The Australian Journal of Mathematical
Analysis and Applications

http://ajmaa.org

Volume 3, Issue 2, Article 10, pp. 1-9, 2006

THE VORONOVSKAJA TYPE THEOREM FOR THE STANCU BIVARIATE
OPERATORS

OVIDIUT. POP

Received 15 August, 2005; accepted 19 December, 2005; published 25 September, 2006.
Communicated by: S. Karaa

NATIONAL COLLEGE "MIHAI EMINESCU", 5 MIHAI EMINESCU STREET, SATU MARE 440014, RMANIA,
VESTUNIVERSITY "VASILE GOLDIS" OF ARAD, BRANCH OF SATU MARE, 26 MIHAI VITEAZUL STREET,
SATU MARE 440030, ®MANIA

ovidiutiberiu@yahoo.com

ABSTRACT. In this paper, the Voronovskaja type theorem for the Stancu bivariate operators is
established. As particular cases, we obtain the Voronovskaja type theorem for the Bernstein and
Schurer operators.

Key words and phrased.inear positive operators, Bernstein operators, Schurer operators, Stancu operators.

2000Mathematics Subject Classificat o41A10, 41A36, 41A63.

ISSN (electronic): 1449-5910
(© 2006 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto:Ovidiu T. Pop<ovidiutiberiu@yahoo.com>
http://www.ams.org/msc/

2 Ovipiu T. PorP

1. INTRODUCTION

In this section, we recall some notions and results which we will use in this article (see [4]).
Define the natural numbet, by

(1.1) o J max{L =[]}, iff GeR\Z

| "7 max{L1-5), i ez
For the real numbe#, we have

(1.2) m+ B>,

for any natural numbet:, m > mg, where

1 , . iff € R\Z
1.3) o = max {1+ 3,{8}} 5 eR)
max{1 + 3,1}, iff (geZ.
For the real numbers, 3, o > 0, we denote
1, iff a<p
1.4 (a,8) _
(1.4) H 127 i asp
B

Remark 1.1. For the real numbers andg, o > 0, we havel < p(@9,

Lemma 1.1. For the real numbersr and 3, o > 0, we have

k+a
15 0< < (@B)
(.5) _m—l—ﬁ_u

for any natural numberm, m > m, and for anyk € {0,1,...,m}.

For the real numbers andg3, a > 0, m, andu(*? defined by[(1.11) {(1]4), let the operators
B o0, u>M]) — €([0,1]), be defined for any functiofi € C'([0, u*)]) by

n k+ «
(1.6) PP ) () =Y punr(x)f :
(Pr20)(e) = 2 o (m + ﬁ>

for any natural number, m > m, and for anyz € [0, 1].

These operators are named Bernstein-Stancu operators, introduced and studied in 1969 by D.
D. Stancu in the paper([5]. In][5], the domain of definition for the Bernstein-Stancu operators is
C'([0,1]) and the numbers and verify the condition) < a < g.

Lemma 1.2. The operators(P&“’m) verify the following properties
m>mg

&0 (Pieo) (@) = 1,
@A) () = 3 4 LT
(1.8) (Pmﬁ 1)( ) +m+ﬁ
and
(1.9) (PePey) (z) = 2* + ma(l — ) + (a — fz)(2mz + Bz + o)

(m + f)? ’
for any natural numbem, m > m, and for anyx € [0, 1].

Proof. For the proof see [5] of [6]n
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For natural numbers: ands, define7,, ;(z) = fj(k: mzx)*pm i (x), foranyz € [0, 1]. The
k=0
relations?,,, o(z) = 1, T,1(x) = 0, Thuo(x) = ma(l — z), Ths(z) = ma(l — x)(1 — 2z),
Tna(z) = 3m?2*(1—2)*+m[z(1 — z) — 62(1 — x)?], for any natural number. and for any
x € [0, 1], are known.

Lemma 1.3. @) There existsn(2) € N such that
(1.10) m (PiPe2) () <1,

for anyx € [0, 1] and for any natural number:, m > m(2).
b) There existsn(4) € N such that

(1.11) m? (PePpl) <1,

for anyz € [0, 1], for any natural numbem, m > m(4), where forx € [0, 1], ¢, : [0,1] — R,
¢, (t) = |t — x|, foranyt € [0, 1].

Proof. We have
(PP p2) () = (PPey) (x) — 22 (PPey) (x) + 2 (PPey) ()
and taking(L.7) — into account, we obtain

(P,S?’B)soi) () = mz(1 — ) + (o — Bz)?

