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ABSTRACT. By using the improved Euler-Maclaurin’'s summation formula and estimating the
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inequality. As applications, a strengthened version of the equivalent form is considered.
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1. INTRODUCTION

Ifp>1,0 4. =1 anb, > 0,suchthad < 337, ak < coandd < Y77 b% < oo, then
we have

(L1) iiln(m%%b%[sm ] (Zap> <§:b)

n=1m=1
2
where the constant factc{lﬁ?l)] is the best possible [1]. Inequality (1.1) is called Hardy-

Hilbert's type inequality, which is important in analysis and its applicatiohs [2]. In recent years,
Pachpatte et all [3]-[9] gave some extensions and improvemeijts pof (1.1). In 2005, by introduc-
ing a parameteA Yang [10] gave a extension df (1.1) as:0lf< A < min{p, ¢}, such that

3=

0< > np=D0-Ngp < o0 andd < Y07 n(q_l)(l_’\)bq < oo, then
(1.2) iiln(%)amb” < | Zn” Vi an 0%
- o= omr—n Asin (E>
=1 m= D

)\Sm(%)
(1.1). By introducing a parameteys, Yang [11] gave a more accurate inequality[of[1.1) as: If
2 <a<1,a,b, > 0satisfyingd < > 77 a2 < oo and0 < Y7, b% < oo, then we have two
equivalent inequalities as follows:

2
where the constant fact({r%} is the best possible. For= 1, inequality ) reduces to

2 1 1
0y ey RO E ) (S) (Sn)
n=0 m=0 S111 <;> n=0 n=0

In (m+a

2p
0o 0o ) CLm]p - oo
(1.4) —ntal <o | —— ab,
=0 L;) m=n sin <’r> ;

2 2p
where the constant fact{%] and%lﬁ] are the best possible. Far= 1, inequality

(1.3) reduces to the equivalent form pt (1.2).

This paper deals with some strengthened versiorjs df (1.3] and (1.4) by estimating the weight
coefficient. For this, we introduce some lemmas.

2. SOME LEMMAS

First, we need the following formula (see [1]):

(2.1) /000 %uidu = [ﬁ] (s >1).

Lemma 2.1. (see[1: ])|ff( ) >0, fPr=Y(z) <0, fC)(z) > 0,2 € [0,00)(r = 1,2), f) (c0) =
0(r=0,1,2,3,4)and [;* f(z)dz < oo, then

(2.2) S flm) < /0 ")z + S 1(0) )
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Lemma2.2.Forr > 1, % < a < 1,n € Ny, setting the weight coefficiefit,, (r, n) as follows:

m-—n m+ «

00 m+a %
(2.3) Wa(r,n)zzm(nM) (n+a> ;
m=0
then we have
r 2 In(n+1)
( ) 3r=1) @n+ 1)t
Proof. Define the functiong(u) and f(z) as:g(u) := 2% v € (0,00)(g(1) := 1);

u—1"

T+ o T+ o - 1
= — > _ .
f(z) 9<n+a> (n+a) ,x € (—a, 00) (a_z,neNo)
Thenf(z) satisfies the condition of (7.2)(seée[11, Lemma 2.2]), we find

o-0(i5:) (5)
o= (5) (50 - () ()
ro- it (755) (552) e (555) (nia)il;
[P = [To(Emn) () e

[e.9]

:/ g(wu (n + a)du

/ g(u)u’%du - /Ha g(u)uidu]
0 0

= (n+a) [ﬁ] —/Owg(u)uidu

Integration by parts, sinag'(u) > 0 (see[11, Lemma 2.2], ) we obtain

(2.4) Wy(r,n) <

= (n+a)

@

e 1
/ g(u)urdu
0
r nTO:a 1
= dul=7
7"—1/0 g9(u)du

_ _r 1-Linta _ T e -4
gt - [T e

1—1 2 a
r «Q «Q r T nte 21
e — d s
T—lg(n+a) (n+a) (7“—1)(27“—1)/0 g (u)du

rilg (nia) (njé-oé)l_i N (r—1)r(22r—1)gl (nia) <nia>2_i'
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Hence by[(Z.]1), we have

