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ABSTRACT. In this present investigation, the authors obtain Fekete-Szegé’s inequality for cer-
tain normalized analytic functiong(z) defined on the open unit disk for whidh— f(Jf,)(fZ';f)

lie in a region starlike with respect ioand symmetric with respect to the real axis. Also certain
applications of the main result for a class of functions defined by convolution are given. As
a special case of this result, Fekete-Szeg¢’s inequality for a class of functions defined through

fractional derivatives is also obtained.
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2 T. N. SHANMUGAM AND A. SINGARAVELU

1. INTRODUCTION

Let.A denote the class of analyticfunctionsf(z) of the form
(1.1) f(z) =2+ Zakzk (ze A:={z€C||z| <1})
k=2

andS be the subclass ofl consisting of univalent functions. Leéiz) be an analytic function
with positive real part om\ with ¢(0) = 1, ¢’(0) > 0 which maps the unit disk onto a region
starlike with respect td which is symmetric with respect to the real axis. 5&f¢) be the class
of functions inf € S for which

2f'(2)
f(2)

andC'(¢) be the class of functions ifi € S for which

zf”(z)
f'(2)
where< denotes the subordination between analytic functions. These classes were introduced
and studied by Ma and Mindal![4]. They have obtained the Fekete-Szeg6 inequality for the
functions in the clas€'(¢). Sincef € C(¢) ifand only if zf'(z) € S*(¢), we get the Fekete-
Szeg0 inequality for functions in the claS$(¢). Many authors have studied the Fekete-Szego
inequality for different subclasses of analytic functidns [1,/2] 8] 7, 8, 10, 11]. For a brief history
of Fekete-Szegd problem for the class of starlike, convex and close-to-convex functions, see the
recent paper by Srivastaetal. [12].

In the present paper, we obtain the Fekete-Szeg6 inequality for functions in a more general
classM (¢) of functions which we define below. Also we give applications of our results to cer-
tain functions defined through convolution (or Hadamard product) and in particular we consider
a classM*(¢) of functions defined by fractional derivatives.

< ¢(z), (z€A)

1+ < ¢(z), (z€A),

Definition 1.1. Let ¢(z) be a univalent starlike function with respect to 1 which maps the unit
disk A onto a region in the right half plane which is symmetric with respect to the real axis,
#(0) = 1 and¢'(0) > 0. A function f € Ais in the class\/(¢) if
f2)f"(2)
1— Pl < ¢(2)
For fixedg € A, we define the class/9(¢) to be the class of functiong € A for which
(f*g) € M(¢).

Wheng(z) = 442 (—1 < B < A < 1), we denote the clas¥l/ (¢) by M[A, B].

1+Bz’ |
To prove our main result, we need the following:

Lemma 1.1([4]). If py(2) = 1 +c12+ c22® + - - - is an analytic function with positive real part

in A, then
—4v 42 ifv <0,
lco —wvel| < ¢ 2 ifo<wv<1,

4v — 2 if v>1.

Whenv < 0 or v > 1, the equality holds if and only #;(z) is (1 + 2)/(1 — z) or one of its
rotations. If0 < v < 1, then the equality holds if and onlyif (z) is (1 + 2%)/(1 — 2?%) or one
of its rotations. Ifv = 0, the equality holds if and only if

1 1 \1+z (1 1\1-z
(=42 Y 0<A<1
Pi(z) <2+2>1—z+(2 2>1+z (0sAs1)
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or one of its rotations. I = 1, the equality holds if and only ; is the reciprocal of one of
the functions such that the equality holds in the case-6f0.
Also the above upper bound is sharp, and it can be improved as followsWwhen< 1:

lco —vei| +vle)? <2 (0<v<1/2)
and
leg — v+ (1 =)’ <2 (1/2<v<1).
2. FEKETE-SZEGO PROBLEM
Our main result is the following:

Theorem 2.1.Let¢(z) = 1+ Bz + Byz? + B3z +- - - If f given by[(1.]1) belongs tb/,(¢),

then B )
2 — K :
—?JFTB% if p<o,

laz — pay] < ¢ — if oy <p<oy,

—=_ R it p>o0,,

6 4
where
2
o1 = 1— 3_B%(B1 +B2),
and
2
09 = 1-— 3_B% (B2 — Bl)
The result is sharp.
Proof. For f(z) € M(¢), let

From [2.1), we obtain
—2as = by and 6 (CL% — CL3) = bs.
Sinceg(z) is univalent ang < ¢, the function
1+ ¢ p(z
(z) = cb_l(p( )
1+¢7 (p(2))

is analytic and has positive real partin Also we have

:1—|—012+0222+"‘

p(z) — 1)
2.2 2)=¢ | —/———
22) oo =0 (25
and from this equation (2.2), we obtain

1

bl = 53161
and ) . )
b2 = 531(02 — 50?) + ZBQC%.
Therefore we have
-B

(2.3) as — pas = ?1 {02 — UC%}
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where
1 By, | 3(1—p)
1— ==
U TR T 2
Our result now follows by an application of Lemina]1.1. To show that the bounds are sharp, we

define the function&*» (n = 2,3,...) by
K (2)(K%)"(2)

By .

