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2 T. N. SHANMUGAM AND V. RAVICHANDRAN AND S. SVASUBRAMANIAN

1. INTRODUCTION

Let H be the class of functions analytic ik := {z : |z| < 1} andH[a, n| be the subclass
of H consisting of functions of the forni(z) = a + a,2" + anHz”“ + .... Let A be the
subclass ofH consisting of functions of the forrfi(z) = z + a22? + .. .. Letp,h € H and let
o(r,s,t;2) : C3 x A — C. If pando(p(z), 2p'(2), 2%p"(2); 2) are univalent and ip satisfies
the second order superordination

(1.1) h(z) < 6(p(2), 21/ (2), 2°p"(2); 2),

thenp is a solution of the differential superordinatign (1.1). {Iis subordinate td”, thenF" is
called to be superordinate ) An analytic functiory is called asubordinantf ¢ < p for all

p satisfying [(1.1). An univalent subordinafthat satisfieg < ¢ for all subordinantg of (1.1)

is said to be the best subordinant. Recently Miller and Mocanu [6] obtained conditidns;on
and¢ for which the following implication holds:

h(z) < o(p(2), 21 (2), 2°p"(2); 2) = a(2) < p(2).
Using the results of Miller and Mocanul [6], Bulboaconsidered certain classes of first order
differential superordinations [3] as well as superordination-preserving integral operators [2].
Ali et al. [1] have used the results of Bulb@al@] to obtain sufficient conditions for normalized
analytic functions to satisfy
2f'(z)

f(z)
whereq; and g, are given univalent functions ifk. Also, Tuneski [[7] obtained a sufficient
condition for starlikeness of in terms of the quantit ;Zg;;y)

In the present paper, we obtain sufficient conditions for the normalized analytic fugf€tipn

to satisfy
f(z)
2f'(2)
2 f'(2)
o )

whereg; andg, are given univalent functions iA. Also we obtain results for functions defined
by using Carlson-Shaffer operator, Ruscheweyh addggan derivatives.
Let the functiony(a, c; z) be given by

o0

o(a,c; 2) ::Z(aiz’”rl (c#0,—-1,-2,...;2 € A),

n=0 (C)n

where(z),, is thePochhammer symbdefined by

q(z) < < q2(2)

=< QQ(Z)

G(z) <

and

q(z) <

o 1’ n—O,
(@) '_{ zx+1)(x+2)...(r+n-1), neN:={1,2,3,...}.

Corresponding to the functiop(a, ¢; z), Carlson and Shaffer [4] introduced a linear operator
L(a, c), which is defined by the following Hadamard product (or convolution):

L(a,c)f(z) := pl(a,c; 2) =2+ Z an+1

We note that
L(a,a)f =f, L2,1)f=zf, L(E+1,1)f =D,
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whereD?’ f is theRuscheweyh derivativeé f. TheSalagean derivativef a functionf, denoted

by D™ f, is defined by
D"f(z) = f(z) * (z + Zn“%”) .
n=2

2. PRELIMINARIES
In our present investigation, we shall need the following definition and results.

Definition 2.1. [6l Definition 2, p. 817] Denote bg), the set of all functiong that are analytic
and injective oM\ — E(q), where

E(g) = {¢ € 0A : limg(z) = oo},
and are such that(¢) # 0 for ¢ € 0A — E(q).

Theorem 2.1. [5, Theorem 3.4h, p. 133]et ¢ be univalent in the unit diskk\ and ¢ and ¢
be analytic in a domainD containingq(A) with ¢(w) # 0 whenw € ¢(A). SetQ(z) =
2q/(2)6(q(2)), h(z) = 0(q(2)) + Q(2). Suppose that
(1) Q(z) is starlike univalent im\, and
(2) R HE > oforz € A,
If p is analytic inA with p(A) C D, and
0(p(2)) + 20/ (2)6(p(2)) < 0(q(2)) + 24/ (2)d(a(2)),

thenp < ¢ andq is the best dominant.
By takingf(w) := aw and¢(w) := v in Theorenj 2./1, we get
Lemma 2.2. Letq be univalent inA with ¢(0) = 1. Leta, v € C. Further assume that

Zq”(Z) B N
%(lJr /) ) > max{0, —R(a/v)}.

