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2 OVIDIU T. POP

1. I NTRODUCTION

In this section, we recall some notions and results which we will use in this article (see [4]).
Define the natural numberm0 by

(1.1) m0 =

{
max{1,−[β]}, iff β ∈ R\Z
max{1, 1− β}, iff β ∈ Z.

For the real numberβ, we have

(1.2) m + β ≥ γβ

for any natural numberm, m ≥ m0, where

(1.3) γβ = m0 + β =

{
max

{
1 + β, {β}

}
, iff β ∈ R\Z

max{1 + β, 1}, iff β ∈ Z.

For the real numbersα, β, α ≥ 0, we denote

(1.4) µ(α,β) =


1, iff α ≤ β

1 +
α− β

γβ

, iff α > β.

Remark 1.1. For the real numbersα andβ, α ≥ 0, we have1 ≤ µ(α,β).

Lemma 1.1. For the real numbersα andβ, α ≥ 0, we have

(1.5) 0 ≤ k + α

m + β
≤ µ(α,β)

for any natural numberm, m ≥ m0 and for anyk ∈ {0, 1, . . . ,m}.

For the real numbersα andβ, α ≥ 0, m0 andµ(α,β) defined by (1.1) - (1.4), let the operators
P

(α,β)
m : C

(
[0, µ(α,β)]

)
→ C

(
[0, 1]

)
, be defined for any functionf ∈ C

(
[0, µ(α,β)]

)
by

(1.6)
(
P (α,β)

m f
)
(x) =

m∑
k=0

pm,k(x)f

(
k + α

m + β

)
,

for any natural numberm, m ≥ m0 and for anyx ∈ [0, 1].
These operators are named Bernstein-Stancu operators, introduced and studied in 1969 by D.

D. Stancu in the paper [5]. In [5], the domain of definition for the Bernstein-Stancu operators is
C([0, 1]) and the numbersα andβ verify the condition0 ≤ α ≤ β.

Lemma 1.2. The operators
(
P

(α,β)
m

)
m≥m0

verify the following properties

(1.7)
(
P (α,β)

m e0

)
(x) = 1,

(1.8)
(
P (α,β)

m e1

)
(x) = x +

α− βx

m + β

and

(1.9)
(
P (α,β)

m e2

)
(x) = x2 +

mx(1− x) + (α− βx)(2mx + βx + α)

(m + β)2
,

for any natural numberm, m ≥ m0 and for anyx ∈ [0, 1].

Proof. For the proof see [5] or [6].
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THE VORONOVSKAJA TYPE THEOREM 3

For natural numbersm ands, defineTm,s(x) =
m∑

k=0

(k−mx)spm,k(x), for anyx ∈ [0, 1]. The

relationsTm,0(x) = 1, Tm,1(x) = 0, Tm,2(x) = mx(1 − x), Tm,3(x) = mx(1 − x)(1 − 2x),
Tm,4(x) = 3m2x2(1−x)2 +m [x(1− x)− 6x2(1− x)2], for any natural numberm and for any
x ∈ [0, 1], are known.

Lemma 1.3. a)There existsm(2) ∈ N such that

(1.10) m
(
P (α,β)

m ϕ2
x

)
(x) ≤ 1,

for anyx ∈ [0, 1] and for any natural numberm, m ≥ m(2).
b) There existsm(4) ∈ N such that

(1.11) m2
(
P (α,β)

m ϕ4
x

)
≤ 1,

for anyx ∈ [0, 1], for any natural numberm, m ≥ m(4), where forx ∈ [0, 1], ϕx : [0, 1] → R,
ϕx(t) = |t− x|, for anyt ∈ [0, 1].

Proof. We have(
P (α,β)

m ϕ2
x

)
(x) =

(
P (α,β)

m e2

)
(x)− 2x

(
P (α,β)

m e1

)
(x) + x2

(
P (α,β)

m e0

)
(x)

and taking(1.7)− (1.9) into account, we obtain(
P (α,β)

m ϕ2
x

)
(x) =

mx(1− x) + (α− βx)2

(m + β)2
.

