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2 K. R. VASUKI

1. INTRODUCTION

Let, as usual ( )

I'a+ Kk

=)

A modular equation of degreeis an equation relating and that is induced by

2Fi(5, 511 —a) - 2Fi(3,5:1;1 = B)

2721 2192
2F1(3,3: 1 a) 2Fi(3,5:108)

where

= a)r(b)k k

L. Schlafli has discovered 7 modular equations in his paper [5]. Ramanujan also recorded these
modular equations in his first notebook [4] and also in second notebook [4]. These are the
modular equations of degrees 3, 5, 7, 11, 13, 17 and 19. B. C. Berndt [1], has given proof of
the modular equations of degrees 3, 5, 7. K. G. Ramanathan [3, p.411] indicated a proof of
the equation of degree 11, but Berndt mentioned in his book [2, p. 379] that "it is not possible
to complete the proof along the lines that Ramanathan indicated". Waison [8] gave a proof of
modular equation of degree 13 but erroneously remarked that Ramanujan did not discover it.
These modular equations were also examined by Waitson [9]. Motivated by these in this paper,
we give alternative and elementary proofs of the modular equations of degrees 3, 5, 7 and 11
and also we obtain modular equation of degree 23 which is of the same nature. The identities
analogues td (1} 2)-(1.6) are not existing corresponding to degrees 13, 17 and 19 hence, we are
unable to obtain the proof of modular equations of degrees 13, 17 and 19.

lz| < 1.

We conclude this section by recalling some definitions and certain theta function identities,
which will be used in next section. After Ramanujan, figr< 1, we defined
fl=a) =1 —q").
n=1

The Ramanujan’s Weber class invariants are defined by

—1/4 f(q)
Goi=27¥ ¢ f(=q?)
and
= 2*1/4L_q)
v V1 f(=q?)
whereq = e~ ™V™. We also require the following theta function identities:

(1.1) i)  BY%—AYB®4+164% =0,
where (@) F—)
__Ja __J\=a)
A= q1/24f(—q2) and B q1/12f(—q4)'
(1.2) ii)  B'— A'B?4+4A% =0,
where F@)f () P ()
. q)f(q _ —*)f(=4¢")
a8 f(—q?) f(—¢°) and B B f(—q*) f(=q*?)
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(1.3) i)  B®— B'A® +8(AB)! +16A* = 0,
where F@ (@) F(—q)f(—q)
_ q)]\q - —q —q
A= e ™ BT R i)
(1.4) iv)  B*— A’B+2A =0,
where @) =) f(—q™)
Ao q)f(q q _ A
Py ey ey B Ty ey ey
(1.5) v)  B'— A'B*+4A’B? +4A%* =0,
where F@) () F (=) f(—g™)
_ 7)f(q q _ =R (=a)
Ry R iy Ty Ty
(1.6) vi)  B>—A’B+2AB+2A =0,

_ f@f(@®) =P f(=4")
BT e e R ey e
For a proof of [[1.]L), seé€[7], and for proof ¢f (IL.2) fo (1.6), see [6].

2. MAIN THEOREMS

For0 < o, 3 < 1, we set
P:=[1608(1—a)(1-B)"/* and Q:= { i

Theorem 2.1.1f 5 has degree 3 ovet, then

QM%H\/E(P?’—%) =0
Proof. Let
, fa) _ I
e en) M)
_ (=) __f(=d)
CTpmpey P ey

From (1.1), we have
(2.1) C'0 — AC® 4+ 16A% = 0.
and also from[(1]2), we have
(2.2) (CD)* — (AB)(CD)* + 4(AB)* = 0.

EliminatingC' between[(2]1) and (2.2) using maple, we arrive at

A24(_B32D16 + 16824D8 + BIGD24 _ 16BSD16) + 16A18(2B26D16 _ 16BISDS _ BIOD24)

+ 32A%(—10B* D' + 16 B12D® + B*D?*) + 1024A% B D'¢
(2.3) — 16D3% — 4096 B¢ — 512D'°B® = 0.
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Changingg to ¢* in (2.1), we deduce that

(2.4) D' — BD® + 16B® = 0.
Eliminating D between[(Z2]3) andl (2.4) using maple, we obtain
(2.5) (B2 +8A°B* + A2 — A°B%)(B"? — 8A’B* + A2 + A?B°) = 0.