< In (Y)Y /i pa\ T R —
Walr,n) = Z m—+n (m+a) :n+a2f(m)

< —| [ 1@ar+ 310 - o)
< o] ) )
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_127“04(11—1— )’ (n o a) (n o oz)_

2 1_1
o Q T T 1 1
g n+ + a r—1 2a 12ra?
1

r’a B 1 ]
(r—1)2r—1)(n+a) 12a(n+ a)

(r: _i_ 12ia2)g(nia)
ni& {(T_S(gr—n B 12104} (_g, <nj—a))}

Sincer > 1,1 <a<1,¢(u) <0(ue (0,0))(see[ll, Lemma2.2], ), we have

_1
a \'F : o 1

> 1 = T

n+a n+; 2n+ 1)+

g(nf_a) 29( ! ):"H n(n+1) > In(n + 1),

1
T

+

n+1 n
1 1
roo 11 oL e 2
r—1 2a 12ra? r—1 3r  3r(r—1)" 3(r—1)
2 1 2r2 (6a® — 1) +3r — 1
r’a _ 2r* (6o )+ 3r -0,

(r—1)(2r—1) 122  12(2r—1)(r—1)a
then, we find
2 In(n+1)

sin(%)} C3(r—1) @2n+ 1)

This proves the lemma
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3. MAIN RESULTS AND APPLICATIONS

Theorem 3.1.1f p > 1, 1+% =112 <a <1, a.b, >0,suchthat < > > a? < oo and
0<> " ,bl < oo,then

_ 2 1
& In ( ’j}jg b > ™ 2 Dh(n+1) }
nZOmZO - nzzo I sin (%) 3(2n + 1)% n
2
31 = 7r _ 2(g - 1)ln(n1—|— l)bq
e " nzzo sin () 3@2n+1)i

Proof. By Holder's inequality with weight (see [12]) and (2.3), we obtain

ioo 111 m+a b iiln ZL_T_FS m 4+ « % n+ « ib
= [07%% n
n=0 m=0 n=0 m=0 n+ta mta

- 1
00 00 n(mjrra) <m+a);ap]p

= _mZ:On:O m-—n n+ o m
oo oo hl(mi-s) n+a » q
x nz:%mz::() m-—-n (m—l—a) bgL
1

Sincesin (%) = sin ( ) and(p — )(q - 1) =1, by .) (forr = p,q), we have.l) This

proves the theoreny
Theorem3.2.1fp> 1, + . =13 <a<l,a,>0,0< 3% ah < oo, then

0 [ In (mte) g, 1"
n=0 [m=0 m=mn
22 2
- s T C2p—-Dhh(r+D]| ,
sn(3)] | \sin (z) 3(2n+1)»
Proof. By Holder's inequality and (2]3), we obtain
iln(fﬁg)am iln(::jg) m+a\ nta\m
= m-n — m-n n—+ao m—+ o
_ 'iln(’ﬁi) m+a\e | s IGE) (nta g
T |4&= m—n \n+a " ~ m—-n \m+a
(S (852) (m+aNs |7 )
- X () e v
=0
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Hence by[(2.}) (for = ¢), we have[(3.R2). The theorem is provead.

Remark 3.1.

(a) Inequality [(3.]) is strengthened version[of [1.3), and inequality (3.2) is a strengthened

version of [(1.4).
(b) Fora = 3,p = ¢ = 2, by (3.1) and[(32), we have the following new strengthened
Hilbert’s type inequalities:

oo ln 2m—+1

(3.3) > Z (525) anb
n=0m
_ i [7r2— 21n(n+1l)ai

3(n+1)2

> 2 2In(n + 1) 9
‘ 3@n+n§”

} ,

2
n:

n=

(3.4) i [i In (27311 ) am] o2 > [772 B 2In(n + 1)

3(2n 4 1)z

n=0
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