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2 A. DJOUDI AND A. A LIOUCHE

1. I NTRODUCTION

In recent years, some interesting common fixed point theorems for contractive type mappings
have been reported in the literature, ex, Jachymski [2], Jungck et al [4] and Pant [6] and [7].
These theorems require a compatibility condition, a contractive condition and assume continuity
at least one of the mappings and each theorem aims to weaken one or more of these conditions.
Recently, Pant [8] introduced the notion of reciprocally continuous which is weaker than the
continuity of one of the mappings.

Two self-mappingsA andS of a metric space(X, d) are said to be compatible [3] if whenever
{xn} ⊂ X is such thatlimn→+∞ Sxn = lim Axn = t ∈ X, it follows that

(1.1) lim
n→∞

d(SAxn, ASxn) = 0.

Two self-mappingsA andS of a metric space(X, d) are said to be reciprocally continuous
[8] if limn→+∞ASxn = At andlimn→+∞ SAxn = St whenever{xn} is a sequence inX such
that limn→∞Axn = limn→∞ Sxn = t for somet in X.

If A andS are both continuous, then they are obviously reciprocally continuous, but the
converse is not true. Moreover, in the setting of common fixed point theorems for compatible
mappings satisfying contractive conditions, continuity of one of the mappingsA or S implies
their reciprocal continuity, but not conversely.

The following theorem has been proved in [8].

Theorem 1.1. Let {Ai}, i = 1, 2, ..., S and T be self-mappings of a complete metric space
(X, d) such that

(1.2) A1(X) ⊂ T (X) andAi(X) ⊂ S(X), if i > 1,

(1.3) d(A1x, A2y) ≤ Φ(M12(x, y)), wheneverM12(x, y) > 0,

(1.4) d(A1x, Aiy) < M1i(x, y),

where

(1.5) M1i(x, y) = max

{
d(Sx, Ty), d(A1x, Sx), d(Aiy, Ty),

d(A1x, Ty) + d(Sx, Aiy)

2

}
andΦ : R+ → R+ is an upper semi-continuous function such thatΦ(t) < t for eacht > 0.

Let S be compatible withA1 andT be compatible withAk for somek > 1. If the mappings
in one of the compatible pairs{A1, S} and{Ak, T} are reciprocally continuous, then{Ai} , S
andT have a unique common fixed point.

It is our purpose in this paper to prove a common fixed point theorem for reciprocally contin-
uous mappings satisfying an implicit relation. Our theorem generalizes the results of [1], [2],
[4], [5], [6], [7], [8], [9], [10] and [11].

2. I MPLICIT RELATIONS

Let z be the set of all continuous functionsF (t1, t2, t3, t4, t5, t6) : R6
+ → R satisfying the

following conditions:
(F1) : F is non- increasing in variablest5 andt6.
(F2) : there exists0 < α < 1 such that for allu, v ≥ 0 with
(Fa) : F (u, v, u, v, u + v, 0) ≤ 0 or
(Fb) : F (u, v, v, u, 0, u + v) ≤ 0 we haveu ≤ αv.
(F3) : F (u, u, 0, 0, u, u) > 0 for all u > 0.
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Example 2.1.F (t1, t2, t3, t4, t5, t6) = t1 − h max{t2, t3, t4, 1
2
(t5 + t6)}, 0 ≤ h < 1.

(F1) : is clear.
(F2) : Letu, v ≥ 0 andF (u, v, u, v, u + v, 0) = u− h max{u, v, 1

2
(u + v)} ≤ 0.

If v ≤ u, thenu < u a contradiction. Therefore,u ≤ hv, α = h < 1.
Similarly, if F (u, v, v, u, 0, u + v) ≤ 0 thenu ≤ αv, α = h < 1.
(F3) : F (u, u, 0, 0, u, u) = u(1− h) > 0 for all u > 0.

Example 2.2.F (t1, t2, t3, t4, t5, t6) = t21 − c1 max{t22, t23, t24} − c2 max{t3t6, t4t5} − c3t5t6,
c1, c2, c3 ≥ 0, c1 + 2c2 + c3 < 1.
(F1) : is clear.
(F2) : Letu, v ≥ 0 andF (u, v, u, v, u + v, 0) = u2 − c1 max{v2, u2} − c2v(u + v)} ≤ 0.
If v ≤ u, thenu2 < (c1 + 2c2)u

2 < u2 a contradiction. Therefore,u ≤
√

c1 + 2c2v,
α =

√
c1 + 2c2 < 1.

Similarly, if F (u, v, v, u, 0, u + v) ≤ 0 thenu ≤ αv, α =
√

c1 + 2c2 < 1.
(F3) : F (u, u, 0, 0, u, u) = u2(1− (c1 + c3)) > 0 for all u > 0.