(m + )2
Becauselim m( () goi) z(1 — z), for anyz € [0, 1], there existsn(2) € N such
3
thatm <P( )gpx>( )—z(l —x) < 1 for any natural number, m > m(2) and for any

x € [0,1]. Taking into account that(1 — z) < Zfor anyz € [0, 1], the relation|(1.2{0) results.
We have

k+« 4
(aﬁ E _
( pmk (m+ﬁ I)

= G g o) =) + (o )

= m [Toa(z)+4(a—Bx) T, 5(x) +6(a—B2) T 2()

+4(a — B2)* T (z) + (o — 6m)4Tm,0(1’)]

and considering the expressionsiofo(x), 1, 1(x), Thn2(x), Tins(x), Tima(z), we obtain

(@8 ) (g) = —
(PP 03) () CENOL

+ 4(a — Br)mz(1 — 2) 4 6(a — Bz)’ma(l — z) + (a — Bz)*}.

{3m*2*(1 — )* + m[z(1 — z) — 62°(1 — x)*]

Thenrigrgom (P(O‘ B)goi) (z) = 3z*(1 —z)?, for anyz € [0, 1], and similarly to|(1.10), we get

the relation[(1.1]1)n
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2. PRELIMINARIES

For the real numbers,, as, 5,, 35, @1 > 0 anday > 0, my, mg, @) andp(@2:%2) defined
by

@) [ mes{u-)), g eRZ
. | max{1,1-3,}, iff B,€Z '
_ | max{1+ 8, {8;}}, iff B, €R\Z
22 K _mﬁﬁi_{ max{l+ 5,1}, if g€z
17 iff (07 S ﬁz
&2) e T T )
8,

where: € {1, 2}, let the bivariate operators
P(alﬁl)(aQﬁQ) - ([0 M(Oqﬁl)] % ([O M(OAQﬂQ)])) — C([O, 1] X [07 1])
be defined for any functiofi € C ([0, pl**#V] x [0, p*2%2)]) by

k —+ aq j =+ Qo
(a1,81)(a2,82) — .
(24) (Pm,n f) (xu y) - kX; ]Z:;pm,k(x)pnd(y)f <m —+ ﬁl ’ n —+ 62) 7

for any natural numbersi, n, m > mq, n > my, for any(z,y) € [0, 1] x [0, 1].
In the following, we consider the fixed real numbers oy, 5, 35, a1 > 0, as > 0 and

my, my, p@00), ple202) defined by[(2.11) {(213).

Lemma 2.1. If (z,y) € [0,1] x [0,1] andm,n are natural numbersy > my, n > mq, then
the following equalities hold

(25) (Prgzéﬂl)(a%ﬂz)eoo) (ZE, y> — 17
2.6 Pplanf)(az,fs) ) =+ o — Sy ’
(20 ( m’n 610) (@y) =2 m+ 34
2.7 plarfi)(az,y) _ gy 2Py
( ) ( m,n 601) (I,y) Yy n+ﬂ2 )
(2.8) (p&févﬁl)(az,ﬂ2)620> (2,9)
_ 2 mz(l — ) + (ay — f17)(2mz + B7 + ay)
(m + B)?
and
(2.9) (p&f}l7ﬂ1)(a2752)602> (z,9)
_ ny(1 —y) + (az — Byy) (2ny + Boy + az)
(n+ 8,)* ’

whereeg (2, y) = 1, ewo(z,y) = , eo1(z,y) =y, exo(x, y) = 2* andegz(z, y) = y*.
Proof. It follows from Lemmg 1.Pxa

Lemma 2.2.If m andn are natural numbersy > mq, n > m,, thenthe operatoP(“1 Br)(azbr)
is linear and positive of0, 1] x [0, 1].
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Proof. The proof is immediatex

3. MAIN RESULTS

Lemma 3.1. Lety : [0, p1)] x [0, u@2#2)] — R be a continuous function d, 1] x [0, 1].
If (z,y) € [0,1] x [0,1] andy(x,y) = 0, then
(3.1) lim (P,%},;’Gl)(‘””g?)ga) (z,y) =0.

m—00

Proof. Sincey is a continuous function iz, y), it results that for any > 0, there exists
d = d(e) > 0, such that

(3.2) ()l <

forany(t,7) € [0,1] x [0,1], [t — z| < d and|T — y| < 0.
On the other hand, becauge= C ([0, 1] x [0, 1]), there exists a positive constaht, such that

(3.3) ot T)| < M

forany(¢,7) € [0,1] x [0, 1].
Next, letm be a natural numbein; > max(ml, ms) and the fixed numbeesandd. We have

]C—FOél j"—OéQ
80 m‘i‘ﬂl,m‘i‘ﬂg .

