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1. I NTRODUCTION

In this paper we are concerned with the existence of positive entire solutions of second order
quasilinear elliptic equations of the type

(1.1) div(|∇u|p−2∇u)± f(x, u) = 0, x ∈ RN

wheref(x, u) is a continuous function onRN × (0,∞). By an positive entire solution of
equation (1.1) we mean a functionu ∈ C1(RN) which satisfies (1.1) at every point ofRN in a
weak sense withu > 0 in RN (See [4] and references therein).

This problem appears in the study of non-Newtonian fluids ([1], [12]) and non-Newtonian
filtration ([2]). The quantityp is a characteristic of the medium. Media withp > 2 are called
dilatant fluids and those withp < 2 are called pseudoplastics. Ifp = 2, they are Newtonian
fluid.

The existence and non-existence of entire solutions, existence of multiple positive entire so-
lutions of (1.1) have been studied in previous papers(see [15]-[17], [19]). Other some problems
have also been treated by many other authors. See, for example, [4]-[6], [8], [11].

Whenf : (0,∞) → (0,∞) andq : RN → (0,∞) are continuous functions, and∫ ∞

1

(

∫ u

0

f(s)ds)−1/pdu = ∞,

it has been shown in [15] that there exists entire radially symmetric solutions of the problem

(1.2) div(|∇u|p−2∇u) = q(x)f(u), x ∈ RN .

Whenf : (0,∞) → (0,∞) is locally Lipschitz continuous and strictly increasing, and∫ ∞

1

(

∫ u

0

f(s)ds)−1/pdu <∞,

∫ 1

0

(

∫ u

0

f(s)ds)−1/pdu = ∞,

with q is positive and continuous inRN , and

lim
|x|→∞

inf |x|pq(x) > 0,

it has been shown in [15] that Eq.(1.2) has no positive entire solutions.
On the other hand, it was shown in [17] that problem

div(|∇u|p−2∇u) + f(x, u) = 0, x ∈ RN ,

possesses infinitely many positive entire solutions whenf(x, u) is defined onRN is locally
Hölder continuous inx and is locally Lipschitz continuous inu; there exist a locally Hölder
continuous functionψ(r) ≥ 0 on [0,∞),

∫∞
0

(
∫ s

0
ψ(t)dt)1/(p−1)ds < ∞, and locally Lipschitz

continuous functionF (u) > 0 on (0,∞) such that

f(x, u) ≤ ψ(|x|)F (u), (x, u) ∈ RN × (0,∞),

and lim
u→0

F (u)

up−1
= 0.

Moreover, it was also shown in [16] that problem

div(|∇u|p−2∇u) + q(x)u−γ = 0, x ∈ RN .

has a positive entire solution ifq ∈ C(R+), 0 ≤ γ < p− 1, for any
0 < ε < (N − p)(p− 1− |r|)/(p− 1),∫ ∞

1

rp+ε−1+[(N−p)|r|/(p−1)]q(r)dr <∞,

and forr ∈ (0, 1), δ < 1, q(r) = O(r−δ).
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Furthermore, it was shown in [11] that problem

div(|∇u|p−2∇u) + q(x)uγ = 0, x ∈ RN , lim
|x|→∞

u(x) = ∞,

has an entire explosive positive radial solution ifq(x) ∈ C(RN), q(x) = q(|x|) ≥ C > 0, γ >
p− 1 and ∫ ∞

0

(t1−N

∫ t

0

sN−1q(s)ds)1/(p−1)dt <∞.

Motivated by the results of the above cited papers, we further study the existence of positive
entire solutions for (1.1), the results of the semilinear equations are extended to the quasilinear
ones. We can find the related results forp = 2 in [7], [9], [13]-[14], [10], [18]. The main
differences betweenp = 2 andp 6= 2 are known in [5]-[6]. Whenp = 2, it is well known that
all the positive solutions inC2(BR) of the problem

4u+ f(u) = 0 in BR,

u(x) = 0 on ∂BR.

are radially symmetric solutions for very generalf (see [3]). Unfortunately, this result does
not apply to the casep 6= 2. Kichenassary and Smoller showed that there exist many positive
nonradial solutions of the above problem for somef (see [8]). The major stumbling block in
the case ofp 6= 2 is that certain nice features inherent to the casep = 2 seem to be lost or at least
difficult to verify. In [19], we study the existence of positive entire solutions of (1.1). In this
paper, we obtain more results under new conditions. Therefore the following results obtained
complement conrresponding results in [14]-[16], [19], and extended to results in [7], [9], [18]
and complement to the results by [14]-[16], [11].