Example 2.3.F (t1, t2, t3, t4, t5, t6) = t31 − at21t2 − bt1t3t4 − ct25t6 − dt5t
2
6, a, b, c, d ≥ 0,

a + b + c + d < 1.
(F1) : is clear.
(F2) : Letu, v ≥ 0 andF (u, v, u, v, u + v, 0) = u3 − au2v − bu2v = u2(u− (a + b)v) ≤ 0.

Thenu ≤ (a + b)v, α = a + b < 1.
Similarly, if F (u, v, v, u, 0, u + v) ≤ 0 thenu ≤ αv, α = a + b < 1.
(F3) : F (u, u, 0, 0, u, u) = u3(1− (a + c + d)) > 0 for all u > 0.

Example 2.4.F (t1, t2, t3, t4, t5, t6) = t31 − c
t23t24+t25t26

t2+t3+t4+1
, 0 < c < 1.

(F1) : is clear.
(F2) : Letu, v ≥ 0 andF (u, v, u, v, u + v, 0) = u3− c u2v2

2v+u+1
≤ 0. Then,u < c v2

2v+u+1
< cv,

α = c.
Similarly, if F (u, v, v, u, 0, u + v) ≤ 0 thenu < αv, α = c.
(F3) : F (u, u, 0, 0, u, u) = u3 (1−c)u+1

u+1
> 0 for all u > 0.

Example 2.5.F (t1, t2, t3, t4, t5, t6) = (1+pt2)t1−p max{t3t4, t5t6}−h max{t2, t3, t4, 1
2
(t5 +

t6)}, 0 ≤ h < 1, p ≥ 0.
(F1) : is clear.
(F2) : Letu, v ≥ 0 andF (u, v, u, v, u+v, 0) = (1+pv)u−puv−h max{u, v, 1

2
(u+v)} ≤ 0.

If v ≤ u, thenu < u a contradiction. Therefore,u ≤ hv, α = h < 1.
Similarly, if F (u, v, v, u, 0, u + v) ≤ 0 thenu ≤ αv, α = h < 1.
(F3) : F (u, u, 0, 0, u, u) = u(1− h) > 0 for all u > 0.

Example 2.6.F (t1, t2, t3, t4, t5, t6) = t1 − h max{t2, t3, t4, 1
2
(t5 + t6), b

√
t5t6},

0 < h < 1, 0 < b < 1.
(F1) : is clear.
(F2) : As in Example 2.1.
(F3) : F (u, u, 0, 0, u, u) = u− h max{u, bu} = u(1− h) > 0 for all u > 0.

3. M AIN RESULTS

Theorem 3.1. Let {Ai}, i = 1, 2, ..., S andT be self-mappings of a metric space(X, d) satis-
fying the inequality

(3.1) F (d(A1x, Aiy), d(Sx, Ty), d(A1x, Sx), d(Aiy, Ty), d(A1x, Ty), d(Sx, Aiy)) ≤ 0
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i = 1, 2, ..., for all x, y in X whereF satisfies(F3). Then,{Ai}, S andT have at most one
common fixed point.

Proof. Suppose that{Ai} , S andT have two common fixed pointsz andz′ such thatz 6= z′.
Then, using (3.1) we have fori > 1

F (d(A1z, Aiz
′), d(Sz, Tz′), d(A1z, Sz), d(Aiz

′, T z′), d(A1z, Tz′), d(Sz,Aiz
′) =(3.2)

F (d(z, z′), d(z, z′), 0, 0, d(z, z′), d(z, z′ ≤ 0

a contradiction of(F3).

Theorem 3.2. Let {Ai}, i = 1, 2, ..., S and T be self-mappings of a complete metric space
(X, d) such that (1.2) holds and there existsF ∈ z such that inequality (3.1) holds for all
x, y in X. Let S be compatible withA1 andT be compatible withAk for somek > 1. If the
mappings in one of the compatible pairs{A1, S} and{Ak, T} are reciprocally continuous, then
{Ai} , S andT have a unique common fixed point.

Proof. Let x0 be an arbitrary point inX, then by (1.2), there exists a pointx1 ∈ X such that
A1x0 = Tx1. For this pointx1 we can choose a pointx2 such thatAix1 = Sx2 and soon.
Inductively, we can define a sequence{yn} in X such that

(3.3) y2n = A1x2n = Tx2n+1, y2n+1 = Sx2n+2 = Aix2n+1

for everyn = 0, 1, 2, ....
Using (3.1) and (3.3) it follows that

0 ≥ F (d(A1x2n, Aix2n+1), d(Sx2n, Aix2n+1), d(A1x2n, Sx2n),(3.4)

d(Aix2n+1, Tx2n+1), d(A1x2n, Tx2n+1), d(Sx2n, Aix2n+1))

0 ≥ F (d(y2n+1, y2n), d(y2n−1, y2n), d(y2n, y2n−1),(3.5)

d(y2n+1, y2n), 0, d(y2n−1, y2n+1)).

