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2 ABHIJIT BANERJEE

1. INTRODUCTION DEFINITIONS AND RESULTS

Let f andg be two nonconstant meromorphic functions defined in the open complex plane
C. If for somea € C U {oc}, f andg have the same set afpoints with same multiplicities
then we say thaf andg share the value CM (counting multiplicities). If we do not take the
multiplicities into account,f andg are said to share the valuelM (ignoring multiplicities).

The notationS(r, f) denotes any quantity satisfyit(r, f) = 0(7'(r, f)) asr — oo, outside
any set of finite linear measure.

We usel to denote any set of infinite linear measuréof r < co.

G. Broch [1] proved the following theorem.

Theorem 1.1.[1,5,/10]Let f andg share0, 1, co CM. If
2N (r,0; f) + 2N (r,00; f) — m(r, 1; 9)

1.1 lim sup <1
(1) r—00 T(Ta f)
rel
thenf =gor f.g = 1.
N. Terglane([9] proved the following theorem.
Theorem 1.2.[5,19,[10]Let f and g sharel, oo CM and0 IM. If
N<T’1uf) —N(T’,l,f) = S(T7f>
and
lim sup 3N(r,0; f) + 2N (r,00; f) —m(r, 1i9) _
r—00 T(r, f)
rel

thenf=gor f.g=1.
E. Mues and M. Reinders|[8] proved the following result.
Theorem 1.3.[5,18] Let f and g share0, co IM and 1 CM. If

lim sup 3N(r,0; f) 4+ 3N(r,00; f)
r—00 T(Ta f)
rel

<1

thenf =gor f.g = 1.

H. X. Yiimproved the above results and proved the following two theorems.

Theorem 1.4.[5,[10] Let f and g sharel, co CM and0 IM. If

. 3N(r,0; f) + 2N (r,00; f) — m(r, 1; g)
(1.2) Him sup T(r, f)
rel

<1

thenf =gor f.g=1.
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Theorem 1.5.[5[10] Let f and g share0, co IM and 1 CM. If

. 3N(r,0; f) +3N(r,00; f) — m(r,1; g)
= by 0.7
rel

<1

thenf =gor f.g = 1.

To state the next results we have to introduce the notion of gradation of sharing known as
weighted sharing.

Definition 1.1. [2, (3] Let k£ be a nonnegative integer or infinity. Ferc C U {occ} we denote
by Ex(a; f) the set of all.-points of f, where am-point of multiplicity m is countedn times
if m < kandk + 1timesifm > k. If Ex(a; f) = Ex(a; g), we say thatf, g share the value

with weightk.

We write f, g share(a, k) to mean thatf, g share the value with weightk. Clearly if f, g
share(a, k) then f, g share(a, p) for all integerp, 0 < p < k. Also we note thalf, g share a
valuea IM or CM if and only if f, g share(a, 0) or (a, co) respectively.

With the notion of weighted sharing of values improving Theofenm 1.4 and Theorém 1.5
Lahiri [5] proved the following two theorems.

Theorem 1.6.[5] Let f and g share(0, 0), (1,2), (oo, co). If condition [1.2) holds then either
f=gorfg=1.

Theorem 1.7.[5] Let f and g share(0,0), (1,2), (o0, 0). If condition [1.8) holds then either
f=gorfg=1.

Though the standard definitions and notations are availaklé in [2], we explain some notations
which are used in the paper.

Definition 1.2. [4] We denote byN (r, a; f| = 1) the counting function of simple points of f.

Definition 1.3. [3,4] If s is a positive integer, we denote B¥(r, a; f| > s) the reduced counting
function of those:-points of f whose multiplicities are not less than

Definition 1.4. [11,[12] Let f and g be two nonconstant meromorphic functions such that
and g share the valué IM. Let z, be al-point of f with multplicity p, a 1-point of g with
multiplicity ¢. We denote byN . (r, 1; f) the counting function of thosé-points of f and g
wherep > ¢, byN,f;) (r, 1; f) the counting function of thoskpoints of f andg wherep = ¢ = 1

and byﬁg(r, 1; f) the counting function of thosé-points of f andg wherep = ¢ > 2,

each point in these counting functions is counted only once. In the same way we can define
— (2

NL(n 17 g)7 Né)(h 17 9)7 N(E (Tv 17 g)

Definition 1.5. [12] Let f andg be two nonconstant meromorphic functions such ghahdg

share the valug IM. Let z, be al-point of f with multplicity p, a1-point of g with multiplicity

q. We denote byV ;.- (1, 1; g) the reduced counting function of thosgpoints of f andg such

thatp > g = 2. N, (1, 1; f) is defined analogously.