2. PRELIMINARIES

From [17], [19], we give the following lemmas

Lemma 2.1. Suppose thatf(x, u) is defined onRN+1 and is locally Hölder continuous (with
exponentλ ∈ (0, 1)) in x. Suppose moreover that there exist functionsv, w ∈ C1+λ

loc (RN) such
that

(2.1) div(|∇v|p−2∇v)± f(x, v) ≤ 0, x ∈ RN ,

(2.2) div(|∇w|p−2∇w)± f(x,w) ≥ 0, x ∈ RN ,

and

(2.3) w(x) ≤ v(x), x ∈ RN ,

and thatf(x, u) is locally Lipschitz continuous inu on the set

{(x, u) : x ∈ RN , w(x) ≤ u ≤ v(x)}.

Then, equation (1.1) possesses an entire solutionu(x) satisfying

w(x) ≤ u(x) ≤ v(x), x ∈ RN .

Remark 2.1. A function v(x)(resp.w(x)) satisfying the differential inequality (2.1)(resp.(2.2))
is referred to as a supersolution (resp. subsolution) of (1.1) inRN .
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Lemma 2.2. (Weak Comparison Principle) LetΩ be a bounded domain inRN(N ≥ 2) with
smooth boundary∂Ω andθ : (0,∞) → (0,∞) is continuous and nondecreasing. Letu1, u2 ∈
W 1,p(Ω) satisfy∫

Ω

|∇u1|p−2∇u1∇ψdx+

∫
Ω

θ(u1)ψdx ≤
∫

Ω

|∇u2|p−2∇u2∇ψdx+

∫
Ω

θ(u2)ψdx,

for all non-negativeψ ∈ W 1,p
0 (Ω). Then the inequality

u1 ≤ u2 on ∂Ω,

implies that
u1 ≤ u2 in Ω.

Lemma 2.3. Suppose thatρ(x) ∈ C(RN) is nonnegative and

(2.4) H∞ =

∫ ∞

0

(s1−N

∫ s

0

tN−1ψ(t)dt)
1

p−1ds <∞,

whereψ(r) = max|x|=r ρ(x). Then the equation

(2.5) div(|∇U |p−2∇U) + ρ(x) = 0,

has a ground state solutionU(x) in RN , which is bounded andlim|x|→∞ U(x) = 0.

Proof. Because

V (x) =

∫ ∞

|x|
(

1

sN−1

∫ s

0

σN−1ψ(σ)dσ)
1

p−1ds,

which is a solution for the−div(|∇V |p−2∇V ) = ψ(r) in RN andlim|x|→∞ V (x) = 0, soV is a
supersolution for (2.5). On the other hand,0 is a subsolution for (2.5), then (2.5) exists bounded
entire solution.

Remark 2.2. If N ≥ 3, N > p, then condition (2.4) of Lemma 2.3 is replaced by

(2.6) 0 <

∫ ∞

1

r
1

p−1ψ(r)
1

p−1dr <∞, if 1 < p ≤ 2,

(2.7) 0 <

∫ ∞

1

r
(p−2)N+1

p−1 ψ(r)dr <∞, if p ≥ 2.

Let

J(r) =

∫ r

0

(t1−N

∫ t

0

sN−1ψ(s)ds)
1

p−1dt.

If fact, if 1 < p ≤ 2, by estimating above the integral

J(r) ≤ C1 +

∫ r

1

t
1−N
p−1 [

∫ t

0

sN−1ψ(s)ds]1/(p−1)dt.

Using the assumptionN ≥ 3 in the computation of the first integral above and Jensen’s
inequality to estimate the last one,

J(r) ≤ C2 + C3

∫ r

1

t
3−N−p

p−1

∫ t

1

s
N−1
p−1 ψ(s)

1
p−1dsdt.