Using(F1) we get

0 ≥ F (d(y2n+1, y2n), d(y2n−1, y2n), d(y2n, y2n−1),(3.6)

d(y2n+1, y2n), 0, d(y2n−1, y2n) + d(y2n, y2n+1)).

By (Fa), there exists0 < α < 1 such that

(3.7) d(y2n, y2n+1) ≤ αd(y2n−1, y2n).

Similarly, we get

(3.8) d(y2n+1, y2n+2) ≤ αd(y2n, y2n+1).

Using (3.7) and (3.8) we obtain

(3.9) d(yn, yn+1) ≤ αnd(yn−1, yn).

Therefore,{yn} is a Cauchy sequence inX. Since(X, d) is complete, it converges to a
point z ∈ X. Hence, the subsequences{A1x2n}, {Aix2n+1}, {Sx2n+2} and{Tx2n+1}, i > 1
converge also toz.

Now, suppose that the pair{A1, S} is compatible andA1 andS are reciprocally continuous.
Then

(3.10) lim
n→∞

d(SA1x2n, A1Sx2n) = 0

and

(3.11) lim
n→∞

SA1x2n = Sz, lim
n→∞

A1Sx2n = A1z.

AJMAA, Vol. 3, No. 1, Art. 9, pp. 1-7, 2005 AJMAA

http://ajmaa.org


A GENERAL COMMON FIXED POINT THEOREM 5

By (3.10) and (3.11) we haveA1z = Sz.
If A1z 6= z, using (3.1) we have

F (d(A1z, Aix2n+1), d(Sz, Tx2n+1), d(A1z, Sz),(3.12)

d(Aix2n+1, Tx2n+1), d(A1z, Tx2n+1), d(Sz,Aix2n+1)) ≤ 0.

Lettingn tend to infinity in (3.12) we obtain

(3.13) F (d(A1z, z), d(A1z, z), 0, 0, d(A1z, z), d(A1z, z)) ≤ 0

a contradiction of(F3). Then,A1z = Sz = z.
SinceA1(X) ⊂ T (X), there existsv ∈ X such thatA1z = Tv = z.
If z 6= Akv, using (3.1) we get

F (d(A1x2n, Akv), d(Sx2n, T v), d(A1x2n, Sx2n),(3.14)

d(Akv, Tv), d(A1x2n, T v), d(Sx2n, Akv)) ≤ 0.

Lettingn tend to infinity in (3.14) we obtain

(3.15) F (d(z, Akv), 0, 0, d(z, Akv), 0, d(z, Akv)) ≤ 0.

By (Fb) we havez = Akv = Tv. Since the pair{Ak, T} is compatible we haveTAkv =
AkTv, i.e,Akz = Tz. If Akz 6= z, using (3.1) we have

F (d(A1z, Akz), d(Sz, Tz), d(A1z, Sz),(3.16)

d(Akz, Tz), d(A1z, Tz), d(Sz, Akz)) ≤ 0.

So,

(3.17) F (d(z, Akz), d(z, Akz), 0, 0, d(z, Akz), d(z, Akz)) ≤ 0,

a contradiction of(F3). ThenAkz = Tz = z.
If Aiz 6= z, using (3.1) we get

F (d(A1z, Aiz), d(Sz, Tz), d(A1z, Sz),(3.18)

d(Aiz, Tz), d(A1z, Tz), d(Sz, Aiz)) ≤ 0.

Therefore,

(3.19) F (d(z, Aiz), 0, 0, d(z, Aiz), 0, d(z, Aiz)) ≤ 0,

a contradiction of(Fb). ThenAiz = Tz = z, i > 1
Then,A1z = Sz = Aiz = Tz = z , i > 1. Hence,{Ai} , S andT have a common fixed

point z in X.
Now, suppose that the pair{Ak, T} is compatible andAk andT are reciprocally continuous,

then

(3.20) lim
n→∞

d(TAkx2n, AkTx2n) = 0

and

(3.21) lim
n→∞

TAkx2n+1 = Tz, lim
n→∞

AkTx2n+1 = Akz.