_ — H(n1 $n(0) = 0 — [K 1 (0) —
1 Koy ()2 ¢(z"7),  K(0) =0=[K](0) -1
and the function> andG? (0 <A <1)by
A Z\Z !
1—F<§A DoY) Po—o=r -

and

GM(2)(G*(2))"(2) 2z + ) A Ay
1 (G,\(Z))/z —gb( 1—1—)\2)’ G(O)—O—(G)(O)~
Clearly the functiong<?", F*, G* € M(¢). Also we write K¢ := K*¢2.

If u < oy Or u > o4, then the equality holds if and only jf is K¢ or one of its rotations.
Wheno, < 1 < 09, the equality holds if and only if is Ks or one of its rotations. Ifi = o,
then the equality holds if and only ffis F* or one of its rotations. Ifi = o, then the equality
holds if and only iff is G* or one of its rotationsg

Remark 2.1. If o1 < p1 < 04, then, in view of Lemma 1|1, Theordm R.1 can be improved. Let
o3 be given by

_q{_ 2B,
73T T 3R
If 01 < p < o3, then
2 3B B
’&3 — ua%\ + 3_B1 |:(Bl -+ BQ) — Tl(l — ):| ’a2’2 S El

If 03 < 1 < 09, then

2 |B;—B 3B B,
oo = ] + g |24 20 0l <

3B 2 6

Example 2.1.Let¢(z) = 1+ Biz+ Byz?+ B323+- - - If f given by[(1.]1) belongs tb/ (A, B),
then

( 2_ o
AR LBy i p<an
|as — pa3| < (AEB% if oy <p<oy,
2 _ _
BoAB) 1By pp i p>o
. 6 4
where
2
o =1- m[(B—A)(B—l)]y
and
2

The result is sharp.
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3. APPLICATIONS TO FUNCTIONS DEFINED BY FRACTIONAL DERIVATIVES
In order to introduce the clasg*(¢), we need the following:

Definition 3.1 (see [5] 6]; see also [13, 14]let f(z) be analytic in a simply connected region
of the z-plane containing the origin. THeactional derivativeof f of order\ is defined by

Apy . Ld ot f(Q)
DM (2) = —F(l—k)dZ/o (z—g)AdC 0<A<1)

where the multiplicity of(z — ¢)* is removed by requiring thasg(z — ¢) is real forz — ¢ > 0.

Using the above Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [5] introduced the opefator4 — A defined by

(Qf)(2) =T(2 - N2*DXf(2), (M#2,3,4,...).

The classM*(¢) consists of functiong € A for whichQ*f € M(¢). Note thatM/°(¢) =
S*(¢) andM*(¢) is the special case of the clas&’ (¢) when

(3.1) g(z) =z + Z P+ IR = ) 2"

I'n+1-X)

Letg(z) = 2+ ey gn2™ (gn > 0). Sincef(z) = 2+ > .07, a,z™ € M9(¢) if and only
if (f*g) =2z+>",9:0,2" € M(¢), we obtain the coefficient estimate for functions in
the classM/?(¢), from the corresponding estimate for functions in the clag®). Applying
Theoren] 2.1 for the functiofif * g)(z) = 2 + goa22? + gsazz® + - - -, we get the following
Theorenj 3.]L after an obvious change of the parameter

Theorem 3.1. Let the functions(z) be given bys(2) = 1 + Byz + By2? + B3z3 + - - . If f(2)
given by|[(1.]1l) belongs t®/9(¢), then

(1] By 1193
— 32 222l if <
Bl 6 AT ag } p=on
5 B, )
laz — pay] < 9 — if o1 <p <oy,
2 2 MG3 o :
—|—=—--B B if >
L 93 L 6 41+42 ] =
where
-
95 2
= £ |1 - B B
o1 % | 33%[ 1+ 2] ,
and
- )
95 2
= % |1-—I[B,— B
092 9 | 33%[ 2 1]_
The result is sharp.
Since
Fn+1)I'2-X)
( Z n+1_ ) a’TLZ 9
=2
we have
'3 - 2
(32) goim LA

3—-X\  2—X
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and
L(4)T(2—N) 6
BZTTa—N T 2-NE-N)
For g, andgs given by [3.2) and (3]3), Theorgm B.1 reduces to the following:

Theorem 3.2. Let the functions(z) be given bys(z) = 1 + Byz + By2? + B3z® +
given by[(1.]1) belongs @/} (¢), then

(3.3)

2—-X2)(3 - .
2-M@3 )7 it <o
2—-2N)(3—-A .
|ag — paj| < ( 323 )B1 if o <p<oy
_R=NB=N s,
36 Y n = 02
where
By 1 _, 32-X\
= |—-——=+-BF————°B
7 |: 6 4 1 8(3_)\> 1:u7
23—N) [ ]
— l1-—[B+B
o1 32—\ SB%[ ot 2]_’
and
23—\ [ 2 ]
- - 2 1-—=[B,—-B
72 32— \) 3 (B2~ il
The result is sharp.
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