If p is analytic inA, and
ap(z) +72p'(2) < aq(z) + 724 (2),
thenp < ¢ andq is the best dominant.

Theorem 2.3.[3] Letq be univalent in the unit disk and+ andy be analytic in a domairD
containingg(A). Suppose that

(1) RV (q(2))/e(q(z))] > 0for z € A, and

(2) z¢'(2)p(q(2)) is starlike univalent inA.
If p € H[q(0),1] N Q, withp(A) C D, andd(p(z)) + zp'(2)(p(2)) is univalent inA, and
(2.1) D(q(2)) + 24 (2)p(a(2)) < I(p(2)) + 20/ ()0 (p(2)),
theng < p andq is the best subordinant.

By takingd(w) := aw and¢(w) := ~ in Theorenj 2.3, we get the following extension|of [6,
Theorem 8, p. 822]:

Lemma 2.4. Let g be convex univalent if\, ¢(0) = 1. Leta,y € C andR(a/v) > 0. If
p € H[q(0),1] N Q, ap + vzp' is univalent inA, and

aq(z) +724'(2) < ap(z) +vzp'(2),
theng < p andq is the best subordinant.
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3. SUBORDINATION AND SUPERORDINATION FOR ANALYTIC FUNCTIONS
By using Lemmé 2]2, we first prove the following.
Theorem 3.1. Letq be univalent inA with ¢(0) = 1. Leta, vy € C. Further assume that

zq”(z) B
(3.1) R (1+ 7 > > max{0, —R(1/7)}.
If f € A satisfies
HE IO I (C IR
1|1 00 Z <)o)
then 12
) S
andq is the best dominant.
Proof. Define the functiom(z) by
_ [
USTIE
Then a computation shows that
A0 IR () I
gl [1 o) } +(1 V)Zf,@ p(2) + 720 (2).

The subordinatiorj (3] 1) becomes

p(z) +v2p'(2) < q(2) + 724 ()
and Theorer 3]1 follows by an application of Lemimd &.2.
Example 3.1.Wheng(z) = (1 + Az)/(1+ Bz) (-1 < B < A < 1)andy = 1, Theorenj 3]1
gives the following: Iff € A, then
CSEFGE) [ (A=Ble 1+4: | f() 144
{f(z)}¥*  (1+4+B2)? 14+Bz " zf'(z) 14 Bz
Alsoif f € A, then

") f ) 2z 1+ =z j%zf’(z)

ot
EERTIE T A i TC M
e ) (2
e <»= 51« eeasy

Theorem 3.2. Let g be convex univalentih. If f € A, f(z)/zf'(z) € H[L,1]NQ,vy € C
with Ry > 0, v [1 — L)f(?] + (1 — )%= 1) s univalent inA, and

{2} 2f'(2)
, CPEIE) L 1
() + 72 (2) < [1 - 0D ) L
then i)
ARINTTE

andgq is the best subordinant.
Proof. Theorenj 3. follows by an application of Lemina] 2a4.
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Example 3.2.By takingg(z) = (1 + Az)/(1 + Bz) (-1 < B < A < 1) in Theorenj 32, we
get the following result. Let be convex univalentii. Letf € A, f(z)/zf'(z) € H[1,1]NQ,

v € C with Ry > 0, and~ [1 — LRI )} + (1 — v)2EL is univalent inA. Then

{r(=)}* 2f'(2)
(A=B)yz 1+ Az f"(2)f(z) flz) 14+Az  f(2)
(1+B2)f 1+B: [1 ()1 }+(1_7)zf’(z):>1+Bz<zf’(z)'

Corollary 3.3. Leta,y € C. Letg, be convex univalent i\ and satisfies| (3]1). Lek be
univalent inA , g,(0) = 1. 1If 0 # f(2)/2f'(z) € H[1,1] N Q, v [1 — f{f&ﬁ?} +(1- 7);}%
is univalent inA, and

theng; (z) < ’;S()) < ¢2(z) and ¢; and ¢, are respectively the best subordinant and the best
dominant.