Because lim
m→∞

m
(
P

(α,β)
m ϕ2

x

)
(x) = x(1 − x), for anyx ∈ [0, 1], there existsm(2) ∈ N such

that m
(
P

(α,β)
m ϕ2

x

)
(x) − x(1 − x) ≤

3

4
, for any natural numberm, m ≥ m(2) and for any

x ∈ [0, 1]. Taking into account thatx(1− x) ≤
1

4
for anyx ∈ [0, 1], the relation (1.10) results.

We have(
P (α,β)

m ϕ4
x

)
(x) =

m∑
k=0

pm,k(x)

(
k + α

m + β
− x

)4

=
1

(m + β)4

m∑
k=0

pm,k(x) [(k −mx) + (α− βx)]4

=
1

(m + β)4

[
Tm,4(x)+4(α−βx)Tm,3(x)+6(α−βx)2Tm,2(x)

+ 4(α− βx)3Tm,1(x) + (α− βx)4Tm,0(x)
]

and considering the expressions ofTm,0(x), Tm,1(x), Tm,2(x), Tm,3(x), Tm,4(x), we obtain(
P (α,β)

m ϕ4
x

)
(x) =

1

(m + β)4

{
3m2x2(1− x)2 + m

[
x(1− x)− 6x2(1− x)2

]
+ 4(α− βx)mx(1− x) + 6(α− βx)2mx(1− x) + (α− βx)4

}
.

Then lim
m→∞

m2
(
P

(α,β)
m ϕ4

x

)
(x) = 3x2(1−x)2, for anyx ∈ [0, 1], and similarly to (1.10), we get

the relation (1.11).
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2. PRELIMINARIES

For the real numbersα1, α2, β1, β2, α1 ≥ 0 andα2 ≥ 0, m1, m2, µ
(α1,β1) andµ(α2,β2) defined

by

(2.1) mi =

{
max{1,−[βi]}, iff βi ∈ R\Z
max{1, 1− βi}, iff βi ∈ Z

,

(2.2) γβi
= mi + βi =

{
max{1 + βi, {βi}}, iff βi ∈ R\Z
max{1 + βi, 1}, iff βi ∈ Z

,

(2.3) µ(αi,βi) =


1, iff αi ≤ βi

1 +
αi − βi

γβi

, iff αi > βi

wherei ∈ {1, 2}, let the bivariate operators

P (α1,β1)(α2,β2)
m,n : C

([
0, µ(α1,β1)

]
×

([
0, µ(α2,β2)

]))
→ C ([0, 1]× [0, 1])

be defined for any functionf ∈ C
([

0, µ(α1,β1)
]
×

[
0, µ(α2,β2)

])
by

(2.4)
(
P (α1,β1)(α2,β2)

m,n f
)
(x, y) =

m∑
k=0

n∑
j=0

pm,k(x)pn,j(y)f

(
k + α1

m + β1

,
j + α2

n + β2

)
,

for any natural numbersm, n, m ≥ m1, n ≥ m2, for any(x, y) ∈ [0, 1]× [0, 1].
In the following, we consider the fixed real numbersα1, α2, β1, β2, α1 ≥ 0, α2 ≥ 0 and

m1, m2, µ(α1,β1), µ(α2,β2) defined by (2.1) - (2.3).

Lemma 2.1. If (x, y) ∈ [0, 1] × [0, 1] andm, n are natural numbers,m ≥ m1, n ≥ m2, then
the following equalities hold

(2.5)
(
P (α1,β1)(α2,β2)

m,n e00

)
(x, y) = 1,

(2.6)
(
P (α1,β1)(α2,β2)

m,n e10

)
(x, y) = x +

α1 − β1x

m + β1

,

(2.7)
(
P (α1,β1)(α2,β2)

m,n e01

)
(x, y) = y +

α2 − β2y

n + β2

,

(
P (α1,β1)(α2,β2)

m,n e20

)
(x, y)(2.8)

= x2 +
mx(1− x) + (α1 − β1x)(2mx + β1x + α1)

(m + β1)
2

and (
P (α1,β1)(α2,β2)

m,n e02

)
(x, y)(2.9)

= y2 +
ny(1− y) + (α2 − β2y)(2ny + β2y + α2)

(n + β2)
2

,

wheree00(x, y) = 1, e10(x, y) = x, e01(x, y) = y, e20(x, y) = x2 ande02(x, y) = y2.