(3.4) ’ (p&o’%&)(az,ﬁz)@) (

. k+ oy J+as
I — (k. ) - —z| <4 and -
l(m) {( 7J) m_’_ﬁl X m+52 }
) k+ o J+ o
2(m) {( j) m‘{'ﬁl T = m‘l'ﬁg }
) k+ o J+a
I = (k, j) — 2| <6 and -yl =0
3(m) {( J) —— z m + O, N }
and
, k+ aq Jt o
I = (k. ) - —z| >4 and —y| >d,.
4(m) {( .J) m+ B, = m + By - }
If we denote
k+ oy j+a2> .
i\, = Dm m,j ) ’k’ €112,
and

Si:

Z wk,j(xay)a Z € {1727374}7

then relation[(3}4) becomes

(35) |(P7£10j717;ﬁ1)(a2’52)g0) (CL’, y)| < S1 4+ Sy + 53 + Sy.
For the sumd;, taking [3.2) into account, we have

8 6 m m
Sl S 4_1 Z pm,k( pm] Zzzpmk pm]
(k.j)€l1(m) k=0 j=0
€
=7 (P Pe) (z,y),
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k:—l—al
m—i—ﬂl

(631

— X

2
g
s0S5; < 1 From — :p) . Then, for the sum

> § it results thatl < 6‘2<
m + 1

Sy, taking [3.4) into account, we get

_ k+ o |+« k+a 2
Sp<6? > pm,k(ar)pm,j(y)‘w( L 2)’( : fc‘)

(k. )El2(m) m+ 3y mA+ By )| \m+ B,

< M§? Z P,k ()P (y) (k e x)Q

(k.j)El2(m) e
m_m k+a ’
B 1
< M QZZPm,k(m)pmJ(y) (m—l—ﬁ —x)
k=0 j=0 '

- m m k‘—i—Oél 2 B
— M&2 . o _ — M52 (plonh) 2
jgop ,](y)kzzop ,k’(x) (m+ﬁ1 [L') ( m pr) (.CC),

and so, due td (1.10), we obtain

Sy < M5 ?m~t.
In the same way, applying Lemrpa]l.3, we obtain

Sy < M5 2*m~!
and

Sy < M&*m™2.

Since the numbers, § and M are fixed, there exist the natural numbers, m,, ms, m; >

9 £ 9
max{my,ms}, i € {3,4,5}, such thatS, < Zfor m > mg, S3 < ZfOI’ m > my andS, < 2
for m > ms.
Let p(e) = max{ms, m4, ms}. Then, fore > 0, there exists the natural numbe) such
that, for any natural numbenr, m > p(e), we have

(36) S1+ Sy + S5+ 85y < e.
From [3.5) and[(3]6), we obtain (3.19.
We can now prove the Voronovskaja type theorem for the Stancu bivariate operators.

Theorem 3.2.Let f : [0, u(®%)] x [0, u(*»#2)] — R be a function. Ifz,y) € [0,1] x [0,1],
f is two times differentiable off), 1] x [0, 1] and the partial derivatives of the second order of
f are continuous iz, y), then

(3.7) Tim m [(PSLVC ) (2,y) — f(2,y)]
= (o1 = By2) fo(z,y) + (a2 = Boy) £y (. y)
b5 (U= ) f(y) + 5= ) ()]

Proof. Let m be a natural number, > max{m,, ms}. By making use of the Taylor formula
for (¢t,7) € [0,1] x [0, 1], we have

ft, 1) = flo,y) + (t —2) fo(2,y) + (7 —y) fy (2, y) +

+2(t — x) (1 — ) [, (x,y) + (1 — ) fl2 (2, y)]
+w(t, 7) [(t — )+ (1 — y)z],

[(t =) fa(z,y)

DN |
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wherew is a continuous function of, 1] x [0, 1] andw(z,y) = 0. According to Lemma 2|2
and Lemma 2]1, we have

(Pl e f) (a, )

_ oy — B, az — By
—f(oc,y)Jr—erﬁ1 ﬁc(:ﬂ,y)Jr—erﬁ2 fy(z.y)

1 mx<1 _x>+<a1 _511:)2 " a1 _ﬁlx a2_52y "
5 (m_'_ﬂl)Q fw2($?y) +2 m_{_ﬁl : m"—ﬂg fccy
_ _ 2
+ (P20 (- #) [ = ) + (+ = 9)?])) (2,9),
and hence

(3.8) m [(PlenP0eba) £ (z,y) — f(x,y)]

= (o = B il y) +

m?z(1 — x) + m(oy — Byx)?
2(m + B,)?

2m(a1 _ﬁly) (Oég _62y) "
BBy Y

2 _ _ 2
m y(l ;/()Tr;:_nﬁli;? 62y) f;/2 (x,y)

+m (PLLPe ) (- ) [ = 2)* + (+ = )°])) (z,9),

where "" and "«" stand for the first and second variable.
By Cauchy’s inequality, it follows that

oY (B o, 0) [~ 2+ (5~ 0])) o)
< (B2 ) ()]

. |:<P7§’Loj71rvbﬁl)(a2762) [( _ x)2 +o(x— y)2}2> (z, y)} 3 .