Theorem 3.4. Let ¢ be univalent inA with ¢(0) = 1. Lety € C. Further assume thaf (3.1)
holds. If f € A satisfies

ZQJC'(Z)2 e ( i )H < q(2) +72¢'(2),

Q1(z)+73q/1(z)<7{1_ }+(1—7)

{/(z)} f(z)
then 2f1(2)
G 1
andq is the best dominant.
Proof. Define the functiom(z) by
o A
M= Gy

Then a computation shows that
22f'(2) 2 ( Z )” /
— 5 — VZ =pl2) +vzp (2).
ey ) Tt
Theorenj 3.4 now follows as an application of Lenjma 3.2.

Example 3.3. Takingq(z) = (1+ Az)/(1 + Bz) in Theorenj 3}4, we have the following result.
Let—1<B<A<1.IffeA ~eCwithRy>0and

Qf( ) of 2\ (A—=B)z 1+ Az
ey <f(2)> “Y0F B2 14 B2
2f(z) 1+ Az

{f(z)}* 1+B:z
and(1+ Az)/(1 + Bz) is the best dominant.

Theorem 3.5. Let ¢ be univalent inA with ¢(0) = 1. Lety € Cwith R(v) > 0. If f € A,
22/ f(2) € HLN Q528 — 922 (7

then

) is univalent inA, then

z)
/ f( ) _ 22 L !
o)+ 2d() <« ZE8 0t (2]
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implies
2 f'(2)
{fx))°

q(z) <
andgq is the best subordinant.
Proof. Theorenj 3.6 follows by an application of Lemina] 2a4.
Corollary 3.6. Leta,y € C. Letq, be convex univalent im and satisfiesty > 0. Let g,

be univalent inA , ¢,(0) = 1 and satisfiel) If € A 255 e H1LNQ, 55 -

"
22 <f(zz)) is univalent inA, and

22f'(2) o < <

W f(z)) =< q2(2) +72¢5(2),

q(2) +v2¢,(2) <

then

LA
TS TER

andq; andg, are respectively the best subordinant and the best dominant.

4. APPLICATIONS TO CARLSON-SHAFFER OPERATOR

Theorem 4.1. Letq be convex univalent il with ¢(0) = 1, v € C. Further, assume thaf (3.1)
holds. Iff € A, and

L(a, ) f(2) L(a+2,¢)f(z) L(a, ¢) f(2)

4.1) a+(1+ 'y)L(a L7 (a+1) (L@t 1.07() < q(2) +v2q'(2),
e La.0)f()

L(a +’ Le)f(z) <a(z)
and q is the best dominant.
Proof. Define the functiorp(z) by

_ L) f(2)

(4.2) p(2) = Lia+1,¢)f(z)
From [4.2), we obtain
@3 @) _ 2(La,f() AL+ 10)f(:)

p(z)  Lla.c)f(2) La+1,0)f(z)

By using the identity:
2(L(a,0)f(2)) = aLl(a+1,0)f(z) = (a — 1)L(a,c) f(2)

and [4.2) in[(4.B), we obtain

w'(z)

p(2)
The subordinatiorj (4]1) becomes

p(2) + 720/ (2) < q(2) + 724/ (2)

and therefore our result follows as an application of Lenmp@.2.

L(a+2,c)f(z)+ a
La+1,0)f(2)  p(z)

—(a+1) +1.
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Example 4.1.Wheng(z) = (1 + Az)/(1 + Bz) (-1 < B < A < 1) andy = 1, Theorenj 4]1
gives the following: Iff € A, and
L(a,c)f(2)

T artafe YT Lt Loy

L(a+2,¢)f(z) L(a,c)f(2) - 7(A—B)z N 1+ Az
(1+Bz)? 1+ Bz’

then
L(a,c)f(z) 1+ Az

L(a+1,0)f(2) “1¥ B

and in particular, if
L(a,c)f(z) | L(a+2,¢)f(z) L(a,c)f(2) 2z 142

i Loim YT et tore)? | 0o 1oz

then
L(a+1,¢)f(2)

L(a,c)f(2)
Theorem 4.2. Letq be convex univalent inh. Lety € CwithRy > 0.If f € A
H[L,1]NQ,

R > 0.