Proof. It follows from Lemma 1.2.

Lemma 2.2. If m andn are natural numbers,m ≥ m1, n ≥ m2, then the operatorP (α1,β1)(α2,β2)
m,n

is linear and positive on[0, 1]× [0, 1].
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Proof. The proof is immediate.

3. M AIN RESULTS

Lemma 3.1. Letϕ :
[
0, µ(α1,β1)

]
×

[
0, µ(α2,β2)

]
→ R be a continuous function on[0, 1]× [0, 1].

If (x, y) ∈ [0, 1]× [0, 1] andϕ(x, y) = 0, then

(3.1) lim
m→∞

(
P (α1,β1)(α2,β2)

m,m ϕ
)
(x, y) = 0.

Proof. Sinceϕ is a continuous function in(x, y), it results that for anyε > 0, there exists
δ = δ(ε) > 0, such that

(3.2) |ϕ(t, τ)| < ε

4

for any(t, τ) ∈ [0, 1]× [0, 1], |t− x| < δ and|τ − y| < δ.
On the other hand, becauseϕ ∈ C ([0, 1]× [0, 1]), there exists a positive constantM , such that

(3.3) |ϕ(t, τ)| ≤ M

for any(t, τ) ∈ [0, 1]× [0, 1].
Next, letm be a natural number,m ≥ max(m1, m2) and the fixed numbersε andδ. We have

(3.4)
∣∣(P (α1,β1)(α2,β2)

m,m ϕ
)
(x, y)

∣∣ ≤≤ m∑
k=0

m∑
j=0

pm,k(x)pm,j(y)

∣∣∣∣ϕ (
k + α1

m + β1

,
j + α2

m + β2

)∣∣∣∣ .

Let us divide the set of the sum’s indices in the following four classes:

I1(m) =

{
(k, j) :

∣∣∣∣ k + α1

m + β1

− x

∣∣∣∣ < δ and

∣∣∣∣ j + α2

m + β2

− y

∣∣∣∣ < δ

}
,

I2(m) =

{
(k, j) :

∣∣∣∣ k + α1

m + β1

− x

∣∣∣∣ ≥ δ and

∣∣∣∣ j + α2

m + β2

− y

∣∣∣∣ < δ

}
,

I3(m) =

{
(k, j) :

∣∣∣∣ k + α1

m + β1

− x

∣∣∣∣ < δ and

∣∣∣∣ j + α2

m + β2

− y

∣∣∣∣ ≥ δ

}
and

I4(m) =

{
(k, j) :

∣∣∣∣ k + α1

m + β1

− x

∣∣∣∣ ≥ δ and

∣∣∣∣ j + α2

m + β2

− y

∣∣∣∣ ≥ δ

}
.

If we denote

ωk,j(x, y) = pm,k(x)pm,j(y)

∣∣∣∣ϕ(
k + α1

m + β1

,
j + α2

m + β2

)∣∣∣∣ , k, j ∈ {1, 2, . . . ,m}

and
Si =

∑
(k,j)∈Ii(m)

ωk,j(x, y), i ∈ {1, 2, 3, 4},

then relation (3.4) becomes

(3.5)
∣∣(P (α1,β1)(α2,β2)

m,m ϕ
)
(x, y)

∣∣ ≤ S1 + S2 + S3 + S4.