Computing the above integral, we obtain

J(r) ≤ C2 + C4

∫ r

1

t
1

p−1ψ(t)
1

p−1dt.
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Applying (2.6) in the integral above we infer thatH∞ = limr→∞ J(r) <∞. On the other hand,
if p ≥ 2, set

H(t) =

∫ t

0

sN−1ψ(s)ds.

and note that either,H(t) ≤ 1 for t > 0 or H(t0) = 1 for somet0 > 0. In the first case,
H

1
p−1 ≤ 1, and hence,

J(r) =

∫ r

0

t
1−N
p−1 H(t)

1
p−1dt ≤ C5 +

∫ r

1

t
1−N
p−1 dt

so thatJ(r) has a finite limit becausep < N . In the second case,H(s)
1

p−1 ≤ H(s) for s ≥ s0

and hence,

J(r) ≤ C6 +

∫ r

1

t
1−N
p−1

∫ s

0

sN−1ψ(s)dsdt.

Estimating and integrating by parts, we obtain

J(r) ≤ C6 +
p− 1

N − p

∫ 1

0

tN−1ψ(t)dt+
p− 1

N − p
[

∫ r

1

t
(p−2)N+1

p−1 ψ(t)dt− r
p−N
p−1

∫ r

0

tN−1ψ(t)dt]

≤ C7 + C8

∫ r

1

t
(p−2)N+1

p−1 ψ(t)dt.

By (2.7),H∞ = limr→∞ J(r) <∞.

3. M AIN RESULTS

By a modification of the method given in [18]-[19], we obtain the following results.

Theorem 3.1. Let F be a positive, non-decreasing and locally Lipschitz continuous function
defined on(0,∞), let ρ ≥ 0 andρ ∈ C(RN) satisfies

0 <

∫ ∞

1

r
1

p−1ψ(r)
1

p−1dr <∞, if 1 < p ≤ 2,

0 <

∫ ∞

1

r
(p−2)N+1

p−1 ψ(r)dr <∞, if p ≥ 2

whereψ(r) = max|r|=r ρ(x), N ≥ 3, N > p. Then for anyα > 0, the equation

(3.1) div(|∇u|p−2∇u) = ρ(x)F (u)

has a solution u inRN such that lim
|x|→∞

u(x) = α.

Proof. From Lemma 2.2, Eq.(2.5) has a bounded solutionU , sinceρ(x) ≥ 0, soU is nonnega-
tive in RN . Then for anyα > 0, ρ(x)F (α) ≥ 0, sou1 = α is a super-solution of (3.1), then we
can setu2 = α− [F (α)]

1
p−1U , so we haveu2 ≤ α and

div(|∇u2|p−2∇u2) = ρ(x)F (α) ≥ ρ(x)F (u2),

which means thatu2 is a sub-solution. Hence, from Lemma 2.1, we get a solutionu satisfying
(3.1) inRN andu1 ≥ u ≥ u2, for lim|x|→∞ U(x) = 0, we havelim|x|→∞ u(x) = α. That’s end
the proof.

Theorem 3.2. LetF be a positive, non-increasing and continuous function defined on(0,∞),
let ρ ≥ 0 such thatρ ∈ C(RN). Then the equation

(3.2) div(|∇u|p−2∇u) + ρ(x)F (u) = 0 in RN , lim
|x|→∞

u(x) = 0,

admits a solution if and only if the linear (2.5) has a solutionU .
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Proof. Let U be the ground state solution of (2.5) andc = supRN U . Using the monotonicity,

we havelimt→∞
F (t)

1
p−1

t
= 0, so limx→∞

1
x

∫ x

0
t

F (t)
1

p−1
= +∞. Therefore, we obtain some

x0 > 0, such that

cx0 ≤
∫ x0

0

t

F (t)
1

p−1

dt

We define a functionv(x) by

U(x) =
1

x0

∫ v(x)

0

t

F (t)
1

p−1

dt, ∀x ∈ RN .

Thenv(x) > 0 and is bounded from above, sincev(x) ≤ x0 in RN , and we claim thatv is a
super-solution of (3.2). In fact

−ρ(x) = div(|∇U |p−2∇U) = (
v

x0

)p−1 div(|∇v|p−2∇v)
F (v)

+
|∇v|p

xp−1
0

(
tp−1

F (t)
)′|t=v

≥ (
v

x0

)p−1 div(|∇v|p−2∇v)
F (v)

so−div(|∇v|p−2∇v) ≥ (x0

v
)p−1ρ(x)F (v) ≥ ρ(x)F (v)

Sincelim|x|→∞ U(x) = 0 implies thatlim|x|→∞ v(x) = 0 and0 is a subsolution, we get then
a solution for (3.2).

