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ABSTRACT. In this paper, our main purpose is to establish the existence theorem of positive
entire solutions of second order quasilinear elliptic equations under new conditions. The main
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2 ZUODONG YANG AND HONGHUI YIN

1. INTRODUCTION

In this paper we are concerned with the existence of positive entire solutions of second order
quasilinear elliptic equations of the type

(1.1) div(|VulP2Vu) + f(z,u) =0, =€ RY

where f(z,u) is a continuous function of®" x (0,00). By an positive entire solution of
equation|[(1]L) we mean a functiane C'(R") which satisfies[(1]1) at every point Bf* in a
weak sense with > 0 in RY (See [4] and references therein).

This problem appears in the study of non-Newtonian fluids ([1], [12]) and non-Newtonian
filtration ([2]). The quantityp is a characteristic of the medium. Media wjh> 2 are called
dilatant fluids and those with < 2 are called pseudoplastics. gdf= 2, they are Newtonian
fluid.

The existence and non-existence of entire solutions, existence of multiple positive entire so-
lutions of (1.1) have been studied in previous papers(seel[15]-[17], [19]). Other some problems
have also been treated by many other authors. See, for example, [4]-[€], [8], [11].

Whenf : (0,00) — (0,00) andq : RY — (0, c0) are continuous functions, and

| s = o

it has been shown in [15] that there exists entire radially symmetric solutions of the problem
(1.2) div(|Vul"2Vu) = g(2) f(u), =€ RY.
Whenf : (0,00) — (0, 00) is locally Lipschitz continuous and strictly increasing, and

/ /f )ds) " YPdu < oo, //f )ds) ™ YPdu = oo

with ¢ is positive and continuous iR”, and
lim inf|z|Pq(x) > 0,

|z|—o0

it has been shown in [15] that Eg.(IL.2) has no positive entire solutions.
On the other hand, it was shown in[17] that problem

div(|VulP2Vu) + f(x,u) =0, =€ RY,

possesses infinitely many positive entire solutions wfien «) is defined onR” is locally
Holder continuous inc and is locally Lipschitz continuous in; there exist a locally Holder
continuous functions(r) > 0 on [0, 00), [*(f; ¥ (t)dt)"/P~Vds < oo, and locally Lipschitz
continuous functio'(u) > 0 on (O o0) such that

fla,u) < d(je)F (), (z,u) € R x (0,00),
andlim Flu) =0.
u—0 yP—1 . .
Moreover, it was also shown in [16] that problem
div(|VuP2Vu) + q(z)u™ =0, = € R"Y.
has a positive entire solutiongfe C(R*),0 <~ < p — 1, for any
O<e<(N-pp—1—Ir))/(p-1),

/O" ppreIHIN =PI/ =Dl (1) dr < oo,
1

and forr € (0,1),0 < 1,q(r) = O(r™9).
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Furthermore, it was shown ih [11] that problem

div(|Vul|P">Vu) + q(z)u” =0, x € RY, ‘1|irn u(z) = oo,
has an entire explosive positive radial solutiop(if) € C(RY), ¢(z) = q(|z]) > C > 0,y >
p—1and

00 t
/ (th/ sV 1q(s)ds) VPV dt < oo.
0 0

Motivated by the results of the above cited papers, we further study the existence of positive
entire solutions for| (1]1), the results of the semilinear equations are extended to the quasilinear
ones. We can find the related results for= 2 in [7], [9], [13]-[14], [10], [18]. The main
differences betweenp = 2 andp # 2 are known in[[5]{6]. Wherp = 2, it is well known that
all the positive solutions i@’*( By) of the problem

Au+ f(u) =0 in Bp,

u(z) =0 on JBg.

are radially symmetric solutions for very generdbkee [3]). Unfortunately, this result does

not apply to the casg # 2. Kichenassary and Smoller showed that there exist many positive
nonradial solutions of the above problem for sofnésee [8]). The major stumbling block in

the case o # 2 is that certain nice features inherent to the gase2 seem to be lost or at least
difficult to verify. In [19], we study the existence of positive entire solutiong of| (1.1). In this
paper, we obtain more results under new conditions. Therefore the following results obtained
complement conrresponding resultslini[14]:[16],/[19], and extended to results inl[7], 9], [18]
and complement to the results by [14]-[16], [11].