By (3.20) and (3.21) we haveAkz = Tz.
If Akz 6= z, using (3.1) we have

F (d(A1x2n, Akz), d(Sx2n, T z), d(A1x2n, Sx2n),(3.22)

d(Akz, Tz), d(A1x2n, T z), d(Sx2n, Akz)) ≤ 0.
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Lettingn tend to infinity in (3.22) we obtain

(3.23) F (d(z, Akz), d(z, Akz), 0, 0, d(z, Akz), d(z, Akz)) ≤ 0,

a contradiction of(F3). ThenAkz = Tz = z.
SinceAk(X) ⊂ S(X), there existsu ∈ X such thatAkz = Su = z.
If z 6= A1u, using (3.1) we get

F (d(A1u, Akx2n+1), d(Su, Tx2n+1), d(A1u, Su),(3.24)

d(Akx2n+1Tx2n+1), d(A1u, Tx2n+1), d(Su,Akx2n+1)) ≤ 0.

Lettingn tend to infinity in (3.24) we obtain

(3.25) F (d(A1u, z), 0, d(A1u, z), 0, d(A1u, z), 0) ≤ 0.

By (Fa) we havez = A1u = Su. Since the pair{A, S} is compatible we haveSA1u =
A1Su, i.e,A1z = Sz. If A1z 6= z, using (3.1) we get

F (d(A1z, Akz), d(Sz, Tz), d(A1z, Sz),(3.26)

d(Akz, Tz), d(A1z, Tz), d(Sz, Akz)) ≤ 0.

So,

(3.27) F (d(A1z, z), d(A1z, z), 0, 0, d(A1z, z), d(A1z, z)) ≤ 0,

a contradiction of(F3). ThenA1z = Sz = z. Therefore,A1z = Sz = Akz = Tz = z.
Similarly, we can prove thatAiz = Tz = z, i > 1.
Therefore,A1z = Sz = Aiz = Tz = z , i > 1. Hence,{Ai} , S andT have a common fixed

point z in X. The uniqueness ofz follows from Theorem??.

Corollary 3.3. LetA, B, S andT be self-mappings of a complete metric space(X, d) satisfying
the following conditions

(3.28) A(X) ⊂ T (X) and B(X) ⊂ S(X)

F (d(Ax, By), d(Sx, Ty), d(Ax, Sx),(3.29)

d(By, Ty), d(Ax, Ty), d(Sx, By)) ≤ 0

for all x, y in X andF ∈ z. Suppose that the pairs{A, S} and{B, T} are compatible. If the
mappingsA andS or B andT are reciprocally continuous, thenA, B, S andT have a unique
common fixed point.

Remark 3.1. Corollary 3.3 generalizes Theorem 3.1 of [11] and a theorem of [10].

REFERENCES

[1] B. FISHER, Common fixed point for four mappings,Bull. Inst. Mah. Acad. Sinica.,11 (1983),
101-113.

[2] J. JACHYMSKI, Common fixed point theorems for some families of maps,Indian. J. Pure. Appl.
Math., 25 (1994), no. 9, 925-937.

[3] G. JUNGCK, Compatible mappings and common fixed points,Int. J. Math. Math. Sci.,9 (1986),
771-779.

[4] G. JUNGCK, K. B. MOON, S. PARK and B. E. RHOADES, On Generalizations of the Meir-Keeler
Type Contraction Maps: Corrections,J. Math. Anal. Appl.,180(1993), 221-222.

[5] R. P. PANT, Common foxed points of two pairs of commuting mappings,Indian J. Pure. Appl.
Math.,17 (1986), 187-192.

AJMAA, Vol. 3, No. 1, Art. 9, pp. 1-7, 2005 AJMAA

http://ajmaa.org


A GENERAL COMMON FIXED POINT THEOREM 7

[6] R. P. PANT, Common fixed point of weakly commuting mappings,Math. Student.,62, (1993),
97-102.

[7] R. P. PANT, Common fixed points of sequences of mappings,Ganita.,47, (1996), 43–49.

[8] R. P. PANT, A common fixed point theorem under a new condition,Indian J. Pure. Appl. Math.,
30, (1999), no. 2, 147-152.

[9] B. E. RHOADES, S. PARK and K. B. MOON, On generalizations of the Meir-Keeler type contrac-
tion maps,J. Math. Anal. Appl.,146(1990), no. 2, 482-494.

[10] V. POPA, Some fixed point theorems for compatible mappings satisfying an implicit relation,
Demonstratio Math.,32 (1999), 157-163.

[11] K. TAS, M. TELCI and B. FISHER, Common fixed point theorems for compatible mappings,Int.
J. Math. Math. Sci.,19 (1996), 451-456.

AJMAA, Vol. 3, No. 1, Art. 9, pp. 1-7, 2005 AJMAA

http://ajmaa.org

	1. Introduction
	2. Implicit relations
	3. Main Results
	References