Settingg = e, we see thatl = 2'/G, andB = 2Y/*Gy. From [2, p. 189], we havé&, = 1
1/3
and Gy = [”‘/ﬂ . Using these values i .5), we see that the second factor does not

V2
vanishes. Hence the first factor is equal to zerogfer e~™. Therefore first factor vanishes in
some neighborhood ef ™. So by the identity theorem, we have

BY +8A4°B* + A” — A°B? = 0.
Dividing this throughout by AB)°, we deduce that

(ﬁ) * (%) - (4B + 7 =0

From Entry 12 (i) and (i) of Chapter 17][1, p. 124], we ha@%)6 = Q%andAB = \/2/P.
Using this in the above identity, we obtain the required requit.

Theorem 2.2.1f $ has degree 5 ovet, then

1 1
Q3+—+2(P2——)—0.

Q3 P2
Proof. Let
__ f@ 5. @)
() PP (=)
2 10
O gy D= ey
From (1.1), we have
(2.6) C' — AMC® 1 16A4° = 0.
Changingy to ¢° in the above, we have
(2.7) D' — BYD® + 16B% = 0.
From {1.3), we have
(2.8) (CD)® — (CD)*(AB)® + 8(ABCD)* +16(AB)* = 0.

Eliminating C' between|[(2)6) andl (2.8) using maple, we arrive at
A24(1GBSD16 - BlGD24 - 16B24D8 + B32D16) + 16A20<—2328D16 + 16320D8 + BlZD24)
+64A1%(6B21 D16 — 16B'D® — BSD*) + 32A'2(—66B2*D'® + 16 B'2D® + BD!)
+ 5120A8 B D16 — 4096 A* B2 D' + 512B8 D' + 4096 B + 16D3? = 0.
Now, eliminatingD between the above identity arjd (2.7) using maple, we obtain

X(A,B)Y(A,B) =0,
where
X(A,B) = B% +4BA — (BA)® + AS
and
Y(A,B) = (B® —4BA + (BA)® + A% (B 4 (AB)" — 10(AB)® + 16(BA)? + A'?).
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Settingg = e~ ™, we haveAd = 2Y/*G, and B = 2Y*G,5. From [2, pp.189-190], we have
Gy = 1 andGy; = Y5, Using these values il (A, B), we see that’ (4, B) # 0. Hence

2
X (A, B) vanishes in some neighborhoodeof*. Thus,

X(4,B) =0,

which is equivalent to

B3 A3 4 5

F+§+W_(AB) = 0.
Transforming the above identity through Entry 12 (i) and (iii) of Chapter[17 [1, p.124], we
obtain the required resuli.

Theorem 2.3.1f 5 has degree 7 ovet, then

Q4+i+7:2\/§(P3+i).

Q4 P3
Proof. Let
AC)) _ fldN)
AT iy U gy
_ (=) _f(=d")
R e B T )
From (1.1), we have
(2.9) C' — AC® +16A° = 0.
Changingg to ¢” in the above, we have
(2.10) D' — BYD® + 16B% = 0.
From (1.4), we have
(2.11) (CD)* — CD(AB)* +2AB = 0.

Eliminating C' between([(2]9) andl (2.1L1) using maple, we arrive at

_A24(B32D16 ‘l‘ 16824D8 + BIGD24 _ 1638D16) + 16A21<2B29D16 _ 1GB2IDS _ B13D24)
+ 16A'8(—26B% D0 + 80B'®D® + 5B19D?*) + 128A4'5(22B* D' — 16BY D% — B"D*)
+ 32A'2(—330B%D'6 + 16B'2D® + B*D*) + 21504A%B'7 D'

— 21504A B D16 4819243 B D6 — 512B% D16 — 4096 B'6 — 16D32 = 0.

Now, eliminatingD between the above identity ajd (2.10) using maple, we obtain

X(A,B)Y(A,B) =0,
where
X(A,B) = A* —8AB + 7(AB)* — (AB)" + B®,
and
Y (A, B) =AY + APB" + (AB)"* —7A™B* — 14(AB)" +8A°B + 64(AB)® + ATB"
—112(AB)® — TA*B" + 64(AB)* + 8AB® + B'S.
Settingg = e~ ™, we haved = 2Y/*G, and B = 2Y*G,y. From [2, pp.189-191], we have

Gy = 1 andGyy = ZHVAT VAT Using these values il (A, B), we see thal’(4, B) # 0.
HenceX (A, B) vanishes in some neighborhoodeof". Thus,

X(4,B) =0,
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which is equivalent to

B* A4 8 3

ﬁ‘i‘ﬁ—m—(AB) +7=0.
Transforming the above identity through Entry 12 (i) and (iii) of Chapter[17 [1, p.124], we
obtain the required resulg.