(z,9)

—y (a2 — Boy) f, (2, y)

f;;/2 (.I', y)

We have
m? (P2 [ =) 4 (« = 9)"]) (@)
=m? (P2 [( = 2)t +2( = 2)(« —y)* + (+ = 9)]) (2. )
=m? (P eg) (x) +2m? (B el) (x) (P g)) (y)
+m? (P79, (y)
and taking Lemmp 1] 3 into account, we get

(3.10) m? (P2 [(- = 2)2 4 (« = )!]°) (w,y) <4
for any natural number., m > m,, wherem, is specially chosen, so that the relations of types
(1.10) and[(1.11) hold far andy.
From the Lemma&3]1 it follows that
(3.11) lim (Pleafe2B) 2. 4 (z,y) = 0.
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From (3.8) -[(3.11L), we arrive at the desired respilt.

Application 3.1. If oy = oo = 3, = B, = 0, then we obtain the Bernstein bivariate op-
erators(By,.n),, ns1s Bmn + C([0,1] x [0,1]) — C([0, 1] x [0, 1]) defined for any function
f € C([0,1] x [0,1]) by

k=0 7=0
for any non zero natural numbers n, for any (z, y) € [0, 1] x [0, 1]. From Theorer 3|2, the
Voronovskaja type theorem for the Bernstein bivariate operators follows.
Theorem 3.3.Let f : [0,1] x [0,1] — R be a function. If(z,y) € [0,1] x [0,1], f is two
times differentiable on0, 1] x [0, 1] and the partial derivatives of the second order fofire
continuous inx, y), then

(313) T m [(Bunf) (5,9) — Fw,9)] = 5 [e0 — 2) Fole9) + 50— ) fo(, )]

Application 3.2. If p andg are natural numbers,; = oy =0, 5, = —p, 5, = —q, replacen by
m-+pandnbyn+gq, themy, =~v_,=1,75 =7_,=1, plerB) = (0=p) = 14 p, ple2b) =

PO~ =14 ¢, m =1, my = 1and Py 200" ) _ = Biunpg Hence, we obtain the bivari-

ate operators of Bernstein- Schur(eanpq) - Binpa : C[0,14p] x[0,14¢q]) —

C ([0,1] x [0, 1]) defined for any functiorf O([O 14+ p] x[0,1+¢]) by
m—+p n+q

(3.14) (Emnqu> = Dns(@)Pnsy (:L i)
k=0 j=0

for any non zero natural numbers, n, for any(z,y) € [0, 1] x [0, 1], wherep,, x(x), D ;(z)
are the fundamental Schurer polynomiails,.(z) = pmpk(x) andp, ;(y) = Prtq;(Y)-

From Theorem 3]2, the Voronovskaja type theorem for the Bernstein-Schurer bivariate oper-
ators follows (se€ [2]).

Theorem 3.4.Let f : [0,1 + p] x [0,1 + g] — R be a function. Ifz,y) € [0,1] x [0, 1], fis
two times differentiable oft), 1] x [0, 1] and the partial derivatives of the second orderfadre
continuous inx, y), then

@15 lim m|(Buapaf ) (0.9) = @)
/ !/ 1
= pefy(ey)+ayf,(z,y)+5 [e(1=2) [z (2, 9) +y(1=y) [z (. y)] -
Application 3.3. If p andq are natural numbersy; > 0, ay > 0, we replacem by m +
p, n by n +gq, 8, by 8, —p and 3, by 8, — ¢, then Pmaipﬁrlwrg)(@ o) Sr(gililqw ),
So, we obtain the bivariate operators of Schurer-Stz{rfﬁ:ﬁi}If;}qc“2 s 2’) , S,(,S‘}Lf,lq” P2)
m,n>1
C ([0, 14p] x [0,14+4])— C([0,1] x [0, 1]) defined for any functiorf € C'([0,1 + p] x [0, 1 +q])
by
(3.16) (S 1) ()
m—+p n+q .
. ~ - k + S I a6 %)
=30 sl f (0 2R

k=0 j=0

for any non zero natural numbers n, for any(z,y) € [0, 1] x [0, 1] (see[3]).
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Theorem 3.5.Let f : [0,1 + p] x [0,1 4+ ¢] — R be a function. Ifz,y) € [0,1] x [0,1], fis
two times differentiable oft), 1] x [0, 1] and the partial derivatives of the second orderfadre
continuous iz, y), then

(3.17) Tim m [ (Slentiea) £) (,9) - f(z,y)]
— [an = (B, = p)al fulw, ) + [z = (B, — @)y] f (@)
1

+ 5 [2( = 2) fa(e,y) +y(1 = y) fiz(w,9)] -
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