Definition 1.6. Let f andg be two nonconstant meromorphic functions such fhahdg share
the valuel IM. Let z, be al-point of f with multplicity p, a 1-point of g with multiplicity ¢.
We denote byN ;- (r, 1; g)(N,=1(r, 1; f)) the reduced counting function of thosepoints of
fandgsuchthap > q¢=1(¢ > p=1).
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Definition 1.7. Let f andg be two nonconstant meromorphic functions such fhamhdg share
the value(1, 2). Let zo be al-point of f with multplicity p, al-point of g with multiplicity ¢. We

denote byﬁg’(r, 1; g) the counting function of thoskepoints of f andg wherep = ¢ > 3, each
point in this counting function is counted only once. In the same way we can d_éﬁrﬁe 1;9)

Definition 1.8. [3,5] Let f,g share a value IM. We denote B, (r, a; f, g) the reduced count-
ing function of thosez-points of f whose multiplicities differ from the multiplicities of the
corresponding-points ofg.

Clearly N.(r,a; f,g) = N.(r,a;g, f), andN.(r, a; f,9) = Np(r,a; f) + Ni(r,a; ).

Definition 1.9. [4] Let a,b € C U {co}. We denote byV(r, a; f| g = b) the counting function
of thosea-points of f, counted according to multiplicity, which abepoints ofg.

Definition 1.10. [4] Let a,b € C U{oc}. We denote by (r, a; f| g # b) the counting function
of thosea-points of f, counted according to multiplicity, which are not th@oints ofg.

Now one may ask :
Is it possible in any way to replace the conditipn {1.3) in Thedrern 1.7 by a weaker one so that
the conclusion of the theorem remain same?
In this paper we will provide an answer to the question. However the author does not know
whether the conditiorj (1.2) in Theorém 1.6 can be further relaxed.
In [5] Lahiri raised a problem of further relaxation of the shariig2) in Theorems 116 and
[L.3.

Inspired by this problem the present author also investigate the situations when the two func-
tions share the valuewith weight one or zero. We now state the following five theorems which
are our main results. The first theorem is an improvement of Theorém 1.7.

Theorem 1.8.Let f and g share(0,0), (1,2), (00;0). If
N (r. 0: T PN 1 PN _
(2.4) limsup 3N(r,0; f) + 3N (r,00; f) = Ng(r, 1, f) = Np(r,1;9) —m(r, 1;9)

r——00 T(T, f)
rel

<1

thenf =gor f.g=1.
Theorem 1.9.Let f andg share(0,0), (1,1), (co; 00). If
BN(Tv 07 f) + QN(T7 0Q; f) + Nf>2<r7 1; g) — m(r, 179)

lim sup <1
—— I(r, [)
rel
thenf =gor f.g=1.
Theorem 1.10.Let f andg share(0, 0), (1,0), (co; 00). If
hmsup?) (T’O’f)+ (T,OO,f)+ ®<T7 afug) m(T, ag> <1
oo I(r, [)
rel

thenf = gor f.g =1, whereNg(r,1; f,9) = Np(r,1; f) + Nys1(r, 1;9) + Ng=a(r, 15 f).
Theorem 1.11.Let f andg share(0,0), (1, 1), (cc; 0). If

N (r,0; N ; N 1;9) — 1;
(1-5) ]_lm Sup 3 (T7 O’ f) + 3 (T, 007 f) + f>2(r7 ) ) m(r7 79)

r—00 T(Ta f)
rel

<1
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thenf=gor f.g=1.
Theorem 1.12.Let f andg share(0,0), (1,0), (co; 0). If
(1.6) lim sup 3N (r,0; f) + 3N (r,00; f) + Ne(r, 1 f, g) — m(r, 1; g)
r—00 T(r’ f)
rel
thenf = gor f.g =1, whereNg(r, 1; f, g) =Np(r, 1 f) + Npa(r,159) + Ngsa(r, 15 f).
Example 1.1.Let f = (1 — ¢7)3, g = %<2 Clearly f,g share(0,0), (o0, 00) and (1, o).
Here Ni(r,1; f) = 0, N=1(r, 1;9) = 0, Ng>1(r, ; f)=0. AlsoT(r, f) = 3T(r, e*) + O(1),

T(r,g) = 2T (r,e*) + O(1) and N (r,0; f) ~ T(r,e*), N(r,00; f) = 0, N(r,1; g) ~ 2T(r, €?)
but nietherf = g nor fg = 1. So the conditions in Theordm [L.9 and Thedrem|1.10 are sharp.

