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2 A. DJOUDI AND A. ALIOUCHE

1. INTRODUCTION

In recent years, some interesting common fixed point theorems for contractive type mappings
have been reported in the literature, ex, Jachymski [2], Jungck et al [4] and Pant [6] and [7].
These theorems require a compatibility condition, a contractive condition and assume continuity
at least one of the mappings and each theorem aims to weaken one or more of these conditions.
Recently, Pant [8] introduced the notion of reciprocally continuous which is weaker than the
continuity of one of the mappings.

Two self-mappings! andS of a metric spacéX, d) are said to be compatible/[3] if whenever
{z,} C X is such thatim,, ., Sz, = lim Az,, =t € X, it follows that

(1.2) lim d(SAz,, ASz,) = 0.

n—oo

Two self-mappingsi and.S of a metric spacéX, d) are said to be reciprocally continuous
[8] if lim, o ASx, = At andlim,,_. ., SAz, = St wheneve{z,} is a sequence iX such
thatlim,, .., Az, = lim,,_, Sz, = t for somet in X.

If A andS are both continuous, then they are obviously reciprocally continuous, but the
converse is not true. Moreover, in the setting of common fixed point theorems for compatible
mappings satisfying contractive conditions, continuity of one of the mappingsS implies
their reciprocal continuity, but not conversely.

The following theorem has been proved!in [8].

Theorem 1.1.Let{A;},i = 1,2,..., S and T be self-mappings of a complete metric space
(X, d) such that

(1.2) A(X)CcT(X)andA;(X) C S(X), ifi>1,
(13) d(Al.%',AQy) < (I)(M12<I,y)), WheneVEMu(l’,y) > 07
(14) d(A1x> Azy) < Mli(x>y)7

where

2

and® : R, — R, is an upper semi-continuous function such thét) < ¢ for eacht > 0.

Let S be compatible wittd; andT" be compatible with, for somek > 1. If the mappings
in one of the compatible paifs4,, S} and{ A, T} are reciprocally continuous, thepy;} , S
and7 have a unique common fixed point.

(15) My (z,y) = max {d(Saz, Ty), d(Asz, Sx), d( Ay, Ty), WAL TY) £ (57, Ay) }

It is our purpose in this paper to prove a common fixed point theorem for reciprocally contin-
uous mappings satisfying an implicit relation. Our theorem generalizes the results of [1], [2],
[41, [5], (6], [7], [8], [9], [1O] and [11].

2. IMPLICIT RELATIONS

Let F be the set of all continuous functiodt,, s, t3, t4, t5, t6) : RS — R satisfying the
following conditions:
(Fy) : Fis non- increasing in variableés andt;.

(F) : there exist$) < « < 1 such that for alk,, v > 0 with
(F,) : F(u,v,u,v,u+v,0) <0or

(Fy) : F(u,v,v,u,0,u+v) < 0we haveu < awv.

(F3) : F(u,u,0,0,u,u) > 0forallu > 0.
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Example 2.1.F(t1,t2,t3,t4,t5, tﬁ) =1 — hmaX{tQ,tg,t4, %(t5 + te)}, 0<h<l.
(Fy) :is clear.
(F) : Letu,v > 0 and F(u,v,u,v,u+v,0) = v — hmax{u, v, 3(u+v)} <0.
If v <wu,thenu < u a contradiction. Thereforey < hv, o« = h < 1.
Similarly, if F(u,v,v,u,0,u+ v) < 0thenu < av,a =h < 1.
(F3) : F(u,u,0,0,u,u) =u(l —h) > 0forall u > 0.

Example 2.2. F(ty, ty, t3, t4, t5,t6) = 13 — ¢y max{t3, 12,12} — co max{tsts, tals} — cstste,

C1,C2,C3 > 0, €1+ 2c9 +c3 < 1.

(Fy) :is clear.

(F) : Letu,v > 0 and F(u,v,u,v,u +v,0) = u? — ¢; max{v? u?} — cov(u +v)} < 0.

If v < u, thenu? < (c; + 2c)u? < u? a contradiction. Thereforey < /c; + 2c0,
a=+/c1+ 2c < 1.

Similarly, if F(u,v,v,u,0,u +v) < 0thenu < av, @ = \/¢1 + 2¢5 < 1.

(F3) : F(u,u,0,0,u,u) = u*(1 — (c; + ¢3)) > 0 forall u > 0.

Example 2.3. F(t1, ta, t3, s, t5, t6) = t3 — atity — btytsty — ctite — dtst2, a,b,c,d > 0,
a+b+c+d<1.
(Fy) :is clear.
(F) : Letu,v > 0 and F(u, v, u,v,u +v,0) = v* — av’v — bu*v = v*(u — (a + b)v) < 0.
Thenu < (a+b)v,a=a+b < 1.
Similarly, if F(u,v,v,u,0,u +v) <0thenu < av,a=a+b < 1.
(F3) : F(u,u,0,0,u,u) =u*(1 — (a+c+d)) > 0forall u > 0.

t2¢3+12¢2

Examplg 2.4.F(ty,to, t3,ty, t5,tg) = 3 — ot 0<e< 1.