L(a,c)f(2)

' L(a+1,0)f(2) <

adfE) () Mat207() L o))

a-+ (1+7)L(aJr Lo (La+1,¢)f(2))*

is univalent inA, and

/ L(a, ) f(2) L(a+2,¢)f(2) L{a, 0) f(2)
Q<Z>+ryzq (Z) <a+(1+7)L(a+1,c)f(z) —(CL+1) (L(CL+1,C)f(Z))2 )

then
L(a,c)f(z)
L(a+1,¢)f(2)

q(z) <
andq is the best subordinant.

Corollary 4.3. Leta,y € C. Letq, be convex univalent ik and satisfiety > 0. Letg, be
univalentinA , ¢(0) = 1 and satisfieg (3]1). If € A, zr%285 € H[1,1]n @,

L(a+1,c)f(2)
L(,0)f(2) L(a+2,0)/(2) Lo, ) (2)

N e nare YT Tar L.or0)
is univalent inA, and
1) e (2) < at(149) @)y Mad 297 La Of() oy,

Lia+1,¢)f(2) (L(a+1,¢)f(2))?

e (0,94(2)

L(a,c)f(z
1O = st < #V

andq, andg, are respectively the best subordinant and best dominant.

Fora =0 + 1 andy = 1, we get,
Example 4.2.Let«,y € C. Letg, be convex univalent i, ¢;(0) = 1 and satisfiesty > 0.
Letq, be univalent inA , ¢,(0) = 1 and satisfiel). If € A, DL € H[1,1]NQ,

H D6+1f
Dif(2) D) D )

D‘;Hf(z) _( + ) (D5+1f(z))2 )

(1+6)+2
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is univalent inA, and

1) > 042 P 1 >
G (2) 4 2¢'(2) < (1+6) + QDZ?%}(; —@2+0)2 (Dﬁl;i);;( ) . 02(2) + 245(2),
then
0 z
G(z) < Dlz‘)%](f(i) =< q2(2)

andg; andg, are respectively the best subordinant and best dominant.

Theorem 4.4. Let ¢ be convex univalent il\, v € C. Further, assume thaf (3.1) holds. If
f € A satisfies

L(a,c)f(z)
(a+1,0)f(2)

L(a+2,¢)f(z)L(a,c)f(z)

(La+LofyE q(2)+724 (),

—2a7+{1+(a—1)7}L +(a+1)y

then

andq is the best dominant.

Proof. Define the functiomp(z) by

p(z) ==

Then a computation shows that

ZL(a +1, c)f(z)‘
{L(a,0)f(2)}

L(a,c) [ (2) L{a+2,¢)f(2)L(a,0) f(2)
L(a+ 1,c)f(z)+(a+1)7 {La+1,0)f(2)}>
The proof of the theorem follows by an application of Lenjma §.2.

p(2)+v2p'(2) = —2ay+{1+(a—1)7}

Theorem 4.5. Let ¢ be convex univalent ik, v € C with Ry > 0. If f € A, %

H[1, 1] NQ,

S

—2ay + {1+ (a— 1)7}[,(2(_7_’ i)i;jizz) + (a+ 1)7L(a{—;f(’lcifl(’zc)ff((tﬁ)j(z)7
is univalent inA, and
q(2)+72¢'(2) < —2afy+{1+(a—1)’y}L(I;<i’ I?JCC)(;EZ) +(CH_1)7L(a{—;}?;cifl(zsz(g;})j(z),

then
Lia+1,¢)f(2)

(a0 f@))

q(z) <
andq is the best subordinant.

Corollary 4.6. Leta,y € C. Letg; be convex univalent ih and satisfiesty > 0. Let g, be
univalentinA , ¢2(0) = 1 and satisfiel). If € A, ZL(LC)JC%‘? e H[1,1]NQ,

{L(a,e) f(2)
L(a, 0)f(2) Lla+2,¢)f(z)L(a,c) f(2)
_2a7+{1+(a_1),}/}L(a+1’c)f<z> {L(a+1,c)f(z)}2

+ (a+ 1)y
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is univalent inA, and

L(a,c)f(z)
(a+1,¢)f(2)

L(a+2,¢)f(z)L(a,c)f(2)
{L(a+1,0)f(2)}
< @2(2) +7205(2),

+ (a4 1)y

¢1(2) +72¢,(2) < —2ay + {1+ (a — Dk

then
zL(a+1,¢)f(2)

ql(z) < =< QQ(Z)
{L(a,e)f(2)}"
andq; andg, are respectively the best subordinant and best dominant.