<1

Example 1.2.Let f = Tz)g, g= 3(ez 1 . Clearly f,g share(0, c0), (00, 0) and(1, co). Here
NWnLﬂ_OJWﬁlgy_OAme@fy—MWe)+O(Lﬂﬁm:2ﬂné%%
O(1), N(r,0; f) = 0, N(r,00; f) ~ T(r,e*), N(r,1;g) ~ 2T(r,e?) but nietherf = g nor
fg=1.Sothe condltlor.4) in Theore . 8 is sharp. A&g(r, 1; f) = 0, N o1 (r, 1;9) =

0, Ngs1(r, 1; f) = 0. but nietherf = g nor fg = 1. So the conditions (1.5) in Theor¢m 1.11
and [1.6) in Theorerin 1.12 are also sharp.

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel. Henceforth we
shall denote by the following function

f g 29
H = ( 7 —f_1>—( p _g—1)‘
Lemma 2.1. [4] Let f, g share(0,0).(1,0), (co0,0) then
() T(r, f) < 3T(r,g) + S(r, f).
(i) T(r,g) < 3T(r, f) + S(r,g).
Lemma 2.2. [11,[12]If f, g share (1,0) and? # 0 then
Ng (1,1 f) < N(r. H) + S(r, f) + S(r, g).

Lemma 2.3. [7] The following holds

N(r,0; f|f #0) < N(r,00; f) + N(r,0; f) + S(r, f).
Lemma 2.4. Let f and g be two nonconstant meromorphic functions shafing). Then

(2) NL(T7 1; f) + 2NL(T7 179) +N(E2(T7 1; f) - Nf>1(rv 179) - Ng>1(7‘, 1; f)

< N(r,1;9) = N(r, 1;9).

1"

(i) Ni(r1i9)+2NL(0, L ) + N (15 9) = Nosa (15 f) = Ny (r, 15 9)
< N(T7]"f> (r71)f)
Proof. We prove (i) only because (ii) can be proved similarly. Lgtbe al- point of f of
multiplicity p a 1-point of g of multiplicity ¢. We denote byN;(r), Ny(r) and N3(r) the
counting functions of thosé-points of f andg whenl1 < ¢ < p,2 < ¢ = pandp < ¢

respectively where in the first counting function each point is counted! times and in the
remaining two counting functions each point is counjed?2 times.
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Sincef, g share(1,0), we note that a simplé point of g is either a simpld point of f or a
1 point of f with multiplicity > 2. So we can write

(2.1) N(r,1;9) = N(r,1ig) = Ng(r,1;f)+Ni(r1g)
+N1(7°) —+ NQ(T’) —+ Ng(T’).
Also we note that

(2.2) Ni(r) > NL(T, L; f) —Nf>1(r 1;g),
(23) N2( )>NE<T717f) ( y 4 _2)
(2.4) Ns(r) ZNL(T71;9> _Ng>1(7"=1;f)7

where byN (r, 1; f, g = 2) we mean the reduced counting functiond gfoints of f andg with
multiplicities two for each one.

Using [2.2){(2.4) in[(Z]1) we deduce that
(2.5) N(r,1;9) = N(r,1;9) > Np(r,1; )+ 2N.(r, 1;9)
+2N (.15 f) — N(r, =2)
—Nf>1(7"7 179) - Ng>1(r7 17 f)
Now (i) follows from (2.5). This proves the lemmg.
Lemma 2.5.[12] If f, g share(1,1) Then
() 2NL(n L5 f) +2N.(r L g) + N (r, 1 f) — Nysalr, L g)
< N(r,1;9) — N(r,1; 9).

7

(i) N1 )+ 2N L0 15 g) + N (1 159) = Nysa(r, 13 f)
< N(Ir’]"f) (r7]‘)f)
Lemma 2.6. Let f and g be two nonconstant meromorphic functions shafin@). Then

(4) ONL(r, 1; f) + 3N (r, 15 9) + 2N (r, 1, f) + N(r, 1; f] = 2)
< N(r1;9) — N(r,l;g).
(44) INL(r,1;9) + 3N(r, 1; ) + 2N (r, 1;.9) — N(r, ;¢ = 2)

< N(r L f) =N L f).