For the sumS1, taking (3.2) into account, we have

S1 ≤
ε

4

∑
(k,j)∈I1(m)

pm,k(x)pm,j(y) ≤ ε

4

m∑
k=0

m∑
j=0

pm,k(x)pm,j(y)

=
ε

4

(
P (α1,β1)(α2,β2)

m,m e00

)
(x, y),
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soS1 ≤
ε

4
. From

∣∣∣∣ k + α1

m + β1

− x

∣∣∣∣ ≥ δ it results that1 ≤ δ−2

(
k + α1

m + β1

− x

)2

. Then, for the sum

S2, taking (3.4) into account, we get

S2 ≤ δ−2
∑

(k,j)∈I2(m)

pm,k(x)pm,j(y)

∣∣∣∣ϕ (
k + α1

m + β1

,
j + α2

m + β2

)∣∣∣∣ (
k + α1

m + β1

− x

)2

≤ Mδ−2
∑

(k,j)∈I2(m)

pm,k(x)pm,j(y)

(
k + α1

m + β1

− x

)2

≤ Mδ−2
m∑

k=0

m∑
j=0

pm,k(x)pm,j(y)

(
k + α1

m + β1

− x

)2

= Mδ−2
m∑

j=0

pm,j(y)
m∑

k=0

pm,k(x)

(
k + α1

m + β1

− x

)2

= Mδ−2
(
P (α1,β1)

m ϕ2
x

)
(x),

and so, due to (1.10), we obtain
S2 ≤ Mδ−2m−1.

In the same way, applying Lemma 1.3, we obtain

S3 ≤ Mδ−2m−1

and
S4 ≤ Mδ−4m−2.

Since the numbersε, δ andM are fixed, there exist the natural numbersm3, m4, m5, mi ≥

max{m1, m2}, i ∈ {3, 4, 5}, such thatS2 <
ε

4
for m ≥ m3, S3 <

ε

4
for m ≥ m4 andS4 <

ε

4
for m ≥ m5.

Let p(ε) = max{m3, m4, m5}. Then, forε > 0, there exists the natural numberp(ε) such
that, for any natural numberm, m ≥ p(ε), we have

(3.6) S1 + S2 + S3 + S4 < ε.

From (3.5) and (3.6), we obtain (3.1).

We can now prove the Voronovskaja type theorem for the Stancu bivariate operators.

Theorem 3.2. Let f :
[
0, µ(α1,β1)

]
×

[
0, µ(α2,β2)

]
→ R be a function. If(x, y) ∈ [0, 1]× [0, 1],

f is two times differentiable on[0, 1] × [0, 1] and the partial derivatives of the second order of
f are continuous in(x, y), then

lim
m→∞

m
[(

P (α1,β1)(α2,β2)
m,m f

)
(x, y)− f(x, y)

]
(3.7)

= (α1 − β1x)f ′x(x, y) + (α2 − β2y)f ′y(x, y)

+
1

2

[
x(1− x)f ′′x2(x, y) + y(1− y)f ′′y2(x, y)

]
.

Proof. Let m be a natural number,m ≥ max{m1, m2}. By making use of the Taylor formula
for (t, τ) ∈ [0, 1]× [0, 1], we have

f(t, τ) = f(x, y) + (t− x)f ′x(x, y) + (τ − y)f ′y(x, y) +
1

2

[
(t− x)2f ′′x2(x, y)

+ 2(t− x)(τ − y)f ′′xy(x, y) + (τ − y)2f ′′y2(x, y)
]

+ ω(t, τ)
[
(t− x)2 + (τ − y)2

]
,
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whereω is a continuous function on[0, 1] × [0, 1] andω(x, y) = 0. According to Lemma 2.2
and Lemma 2.1, we have(

P (α1,β1)(α2,β2)
m,m f

)
(x, y)

= f(x, y) +
α1 − β1x

m + β1

f ′x(x, y) +
α2 − β2y

m + β2

f ′y(x, y)

+
1

2

[
mx(1− x) + (α1 − β1x)2

(m + β1)
2

f ′′x2(x, y) + 2
α1 − β1x

m + β1

· α2 − β2y

m + β2

f ′′xy(x, y)

