y a2 = D Jagl[2[F
k=n-+1 k=[2q]
o—1 [2a]—1
> - 3 el - Bal—a LT o el gl
k=n+1 k=n+1
Next, we see that
[20] —a & -
(3.7) ol Skl £ (k- a)lal
k=[2a] k=[2a]
[2a]-1
< (a=1D)q1= ) al
k=n-+1
Applying (3.8), we obtain that
[2a]—1
(3.8) F () S 14+ > Klal2* + Z klag||z*
k=n+1 =[2a]
[2a]— [2 ]( [2a]-1
(0%
s 1+ Z Blagl |2/ + S50 1= Y p |2/
k=n+1 [ ] @ k=n+1
and
[2a]—-1
(3.9) FE 2 1= ka2 - Z Flax| |2
k=n+1 =[2q]
[2a]—1
2
> 1_Zk|a|| |k1 [a]( 1_Z|ak| [2a]1
k=n+1 [ ] k=n+1

This completes the proof of Theor¢m3yl.

2 in Theore, we have

Corollary 3.2. If f(z) € M* (n ;r 2) , then

Lettinga = nt

n n n
(3.10) 2| = |ania 2" — — 2(1 — Jans])|2]" 2
n n n

< @) E Lzl + langallz" T + n+2(1— | i1 ])] 2]
and
(3.11) 1— (n+1)|an|[2]" = n(1 = |anga])|2["*

< (2] £ 1+ (4 Dlanallz” + 01 = |anga )|z
for z € U.

Next, we derive
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Theorem 3.3.1f f(z2) € N*(«), then

[2a]—-1 [2a]—-1

a—1 o
312 - Y ol - 1= S b [
k=n-+1 k=n-+1
[2a]-1 o—1 [2a]—1
s |fGR)] = 2+ Z |ak||2]* + ﬁ 1—- Z klag| p [2]
k=n+1 k=n+1
and
[2a]—1
(3.13) L= > Klagl|=[*" - [ Z Flag| p [2]P
k=n-+1 k=n+1
[2a]—-1 [2a]—-1
< @IS+ 3 Hadlel ™+ = D7 klag] p |z
k=n+1 k=n+1

for z € U, where the symbdl | means the Gauss symbol.

Proof. From the coefficient inequality for the clad§(«), we know that

(3.14) > k(o= 1)|ax| + i k(k—a)|ay] < a—1

k=n+1 k=[2a]
which gives us that

(3.15) > ol < al(Eal =) Z Klax|

k=[2q] k=n+1
and
_ [2a]-1
(3.16) Z klag| < o L= > Klax|
k=[2a] k=n+1

Therefore, it is easy to derive the distortion inequalities of the theogem.

2 in Theore, then we have

Corollary 3.4. If f(z) € N* <n il 2) , then

If we takea = nt

2
n+1 n n+2

(3.17) 2] = langa|[2]"" — (n+2>2(1 — (n+1)]ans1])|2]

< @) S 2] + |angal 2" + (n+2)2(1—(er)IanHI)IZI”+2
and

n
(3.18) L= (2 Dlansa 2" = =5 (1= (n+ Dlap ]2
n

< |fi(=x)] = 1+(n+1)lan+1IIZI”+n—+2(1+(n+1)lozn+1l)|2|”+1

for z € U.

Finally, we consider the distortoin theorem ffit(z) € N* ().
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Theorem 3.5.1f f(z2) € N*(«), then

2] 1 [2a]—1
(319) |f”(z)| é Z kﬁ(kﬁ _ 1)|ak||z|k—2 + (Oé - 1)([206] - 1) {1 _ Z k:ak} |Z|[2a]_2

2a] — «
k=n-+1 k=n+1
for z € U, where the symbdl | means the Gauss symbol.

Proof. Applying the coefficient inequality for the cladg*(«), we see that

() [2a]—-1
(3.20) S k(h - Djay < @ _[gig[ial_ D {1 3 k:ak}.

k=[2c] k=n+1

Thus, we can show that

(3.21) |7 (2)]
[2a]—-1 0o
< Y k(= Dagll2 2+ D k(k = 1)]ag||2]F2
k=n-+1 k=[2a]
[2a]—1 [2a]-1
o, (@ —1)([2a] = 1) [20]—2
<Y k(k = Dagll2F7 + ] —a L= > Ela ¢ ||
k=n+1 k=n+1
|
) 2.
Lettinga = nt in Theore, we have

2
Corollary 3.6. If f(z) € N* (n; ),then

n(n+1)

3.22 "(2)] < 1)]a™ 42!
322) /()] £ nln+ D"+ =

(1= (n+ Dlanp])|=]"

forz € U.

4. SUBORDINATIONS

Let f(z) andg(z) be analytic inU with f(0) = ¢(0). Thenf(z) is said to be subordinate to
g(z), written by f(z) < g(z), if there exists an analytic functian(z) in U such thatv(0) =
0, lw(z)] < 1(z € U),andf(z) = g(w(z)). In particular, ifg(z) is univalent inU, then the
subordinationf(z) < g(z) is equivalent tof (0) = ¢(0) and f(U) C ¢(U).
Now, we show

Theorem 4.1.1f f(2) € M, (a) (o > 1), then
z2f'(z) . 1—(2a—1)2"
f(2) 1—2z»
Proof. By means of Remark 1.1, let us define the functigiz) by
z2f'(z)  1—(2a—1)w(z)
f(2) 1 —w(z)

(4.1) (z € U).

(4.2) (z € D).
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Thenw(z) is analytic inU andw(z) = 2" + by 2" + - - - . It follows from (4.2) that

)
_ f(2)
(4.3) w(z) = TG o 1).
f(z)
Noting thatf(z) € M, («) is equivalent to
2f'(z)

(4.4) - f/(;;(z) <1 (z€D),

78 — (2a—1)

we know thatw(z)| < 1 (z € U). Therefore, by the difinition of subordinations, we see the
subordination[(4]1)s

Finally, for the classV,,(«), we have
Theorem 4.2.1f f(z) € N,(a) (a > 1), then

z2f"(2) 2(1 — ar)z™
(4.5) 702) < = (z € ).
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