Inversely, if a solutionu of (3.2) exists, we haveF (u) ≥ F (maxRN u) = ap−1 > 0, it follows
that

−div(|∇(u/a)|p−2∇(u/a)) = − 1

ap−1
div(|∇u|p−2∇u) =

1

ap−1
ρ(x)F (u) ≥ ρ(x).

So
u

a
is a supersolution for (2.5), the proof is done.

Theorem 3.3.Letρ, F be as in Theorem 3.1. If

div(|∇u|p−2∇u) + ρ(x)F (u) = 0

has a entire solution which is bounded from below and above by positive constants, then the
solution of problem (2.5) exists and satisfies

(3.3) ‖U‖∞ <

∫ ∞

0

dt

[F (t)]
1

p−1

.

Proof. Suppose that there exists a positive entire solutionu for

div(|∇u|p−2∇u) + ρ(x)F (u) = 0.

If the right side of (3.3) is infinite, sinceu is bounded, there exista, b > 0 such thata ≤ u ≤ b,
then we haveF (u) ≥ C for some positive constantC, sinceF is nondecreasing. Obviously,

C
−1
p−1u is a super-solution for (2.5), the claim is true.
Now we suppose that the integral is finite and define a functionw by

w(x) =

∫ u(x)

0

dt

(F (t))
1

p−1

∀x ∈ RN .

it follows that

−div(|∇w|p−2∇w) = −div(|∇u|p−2∇u)
F (u)

+ |∇u|p F
′(u)

F 2(u)
≥ ρ(x).
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Sincew > 0, it is a supersolution of (2.5). Then we obtain a solutionU of (2.5), verifying
0 ≤ U ≤ w, the proof is end.

Now we consider the following problem(N ≥ 3)

(3.4) div(|∇u|p−2∇u) = ρ(x)f(u) in RN , lim
|x|→∞

u(x) = ∞.

Such a solution is called a explosive solution.

Theorem 3.4.Suppose thatf is a nondecreasing, locally Lipschitz function defined on[0,+∞)
such thatf(t) > 0 in (0,∞). Suppose moreover that satisfies the condition

(3.5)
∫ ∞

1

[

∫ t

0

f(s)ds]−1/pdt <∞.

Letρ ≥ 0 andρ ∈ C(RN) satisfies

0 <

∫ ∞

1

r
1

p−1ψ(r)
1

p−1dr <∞, if 1 < p ≤ 2,

0 <

∫ ∞

1

r
(p−2)N+1

p−1 ψ(r)dr <∞, if p ≥ 2

whereψ(r) = max|r|=r ρ(x), N ≥ 3, N > p. Then equation (3.4) admits a positive solution.

Proof. By Lemma 2.3 of [11], we know that for anyk ∈ N, there exists a positive solutionvk

of equation

(3.6) div(|∇vk|p−2∇vk) = ρ(x)f(vk) in Bk, lim
|x|→k

vk(x) = ∞.

According to the Lemma 2.2(weak comparison principle), it is clear thatvk ≥ vk+1 in Bk.
Thereforev = limk→∞ vk exists and div(|∇v|p−2∇u) = ρ(x)f(v) in RN . For estimatingv,
define

wk(x) =

∫ ∞

vk(x)

[f(s)]−1/(p−1)ds in Bk, ∀k ∈ N.

By the condition (3.6) and the monotonicity off , we see thatwk is well defined. A simple
calculus shows that−div(|∇wk|p−2∇wk) ≤ ρ inBk andwk = 0 on∂Bk, which yieldswk(x) ≤
U(x) onBk by the weak comparison principle, whereU is the solution of (2.5)(By Lemma 2.3,
equation (2.5) has a bounded solutionU ). Thus∫ ∞

v(x)

[f(s)]−1/(p−1)ds ≤ U(x) in RN .

Thus,v is positive inRN andlim|x|→∞ U(x) = 0 implies thatlim|x|→∞ v(x) = ∞.
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