+
my(1− y) + (α2 − β2y)2

(m + β2)
2

f ′′y2(x, y)

]
+

(
P (α1,β1)(α2,β2)

n,m

(
ω(· , ∗)

[
(· − x)2 + (∗ − y)2

]))
(x, y),

and hence

m
[(

P (α1,β1)(α2,β2)
m,m f

)
(x, y)− f(x, y)

]
(3.8)

=
m

m + β1

(α1 − β1x)f ′x(x, y) +
m

m + β2

(α2 − β2y)f ′y(x, y)

+
m2x(1− x) + m(α1 − β1x)2

2(m + β1)
2

f ′′x2(x, y)

+
2m(α1−β1y)(α2−β2y)

(m+β1)(m+β2)
f ′′xy(x, y)

+
m2y(1−y) + m(α2−β2y)2

2(m+β2)
2

f ′′y2(x, y)

+ m
(
P (α1,β1)(α2,β2)

m,m

(
ω(· , ∗)

[
(· − x)2 + (∗ − y)2

]))
(x, y),

where "·" and "∗" stand for the first and second variable.
By Cauchy’s inequality, it follows that∣∣(P (α1,β1)(α2,β2)

m,m

(
ω(· , ∗)

[
(· − x)2 + (∗ − y)2

]))
(x, y)

∣∣(3.9)

≤
[(

P (α1,β1)(α2,β2)
m,m ω2(· , ∗)

)
(x, y)

] 1
2

·
[(

P (α1,β1)(α2,β2)
m,m

[
(· − x)2 + (∗ − y)2

]2
)

(x, y)
] 1

2
.

We have

m2
(
P (α1,β1)(α2,β2)

m,m

[
(· − x)2 + (∗ − y)2

]2
)

(x, y)

= m2
(
P (α1,β1)(α2,β2)

m,m

[
(· − x)4 + 2(· − x)2(∗ − y)2 + (∗ − y)4

])
(x, y)

= m2
(
P (α1,β1)

m ϕ4
x

)
(x) + 2m2

(
P (α1,β1)

m ϕ2
x

)
(x)

(
P (α2,β2)

m ϕ2
y

)
(y)

+ m2
(
P (α2,β2)

m ϕ4
y

)
(y)

and taking Lemma 1.3 into account, we get

(3.10) m2
(
P (α1,β1)(α2,β2)

m,m

[
(· − x)2 + (∗ − y)2

]2
)

(x, y) ≤ 4

for any natural numberm, m ≥ m0, wherem0 is specially chosen, so that the relations of types
(1.10) and (1.11) hold forx andy.

From the Lemma 3.1 it follows that

(3.11) lim
m→∞

(
P (α1,β1)(α2,β2)

m,m ω2(· , ∗)
)
(x, y) = 0.
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From (3.8) - (3.11), we arrive at the desired result.

Application 3.1. If α1 = α2 = β1 = β2 = 0, then we obtain the Bernstein bivariate op-
erators(Bm,n)m,n≥1, Bm,n : C ([0, 1]× [0, 1]) → C ([0, 1]× [0, 1]) defined for any function
f ∈ C ([0, 1]× [0, 1]) by

(3.12) (Bm,nf) (x, y) =
m∑

k=0

n∑
j=0

pm,k(x)pn,j(y)f

(
k

m
,
j

n

)
,

for any non zero natural numbersm, n, for any(x, y) ∈ [0, 1] × [0, 1]. From Theorem 3.2, the
Voronovskaja type theorem for the Bernstein bivariate operators follows.

Theorem 3.3. Let f : [0, 1] × [0, 1] → R be a function. If(x, y) ∈ [0, 1] × [0, 1], f is two
times differentiable on[0, 1] × [0, 1] and the partial derivatives of the second order off are
continuous in(x, y), then

(3.13) lim
m→∞

m [(Bm,mf) (x, y)− f(x, y)] =
1

2

[
x(1− x)f ′′x2(x, y) + y(1− y)f ′′y2(x, y)

]
.