(Fy) :is clear.

(F) : Letu,v > 0and F(u, v, u,v,u+v,0) = u® — c% < 0. Thenu < cﬁ < v,
a=c.

Similarly, if F(u,v,v,u,0,u + v) < 0thenu < av, o = c.

(F3) : F(u,u,0,0,u,u) = u3% > 0 forall u > 0.

Example 2.5. F(tl, to, t3, 4,15, t6> = (1 +pt2)t1 —pmaX{t3t4, t5t6} — hmax{tg, t3, t4, %(tg) +
t)h,0<h<1,p>0.

(Fy) :is clear.

(F) : Letu,v > 0andF(u,v, u, v,u+v,0) = (1+pv)u—puv—hmax{u, v, s (u+v)} <O0.
If v < u, thenu < v a contradiction. Thereforey < hv, a = h < 1.

Similarly, if F(u,v,v,u,0,u +v) < 0thenu < av,« = h < 1.

(F3) : F(u,u,0,0,u,u) =u(l—~h) > 0forall u > 0.

Example 2.6. F(th to,t3,t4, 15, tG) =1 — hmax{tg, t3, L4, %(tg, + t6), b\/@},
0<h<1l,0<b< 1.
(Fy) :is clear.
(F») : As in Examplé 2]1.

(F3) : F(u,u,0,0,u,u) =u — hmax{u,bu} = u(l —h) > 0 forall u > 0.
3. MAIN RESULTS

Theorem 3.1.Let{A;},i =1,2,..., S andT be self-mappings of a metric spaC¥, d) satis-
fying the inequality

(3.1) F(d(Aizx, Ayy),d(Sz, Ty),d(Ayz, Sz),d(Ay, Ty), d( A1z, Ty),d(Sz, Ayy)) <0
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i=1,2,.., forall z,y in X whereF satisfies(F3). Then,{A;}, S andT have at most one
common fixed point.

Proof. Suppose tha{A;} , S andT have two common fixed pointsandz’ such that: # ='.
Then, using[(3]1) we have for> 1

(3.2) F(d(Ai1z,A;2"),d(Sz,T7),d(A1z,5z2),d(A2", TZ'),d(A12,TZ"),d(Sz, A;2")
F(d(z,7"),d(z,2'),0,0,d(z,2"),d(z, 2

<0
a contradiction of £3). &

Theorem 3.2. Let{A4;}, i = 1,2,..., S and T be self-mappings of a complete metric space
(X, d) such that[(1.R) holds and there exigtsc / such that inequality] (3]1) holds for all
xz,y in X. LetS be compatible withA; andT" be compatible witt4, for somek > 1. If the
mappings in one of the compatible pa{rd,, S} and{ A, T'} are reciprocally continuous, then
{4;},S andT have a unique common fixed point.

Proof. Let z, be an arbitrary point inX, then by [(1.R), there exists a point € X such that
Aixg = Txz,. For this pointz; we can choose a point, such that4,z; = Sz, and soon.
Inductively, we can define a sequerfeg } in X such that

(3-3) Yon = All“zn = T$2n+1, Yon+1 = SI2n+2 = Ai$2n+1

foreveryn =0,1,2,....
Using [3.1) and[(3]3) it follows that

(3.4) 0 > F(d(A1zon, Aitanir), d(STon, AiTont1), d(A1Ton, STay),
d(Ai$2n+1, T$2n+1), d(A1x2n> T$2n+1), d(szn, Ai$2n+1))
(3.5) 0 > F(d(y2n+1sY2n), d(Yan—1, Y2n)s A(Yon, Y2n—1),

d(Yon+1,Y2n), 0, d(Yan—1, Yant1))-
Using (F}) we get
(3.6) 0 > F(d(y2n+1sY2n), d(Yan—1, Y2n)s A(Yon, Yon—1),
d(y2n+1 y2n) O d(an—b an) + d(ana y2n+1))-
By (F,), there exist$) < o < 1 such that
(37) d(yZna y2n+1) S ad(anfla y2n)
Similarly, we get

(3.8) A(Y2n+1, Yans2) < ad(Yan, Yany1)-
Using (3.7) and[(3]8) we obtain
(39) d(yny ynJrl) S and(ynfla yn)

Therefore,{y,} is a Cauchy sequence K. Since(X,d) is complete, it converges to a
pointz € X. Hence, the subsequences$; s, }, { Aixoni1}, {STani2} and{Txo, 1}, 7 > 1
converge also to.