Proof. We prove (i) only because (ii) can be proved similarly. Lgtbe al- point of f of
multiplicity p, a 1-point of g of multiplicity . We denote byN?(r), NZ(r) and NZ(r) the
counting functions of thosé-points of f andg when3 < ¢ < p,3 <g=pand3 <p < gq
respectively each point in these counting functions is coupte@ times.

Sincef, g share(1, 2), we note that
(2.6)  N(r1ig) = N(r1lig) = Ng(r,1if)+No(r,1;f) + Np(r,1;g)

+N(r,1; fl=2) + N2(r) + N2(r) + N2 (r).

Also we note that

(2.7) Ni(r) = Np(r,1; f),

(2.8) N2(r) > Ny (r,1; f),
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(2.9) Ni(r) > 2Np(r1;9),
Using (2.7){(2.9) in[(2J6) we deduce that
N(r,1;9) — N(r,1;9) > 2Np(r,1;f) +3Np(r,1;g9) + 2N$(r, L f)+ N(r1; f
This proves the lemma
Lemma 2.7. 5] Let f, g share(0,0),(1,0),(c0,0)) and H # 0. Then
N(r,H) < N(r,0;f,g) + N.(r,00 f,9) + N.(r,1; f, 9)
+No(r,0; f) + No(r, 05 9),

whereN(r, 0; f') is the reduced counting function of those zerog afhich are not the zeros
of f(f — 1) and Ny(r,0; ¢') is similarly defined.

Lemma 2.8. Let f, g share(1,2). Then

—2).

N(r,0; f) + N(r, 00; f) = Nyg(r, 15 f) = No(r, 1; )

> %N(r,o; f)+ %N(r, 00; f) + %No(nos f)+50 1),

whereN,(r, 0; f') is the counting function of those zerosfofvhich are not the zeros df( f —
1).

Proof. Using Lemma 23 we get

(3 —-— —(3 .
NSE(T>1;f)+NL(Ta1;g) = N§E<T71;g)+NL(r>1;g)

< N(Ta 139‘ > 3)
= N(r,1;f1>3)
< SN0l =)
< SN0 £ 0) = SNl 0 1)
< %N(no; )+ %N(r,oo; f) - %NO(T,O; f/) +S(r, f).
So
N(r,0; f) + N(r,00; f) = Ny (r,1; f) = Np(r, 1; )
> SN0 )+ 58,003 ) + 3 Nolr, 0 £) + (s, f),

This proves the lemma
Lemma 2.9. Let f, g share(0,0),(1,0),(c0, k),0 < k < ococandH # 0. Then
T(r,f) < 3N(r,0;f)+2N(r,00; f) + N(r,00; f| > k+ 1)+ Np(r, 1; f)
+Np1(r 159) + Nosa(r, 13 f) = m(r, 1;9) + S(r, f).

Proof. By the second fundamental theorem we get

(2.10)  T(r,f)+T(r,g) < N(r,0;f)+ N(r,o0; ) + N(r,0;g)
+N(r,00;9) + N(r,1; f) + N(r,1; g)
—No(7"7 0; f/) - NO(Ta O; g,) + S(Ta f) + S(T’ g)'
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Since f and g share(0,0) andz i ;tjr o0; f,g9) < N(r,0;f) and N(r,o00; f,g) <

N(r,o0; f|>k+1). ByLemma hd .7 we get

(2.11) N(r,1; f)+ N(r,1;9)

= NY( L f) + N1 f) + No(r, 1)
+N( (r,1; f) + N(r,1; 9)
Ng(r, 15 f) + N(r,1;9) + Npsa(r, 1)
+Ngs1(r, 1 f) = Np(r, 1; 9)
N(r,0; f) + N(r,00; fl> k+1) + N.(r, 1; f, g)
+T(r,g) —m(r,1;9) + O(1) + N1 (r, 15 9)
+Ngo1(r, 15 f) = N (r,1;9) + No(r,0; f)
+No(r,0;9) + S(r, f) + S(r, 9)
N(r,0; f) + N(r, oo; f‘ >k+1)+T(rg)
—m(r,1;9) + Np(r,1; f) + Nsa(r, 15 9)
+Ngo1(r, 15 f) + No(r,0; f ) + No(r,0;9') + S(r, f)

IN

IN

IN

Using [2.11) in[(2.10) and noting thak(r, 0; f) = N(r,0; g) andN(r, co; f) = N(r, 00; g) W

obtain the conclusion of the lemma. This proves the lemmma.