Application 3.2. If p andq are natural numbers,α1 = α2 = 0, β1 = −p, β2 = −q, replacem by
m+p andn byn+q, thenγβ1

= γ−p = 1, γβ2
= γ−q = 1, µ(α1,β1) = µ(0,−p) = 1+p, µ(α2,β2) =

µ(0,−q) = 1 + q, m1 = 1, m2 = 1 andP
(0,−p)(0,−q)
m+p,n+q = B̃m,n,p,q. Hence, we obtain the bivari-

ate operators of Bernstein-Schurer
(
B̃m,n,p,q

)
m,n≥1

, B̃m,n,p,q : C ([0, 1 + p]× [0, 1 + q]) →
C ([0, 1]× [0, 1]) defined for any functionf ∈ C ([0, 1 + p]× [0, 1 + q]) by

(3.14)
(
B̃m,n,p,qf

)
(x, y) =

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)f

(
k

m
,
j

n

)
,

for any non zero natural numbersm, n, for any(x, y) ∈ [0, 1] × [0, 1], wherep̃m,k(x), p̃n,j(x)
are the fundamental Schurer polynomials,p̃m,k(x) = pm+p,k(x) andp̃n,j(y) = pn+q,j(y).

From Theorem 3.2, the Voronovskaja type theorem for the Bernstein-Schurer bivariate oper-
ators follows (see [2]).

Theorem 3.4. Let f : [0, 1 + p] × [0, 1 + q] → R be a function. If(x, y) ∈ [0, 1] × [0, 1], f is
two times differentiable on[0, 1]× [0, 1] and the partial derivatives of the second order off are
continuous in(x, y), then

lim
m→∞

m
[(

B̃m,n,p,qf
)

(x, y)− f(x, y)
]

(3.15)

= pxf ′x(x, y)+qyf ′y(x, y)+
1

2

[
x(1−x)f ′′x2(x, y)+y(1−y)f ′′y2(x, y)

]
.

Application 3.3. If p and q are natural numbers,α1 ≥ 0, α2 ≥ 0, we replacem by m +

p, n by n + q, β1 by β1 − p and β2 by β2 − q, then P
(α1,β1−p)(α2,β2−q)
m+p,n+q = S̃

(α1,β1,α2,β2)
m,n,p,q .

So, we obtain the bivariate operators of Schurer-Stancu
(
S̃

(α1,β1,α2,β2)
m,n,p,q

)
m,n≥1

, S̃
(α1,β1,α2,β2)
m,n,p,q :

C ([0, 1+p]× [0, 1+q])→ C ([0, 1]× [0, 1]) defined for any functionf ∈ C ([0, 1 + p]× [0, 1 + q])
by (

S̃(α1,β1,α2,β2)
m,n,p,q f

)
(x, y)(3.16)

=

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)f

(
k + α1

m + β1

,
j + α2

n + β2

)
for any non zero natural numbersm, n, for any(x, y) ∈ [0, 1]× [0, 1] (see [3]).
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Theorem 3.5. Let f : [0, 1 + p] × [0, 1 + q] → R be a function. If(x, y) ∈ [0, 1] × [0, 1], f is
two times differentiable on[0, 1]× [0, 1] and the partial derivatives of the second order off are
continuous in(x, y), then

lim
m→∞

m
[(

S̃(α1,β1,α2,β2)
m,n,p,q f

)
(x, y)− f(x, y)

]
(3.17)

= [α1 − (β1 − p)x] f ′x(x, y) + [α2 − (β2 − q)y] f ′y(x, y)

+
1

2

[
x(1− x)f ′′x2(x, y) + y(1− y)f ′′y2(x, y)

]
.

REFERENCES

[1] O. AGRATINI, Aproximare prin Operatori Liniari, Presa Universitară Clujean̆a, Cluj-Napoca,
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