5. APPLICATIONS TO SALAGEAN DERIVATIVE

Theorem 5.1. Let ¢ be convex univalent ik with ¢(0) = 1 and lety € C. Further, assume
that (3.1) holds. Iff € A, and
D™ f(z)

D () D (2)
(D71 7(2)?

} =< q(z) + 24 (2),

then )
D" f(z
OB
andq is the best dominant.

Proof. Define the functiorp(z) by
_ D"f(z)
(5.2) p(z) == D)
By taking logarithmic derivative of(z) given by [5.2), we get
2p'(z) _ 2(D™f(2))  2(D™Hf(2)

3) oz Dufz) | DS

By using the identity:
(D" f(2)) = D" f(2)
and [5.2) in[(5.B), we obtain
zp/(z) _D™Hf(z)  DTEf(2)
p(z)  Dmf(z)  DHS(z)
The subordinatiorj (5/1) becomes
p(z) +72p'(2) < q(2) +v2¢ (2)
and therefore our result follows as an application of Lenmag.2.

Theorem 5.2. Let ¢ be convex univalent il\. Lety € C. Assume thaly > 0. If f € A,
ety € HILNQ,

D"fz) {1_Dm+2f(2)79mf(2)}

(1-— V)DWTJ"@) (D ()

is univalent inA, and

D" f(z) oy {1 D" f(2) D" f(2) } 7

1)+ 7202) = =gty (D1 f(2))
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then D f(2)

mf(z
" )
andgq is the best subordinant.

Theorem 5.3. Lety € C. Letg; be convex univalent il and satisfiesty > 0. Let ¢, be
univalent inA, ¢»(0) = 1 and satisfiel). If € A, Dﬁﬁﬁf()z) e H[1,1]NQ,
D" f(z D2 f(2) D™ f(z
(1= 2IC) H{ D) J;()}
D f(2) (DmH1f(2))

is univalent inA, and

0(2)+ 72 () < (1= )t [ - P P

DrLf(z) (D™ f(2))? } < 2(2) + 7y245(2),

then

D" f(2)
q1(z) < Df(z) < qa(2)

andq; andg, are respectively the best subordinant and best dominant.
Theorem 5.4. Letq be convex univalent ik and~ € C with Ry > 0. If f € A satisfies
D f(2) D2 f(2) {D1f(2)}
m 2 + 72 m 2 o 72 m 3
{Dmf(2)} {Dmf(2)} {Dmf(2)}
D f(2)
2 il 2
{Dmf(2)}

{14+n~}z < q(z) + 24 (2),

then
< q(2).
andq is the best dominant.

Proof. Define the functiorp(z) by
B Dm+1f(z)
M) = o
Then a computation shows that
D f(z) D2 f(2) (D f(2)}
+ — 2zt
O SRR 6 S )

Our result follows now by an application of Lemina|2s2.

= p(z) + 20/ (2).

{1+7}=

Theorem 5.5. Let ¢ be convex univalent il. Lety € C. Assume thaly > 0. If f € A,

2D™HL £(2)
oy € HLUNG,

DL f(2) DRf(z) D)

U ey P ey~ )P

is univalent inA, and

o D) D) (D)

1) 0202 e e Oy T ey T s
then sz+1f(z)
T

andq is the best subordinant .
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Theorem 5.6.Lety € C. Letq, be convex univalent il and satisfiesRy > 0. Let ¢, be

univalent inA, ¢;(0) = 1. Assume thaﬁ.l) holds. ffe A, %&@ € H[1,1]NQ,

DL f(2) D2 f(2) {D+1f(2)}

oy ey ey

{1+7}2
is univalent inA, and
D) D), DM ()

{Dmf(z>}2 ,}/Z{Dmf(z)}z g W < (]2(2)—|—’yzqz(2)7

LD
" = g <00

andg; andg, are respectively the best subordinant and best dominant.

@1(2)+72¢,(2) < {1+7}2

then
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