Lemma 2.10. Let f, g share(0,0),(1,1),(c0, k), 0 < k < occandH # 0. Then

T(r,f) < 3N(r,0;f)+2N(r,o00; f) —l—N(r,oo;f‘ >k +1)+ Njso(r, 1;9)
—m(r,1;9) + S(r, f).

Proof. We omit the proof since using Lemmas|2.1,|2.2] 2.5[and 2.7 the proof of the lemma can
be carried out in the line of Lemma 2.9.

Lemma 2.11.Let f, g share(0,0),(1, 2),(c0,0) and H # 0. Then

T(r,f) < 3N(r,0;f)+3N(r,00 f) = No(r,1; f)

_NL(rv 179) - m(r, l,g) + S(Tv f)

Proof. By the second fundamental theorem we get

(2.12) T(r,f)+T(r,g) < N(r0;f)+ N(r,o0; f) + ﬁ“ 0;9)

+N(r,00;9) + N(r,1; f) + N(r,1; g)
—NO(T,O;f)—No(T,O;g)+ (T f)+S(T g)
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= 1), by Lemma@.G a@.?

Sincef, g share(1,2) |mpI|esN (r,1; f) = N(r, 1; f

we see that
(2.13) N(r,1; f) + N(r,1; 9)
— N(rLfl=1) —|—N(r, 1 fl=2)+ No(r,1; f)
+Np(r,1; f) + Np(r,1;9) + N(r, 1; 9)
< N Lfl=D)+Nr1L =2+ No@, 1 f)
+NL(r,1; f) + Ni(r, 1;,9) + N(r, 1, 9) = 2N (r, 1; f)
—3N(r, 1;9) — ZNE(fr,l,f) N(r,1; f|=2)
< N(r,0; f) + N(r,00; f) + N.(r,1; f, 9) + T(r, g)
—m(r,1;9) + O(1) = Np(r,1; f) = 2N(r, 1; 9)
NG 15 f) + No(r, 05 ) + No(r, 05 )
+S(r, f)+ S(r,g)
< N(r,0; f) + N(r,00; f) + T(r,g) — m(r, 1; )

—NS(T,L][) — Ni(r,1;9) + No(r,0; f)
+No(r,0:9) + S(r, f)
From (2.12) and (2.13) the lemma follows. This proves the lemma.
Lemma 2.12.[10] If f, g share(0,0),(1,0),(c0,0) and H = 0. Thenf,g share(0, c),(1, c0),

(00, 00).

3. PROOFS OF THE THEOREMS

Proof of Theorerh 1|8Suppose! # 0. Then from Lemma@ 2.11 and conditidn ({1.4) we get a
contradiction. Sd7 = 0. Hence by Lemmp 2.12 andg share(0, ), (1, 00), (00, c0). Now
Lemmd 2.8 and conditiof (1.4) implies conditipn (1.1) of Theorem 1.1. So by Thgorém 1.1 the
theorem follows. This proves the theorem.

Proof of Theorer 1.11Since f, g share(oo; 0) N(r,00; f| > k 4+ 1) = N(r,00; f). Suppose
H # 0. Then from Lemma 2.10 and conditidn ([L.5) we get a contradictionZSs 0. Now
the theorem follows from Lemnja 2]12 and Theofem 1.1. This proves the theprem.

Proof of Theorerq 1.12Since f, g share(oco; 0) N(r,00; f| > k 4+ 1) = N(r,00; f). Suppose

H # 0. Then from Lemma 2|9 and conditiop (]L.6) we obtain a contradiction.HS& 0

and the theorem follows from Lemrha 212 and Thedrern 1.1. This completes the proof of the
theorem.n

Proof of Theorerfi T]9Supposed # 0. Sincef, g share(co; co) we obtain from Lemmp 2.10
for k = oo

T(r, f) < 3N(r,0; f) + 2N(r, 001 f) + Npsa(r, 1 g) — m(r, 1;9) + S(r, f)

which leads to a contradiction. S = 0. Now the theorem follows from Lemnia2]12 and
Theorenj 1.JL. This proves the theorem.

Proof of Theorerq 1.10Using Lemma 29 fok: = oo and proceeding in the same way as in the
proof of Theoren 1]9 we can prove the theorem. This proves the thegrem.
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