Now, suppose that the p&ird;, S} is compatible andi; and.S are reciprocally continuous.
Then

(3.10) lim d(SAyxo,, A1Szs,) =0
and
(3.11) lim SAizs, =Sz, lim AiSw,, = Aiz.
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By (3.10) and[(3.1]1) we havé,z = Sz.
If Az # z, using [3.1) we have

(3.12) F(d(Ayz, Aizont1),d(Sz, Txops1),d(Ar2,52),
d(Aizani1, Tronyi1), d(A12, Txony1),d(Sz, Aizani1)) < 0.
Letting» tend to infinity in [3.12) we obtain
(3.13) F(d(Ayz,2),d(A12,2),0,0,d(As12, 2),d(A12,2)) <0
a contradiction of F3). Then,A;z = Sz = z.
SinceA;(X) C T(X), there exist® € X such thatd,z = Tv = z.
If = # Agv, using [3.1) we get
(3.14) F(d(Ayza,, Agv), d(Sxey,, Tv), d(A122y,, STay),
d(Agv, Tv), d(A1xen, Tv), d(Swoy, Axv)) < 0.
Lettingn tend to infinity in [3.14) we obtain
(3.15) F(d(z, Agv),0,0,d(z, Av),0,d(z, Agv)) < 0.
By (F,) we havez = Ayv = Tw. Since the paif A, T'} is compatible we havé& A,v =
AyTv,i.e,Agz = Tz If Ayz # 2, using [3.1) we have
(3.16) F(d(Ayz, Axz),d(Sz,Tz),d(A1z, Sz),
d(Agz,Tz),d(A12,Tz),d(Sz, Az)) < 0.
So,
(3.17) F(d(z, Axz),d(z, Axz),0,0,d(z, Axz), d(z, Axz)) <0,
a contradiction of F3). ThenA;z =Tz = z.
If A;z # z, using [3.1) we get
(3.18) F(d(Ayz,Aiz),d(Sz,Tz),d(Az,S%),
d(A;iz,Tz),d(A12,Tz),d(Sz, Aiz)) < 0.
Therefore,
(3.19) F(d(z,A;2),0,0,d(z, A;2),0,d(z, A;z)) <0,

a contradiction of /3,). ThenA,z =Tz =z,i > 1

Then, Az = Sz = Aiz =Tz = 2,17 > 1. Hence{A4,},S andT have a common fixed
pointz in X.

Now, suppose that the pdird;, 7'} is compatible andi, and7" are reciprocally continuous,
then

(3.20) lim d(T Agzan, AxT2,) =0
and
(3.21) lim TAgwoni1 =Tz, lim AyTxo, 1 = Agz.

By (3.20) and[(3.21) we havé, >z = T'-.
If Axz # z, using [3.1) we have

(3.22) F(d(Ayzap, Akz),d(Sza,, T2), d(A129n, Say),
d(Agz,Tz),d(A1z2,, T2), d(Sxon, Arz))

IA
o
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Letting » tend to infinity in [3.2R) we obtain
(3.23) F(d(z, Agz),d(z, Ak2),0,0,d(z, Agz),d(z, Axz)) < 0,

a contradiction of F3). ThenA;z =Tz = 2.
SinceA,(X) C S(X), there exists: € X such thatd,z = Su = z.

If 2 Aju, using[3.1) we get
(3.24) F(d(Ayu, Agxany), d(Su, Taxoni1), d(Au, Su),
d(Agroni1Txoni1), d(Ayu, Txopy), d(Su, Apxoni1)) < 0.
Letting» tend to infinity in [3.24) we obtain
(3.25) F(d(Ayu, 2),0,d(Au, 2),0,d(Ayu, 2),0) < 0.

By (F,) we havez = A;u = Su. Since the paif A, S} is compatible we havé A;u =
AiSu,i.e, A1z = Sz. If Ajz # z, using 3.1) we get

(3.26) F(d(Ayz, Axz),d(Sz,Tz),d(A1z, Sz),
d(Agz,Tz),d(A12,Tz),d(Sz, Agz)) < 0.
So,
(3.27) F(d(Aiz,2),d(A12,2),0,0,d(A1z,2),d(A12,2)) <0,

a contradiction of F;). ThenA,z = Sz = z. Therefore A1z = Sz = Ayz =Tz = 2.
Similarly, we can prove thal,z = Tz = 2,7 > 1.
Therefore, A1z = Sz = A,z =Tz =z,i > 1. Hence{A;}, S andT have a common fixed
point z in X. The uniqueness affollows from Theoren??. g

Corollary 3.3. Let A, B, S andT be self-mappings of a complete metric spaked) satisfying
the following conditions

(3.28) A(X) C T(X) and B(X) C S(X)

(3.29) F(d(Az, By),d(Sz,Ty),d(Az, Sz),
d(By,Ty),d(Az,Ty),d(Sz, By)) < 0

forall z,y in X and F' € F. Suppose that the paifs4, S} and{B, T} are compatible. If the
mappingsA and S or B andT are reciprocally continuous, theA, B, S and7" have a unique
common fixed point.

Remark 3.1. Corollary[3.3 generalizes Theorem 3.1[of|[11] and a theorem of [10].
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