Theorem 2.4.1f 7 has degree 11 over, then

QM—%—Q\@(%—%+%—22P+11P3—2P5) = 0.
Proof. Let .
4= qwfﬁ)—q%’ . qﬂ/i(?(—)qﬂ)’
2 22
From {1.1), we have
(2.12) C' — AC® +16A% = 0.
Changingg to ¢'! in the above, we have
(2.13) D' — BYD® + 16B% = 0.
From (1.5), we have
(2.14) (CD)* — (AB)*(CD)* + 4(ABCD)* + 4(AB)?* = 0.

Eliminating C' between|[(2.72) andl (2.]14) using maple, we arrive at

—16D% + D*(A?*B'S —16A422B'" 4 96 A2°B'? — 272 A B0 4 384 A6 B® — 256 A11 BS
+32A2 B+ D6(— A" B32 16 A% B8 +32A% B30 — 448 A2 B® 13616 A'® B?5— 18688 A6 B
+ 65024 A B?2 — 155968 A2 B0 + 259072A1°B® — 292864 A8 B16 + 214016 A5 B4
—90112A%B" 4 16384A2B'° — 512B%) 4+ D3(16A**B** — 256 42> B?* + 1536 A2 B

— 4352A'8 B8 4 6144 A0 B — 4096 AMB™ + 512A'2B'?) — 409686 = 0.

Now, eliminatingD between the above identity aid (2.13) using maple, we obtain

X(A,B)Y (A, B) =0,

where
X(A,B) = —(AB)"' + 11(AB)? + 83(AB)® — 88(AB)* — 44(AB)" + A™ + B'? + 32AB,
and
Y (A,B) = (AB)" — 11(AB)? — 83(AB)° + 88(AB)* + 44(AB)" + A" + B" — 32AB.

Settingg = ™™, we haveA = 2/4G, and B = 2Y/*G,,,. From [2, pp. 189-191], we have
G =1andGia = 315[(11+3VID)Y3((3VI1 +3v3 +4)% + (3V11 - 3V3 +4)'/* + 2)].
Using these values ilv (A, B), we see that’ (A, B) # 0. Hence, X (A, B) vanishes in some
neighborhood oé~". Thus,

X(A,B) =0,
which is equivalent to

88 88 32 AN® [/ B\°

o 5 3 o il - —
(AB)” + 11(AB)” — 444B + —— (AB) + app " (B) + (A) 0.

Transforming the above identity through Entry 12 (i) and (iii) of Chapter[17 [1, p.124], we
obtain the required resuli.
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Theorem 2.5.1f 5 has degree 23 over, then
12 L s (prg 736 ( P10 4 — 4048V (PO 4 =
Q + @ — + Pt + + pio )~ + o

1 1 1
8 7 6

1 1 1
5 4 3
495328v/2 <P + —5) + 1362336 (P + —4) — 1592336v/2 (P + —3)

1 1
+ 3200864 (P2 + ﬁ) — 2787232V/2 (P + F) + 4223122 = 0.

Proof. Let
__ f 5. d@®)
A P() PP
_ f(=d) _ f(=¢")
C:= q1/12f(_q4) and T q23/12f(_q92)'
From {1.1), we have
(2.15) C' — AC® +16A% = 0.
Changingg to ¢* in the above, we have
(2.16) D' — BYD® + 16B% = 0.
From (1.6), we have
(2.17) (CD)?* — (AB)>’CD +2ABCD + 2AB = 0.

EliminatingC' between[(2.15) andl (2.].7) and then, eliminatihngetween the resulting identity

and [2.16) using maple, we arrive at

A2 — (AB)® + 23(AB)? — 253(AB)? + 1794(AB)% — 9292(AB)Y + 37605(AB)'8
— 123832(AB)'7 — 123832(AB)'7 + 340584(AB)'° — 796168(AB)' + 1600432(AB)™
— 2787232(AB)' + 4223122(AB)'2 — 5574464(AB)" + 6401728(AB)™® — 6369344(AB)°
+ 5449344(AB)® — 3962624(AB)™ + 2406720(AB)® — 1189376(AB)5 + 459264( AB)*
— 129536(AB)* + 23552(AB)? — 204848 + B> = 0.

Dividing the above identity throughout Hyl B)!? and then transforming the resulting identity

through Entry 12 (i) and (iii) of Chapter 17![1, p. 124], we obtain the required regult.
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