2. PRELIMINARIES
From [17], [19], we give the following lemmas

Lemma 2.1. Suppose thaf(z, u) is defined oriR¥*! and is locally Holder continuous (with
exponent\ € (0, 1)) in 2. Suppose moreover that there exist functions € C."*(R"Y) such
that

(2.1) div(|Vol[P72Vo) + f(z,v) <0, xRV,
(2.2) div(|Vw|P>Vw) + f(z,w) >0, x¢cRY,
and

(2.3) w(r) <v(r), =cRY,

and thatf(x, u) is locally Lipschitz continuous in on the set
{(2.u) - 2 € RV, w(z) < u < v(x)}.
Then, equatior{ (1]1) possesses an entire solut{an satisfying
w(r) <u(z) <v(z), xRV

Remark 2.1. A function v(z)(respw(z)) satisfying the differential inequality (2.1)(resp.(2.2))
is referred to as a supersolution (resp. subsolutior]) of (1.R)in
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Lemma 2.2. (Weak Comparison Principle) Lét be a bounded domain iRY (N > 2) with
smooth boundary$2 andd : (0,00) — (0, c0) is continuous and nondecreasing. Letu, €
Whr(Q) satisfy

/|Vu1|p_2Vu1V¢dx+/9(u1)¢d:p§/|VuQ|p_2VuQV2/de+/9(u2)¢dx,
Q0 0 Q 0

for all non-negative) € W, (Q). Then the inequality
ur < ug 0N 89,

implies that
Uq < U2 in €.

Lemma 2.3. Suppose that(z) € C(RY) is nonnegative and

(2.4) / 1N/tN1w t)dt)7ds < o0,
where(r) = max, =, p(x). Then the equation
(2.5) div(|VU[P2VU) + p(x) = 0,

has a ground state solutidii(z) in R, which is bounded antim, ... U(z) = 0.

Viz) = / OO(SNl_l /0 N L(o)do) 7T ds,

x|
which is a solution for the-div(|VV [P=2VV) = 4 (r) in RN andlim|,|.., V(z) = 0, soV isa
supersolution fof{ (2]5). On the other hands a subsolution fof (2]5), thep (2.5) exists bounded
entire solution.g

Remark 2.2. If N > 3, N > p, then condition[(2}4) of Lemnja 2.3 is replaced by

Proof. Because

(2.6) 0< / Tﬁd}(r)ﬁdr <oo, If1<p<2,
1
(2.7) 0< / r<p7§l]¥+lw(r)dr < oo, Ifp>2.
1
Let

J(r) = /0 "y / L N(s)ds) Pt

0
If fact, if 1 < p < 2, by estimating above the integral

TN t
J(r) <Gy +/ tpl[/ sVly(s)ds]V PVt

1 0

Using the assumptiov > 3 in the computation of the first integral above and Jensen’s
inequality to estimate the last one,

J(r <02+03/tp1/N s)7Tdsdt.

Computing the above integral, we obtain

J(r) < Cy+ 04/ ()T dt,
1
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Applying (2.6) in the integral above we infer thét, = lim,_.., J(r) < co. On the other hand,
if p> 2, set

1o = [0

and note that eithet/(t) < 1for¢ > 0 or H(t;) = 1 for somet, > 0. In the first case,
H#1 < 1, and hence,

"N 1 e
J(r)z/ tle(t)pldt§C5+/ 71 dt
0 1

so thatJ(r) has a finite limit because < N. In the second caséf(s)p%l < H(s) for s > sq
and hence,

J(r) SC’(;—i—/ tlp_—]lv/ sV (s)dsdt.
1 0

Estimating and integrating by parts, we obtain

_ 1 — " (p—2)N+1 p-N [T
J(r) < Co+ L= ! / N L)t + L ! [/ U () dt —rpl/ tN Ly (t)dt)
P Jo N—-p/ 0

< Cr + Gy /rt@_;ljlvﬂqp(t)dt.
By ),HOO =lim,_ J(r) < oo. 1
3. MAIN RESULTS
By a modification of the method given in [18]-[19], we obtain the following results.

Theorem 3.1. Let F' be a positive, non-decreasing and locally Lipschitz continuous function
defined on0, ), letp > 0 andp € C(RY) satisfies

O</ rrilw(r)rildr<oo, ifl<p<2,
1

*© (p-2)N41 _
0< / ror1t (r)dr < oo, ifp>2
1

where(r) = maxy =, p(x), N > 3, N > p. Then for anyr > 0, the equation

(3.1) div(|VulP~2Vu) = p(x)F(u)
has a solution u iR such that‘ 1|im u(z) = a.

Proof. From Lemma 22, E].(2.5) has a bounded solutigsincep(z) > 0, soU is nonnega-
tive inRY. Then for anyx > 0, p(z) F(«) > 0, Sou; = « is a super-solution of (3.1), then we

can setuy, = o — [F(a)]ﬁU, so we have:, < « and
div(|Vua "2 Vuz) = p(2) F(a) > p(x)F (us),
which means that, is a sub-solution. Hence, from Leminaj2.1, we get a solutisatisfying

) iNRY andu; > u > uy, for lim, .., U(x) = 0, we havelimy,|_.., u(r) = a. That's end
the proof.x

Theorem 3.2. Let F' be a positive, non-increasing and continuous function defined owr),
let p > 0 such thatp € C(RY). Then the equation

(3.2) div(|VulP2Vu) 4+ p()F(u) =0 in RY,  lim wu(z) =0,

|z|—o0

admits a solution if and only if the linedr (2.5) has a solutién
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Proof. Let U be the ground state solution ¢f (2.5) aneg- supg~ U. Using the monotonicity,

1
. = .
we havelim;_, % = 0, solim, o + fo —1 = +4o00. Therefore, we obtain some
F(t)P-T

o > 0, such that

X0 t
cacog/ —dt
o F(t)rT

1@
U(r) = — —dt, Yo e RY.
ToJo  F(t)r1
Thenwv(z) > 0 and is bounded from above, sincer) < z, in RY, and we claim that is a
super-solution of (3]2). In fact

We define a functiom(z) by

Ldiv(|[VoP2Vo)  |[VolP 71,

. — di p—2 — ﬁ p— _
p(x) = div(|[VU[P2VU) (330) 7o) e ( F(t)) =0
> (i)pfldiv(WvV’—QVv)
Zo F(v)
so—div(|Vv[*Vv) > 70) p(2)F(v) 2 p(z)F(v)
Sincelim,| .o U(x) = 0 implies thatlim|,|_... v(x) = 0 and0 is a subsolution, we get then

a solution for[(3.R).
Inversely, if a solution: of (3.2) exists, we hav&' (u) > F(maxzy u) = aP~! > 0, it follows
that

: 1. 1
—div(|V(u/a)"*V (u/a) = ——=dv(|Vul"*Vu) = —=p(2)F(u) = p(z).
solisa supersolution fo.5), the proof is dome.
a

Theorem 3.3. Letp, F' be as in Theorem 3.1. If
div(|Vul[P~2Vu) + p(x) F(u) =0

has a entire solution which is bounded from below and above by positive constants, then the
solution of problem[(2]5) exists and satisfies

(3.3) HU||OO</0 ﬁ

Proof. Suppose that there exists a positive entire solutiéor

div(|Vu[P*Vu) + p(z) F(u) = 0.
If the right side of [(3.B) is infinite, since is bounded, there exist b > 0 such thaty < u <b,
then we haveF'(u) > C for some positive constardt, sinceF’ is nondecreasing. Obviously,

Criuisa super-solution fo (2/5), the claim is true.
Now we suppose that the integral is finite and define a funatidny

we) gt N
w(m)—/o W Ve € RY.

it follows that
div(|Vul[P~2Vu)
F(u)

F(u)

_di p—2 - _ p >
div(|Vw[P"*Vw) + |Vu| Fo(a) = p(x).
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Sincew > 0, it is a supersolution of (2/5). Then we obtain a solutlérof (2.5), verifying
0 < U < w, the proof is endn

Now we consider the following problemy( > 3)
(3.4) div(|Vul[P2Vu) = p(z) f(u) in RY, m u(x) = 0.

li
|x|—o00
Such a solution is called a explosive solution.

Theorem 3.4.Suppose thaf is a nondecreasing, locally Lipschitz function defined®n-oo)
such thatf(¢) > 0in (0, c0). Suppose moreover that satisfies the condition

00 t
(3.5) / [/ f(s)ds]"Pdt < .
1 0
Letp > 0 andp € C(RY) satisfies

0</ rrilw(r)rildr<oo, ifl<p<2,
1

 (p=N+1 .
0</ rort (r)dr < oo, ifp>2
1
wherey (r) = maxy,—, p(z), N > 3, N > p. Then equatior] (3]4) admits a positive solution.

Proof. By Lemmd 2.8 of[[111], we know that for anly € N, there exists a positive solutian
of equation
(3.6) div(| Vo [P2Vug) = p(z) f(vy) in By, |li‘mk vg(x) = 0.
According to the Lemma@ 2.2(weak comparison principle), it is clear that vy in By.
Thereforev = limy_,, vy, exists and diffVo|P~2Vu) = p(z)f(v) in RY. For estimatingy,
define o

wi(z) = / [f(s)]"Y®Vds in By, VkeN.

vg(2)

By the condition [(3.5) and the monotonicity ¢f we see thatu is well defined. A simple
calculus shows thatdiv(|Vw.|P2Vwy) < pin By, andwy, = 0 ond By, which yieldswy (x) <
U(zx) on By by the weak comparison principle, whéfes the solution of[(2.}5)(By Lemnia 3.3,
equation|[(2.6) has a bounded solutiégh Thus

/ [f(s)]Y*Vds <U(z) in RN,
v(x)
Thus,v is positive inR™ andlimy,| ., U(z) = 0 implies thatlim |, v(z) = co.
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