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ABSTRACT. The aim of the paper is to prove the stability of the Pexiderized equation

f(z) =gy +z) = h(y — ),
for any amenable abelian group.
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1. INTRODUCTION

The problem of stability of a given functional equation was first raised by S. M. Ulam [19] in
1940. In 1941, Hyers proved the following theorem that we state it in the language of abelian
semigroups: Le{g, +) be an abelian semigroup arfd: G — R be a function satisfying
|f(z+y)— f(x)— f(y)] < eforsomes > 0 and for allz,y € G. Then there exists an additive
functionT : G — R such thalT'(x) — f(z)| < eforallz € G.

In 1978, Th. M. Rassias [17] extended the theorem of Hyers by considering an unbounded
Cauchy difference. Another generalization of Hyers’ result was given by J. M. Rassias in a
series of interesting papefs [10, 11} 12,14, 15]. These results have provided a lot of influence in
the development of what we now c@lauchy—Ulam stabilitpf functional equations. Since then
the topic of stability of functional equations was extensively studied and extended in several
ways by many mathematicians. The reader is referred tol [1,[2,3/6/ 8| 9, 13] and references
therein for a comprehensive account on stability of functional equations.

One of most useful equations is the Pexiderized equdtion = g(y + =) — h(y — =) where
f, g, h are complex functions on an abelian (additive) grégupin the case thaf is uniquely
2-divisible (i.e. an abelian group in which the map G — G, ¢(x) = 2z is bijective) andy =
h = k andf = 2k we obtain the additive type equatieh(x) = k(y + x) — k(y —z);z,y € G
whose solutions are clearly those of the Jensen type equatigh) = $(k(y) — k(z)),z,y €
G. The stability of this equation was studied in [16].

Our aim in the present paper is to prove the stability of the Pexiderized equation on an
amenable abelian group. Recall that a gréus called amenable if there exists an invari-
ant mearu on g, i.e. a positive linear functional on the spacé>(G) of all bounded complex
functions ong such thatu(1) = 1 andy is right invariant in the sense thatf,) = u(f); f €
[*(G),z € Ginwhich f,(t) := f(tx) (t € G). The reader is referred tol[4] for more details on
invariant means.

The analogue problem for the equatipfx + y) + g(x — y) = h(z) + k(y) has been studied
in [7] but in a different approach.

2. MAIN RESULTS

In this section, using ideas from [3,]18], we establish the Hyduam stability problem for
the functional equatiorfi(x) = g(y + =) — h(y — z), wheref, g, h are complex functions on an
amenable abelian group

Theorem 2.1.Supposég, +) is an amenable abelian group arfdg, i : G — C are mappings
for which there exists > 0 such that

(2.1) [f(x) =gy +x)+h(y —2)] <e,

forall x,y € G. Then there exists a unique additive mapgingG — C such that
[f(z) = £(0) = T(x)] < 4e,

forall z € G.

Proof. Let us defineF'(z) := f(x) — f(0),G(z) := g(z) — ¢g(0), H(z) := h(z) — h(0). It
follows from (2.1) that

|[F(z) = Gly+z)+ Hy—x)] < |f(z)—gly+z)+h(y—2)
+1£(0) — g(0) 4 h(0)]
(2.2) < 2e.
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Setz = 0in (2.2) to obtain
[H(y) — G(y)| < 2e.
Hence
[F(x) = (Hy+z)—Hy—=2)| < [|[F(z)-Gly+z)+ H(y — )]
Gy + ) — H(y + )]
(2.3) < 4e.
For each fixed element € G, the function(H, — H_,)(y) = H(y+z) — H(y — ) is bounded
since, by[2B)|H (y+z)—H(y—z)| < |F(2)—(H(y+2)—H(y—=))|+|F(z)| < de+|F ().
Let 1, be a right invariant mean on the space(G) (the suffixy indicate thatu, acts on

functions of the variablg). DefineT'(r) := p,(H, — H_,). Using the commutativity of we
have

T(x+z) = p,(Hepo —H . y)
= ,Uy( vtz — Hao x)+ﬂy(H - H_.—;)
= ,Uy(( H ). )"‘,Uy((Hz H_.) )
= py(Hy — H o) + p,(H. — H_.)

= T(z)+ ( ).
HenceT is additive. Moreover,

T(z) + f(0) = f(2)| = |T(x) = F(2)| = |p,(Hs — H-o — F(x))]
< Sytelng(y+x)—H(y—x)—F(w)|

IN

4e.
If 7" is another additive mapping fulfillingF'(z) — 7" (x)| < 4e for all x € G, then

T(r) = T'()| = | Tna) — T'(na)
< L(20) - PO 417 0) - T )
s

by the additivity of7" and7”. Lettingn tend tooo, we getT'(x) = T"(x);x € G. This proves
the uniqueness assertian.

Remark 2.1. There is a very useful tool in the study of stability of functional equations that is
Hyers’ type sequencel[5].
Settingy = = in (2.3), we get
|F(z) — H(2x)| < 4e
and therefore
(2.4) IT(x) — H(22)| < [T(x) — F(x)| +|F(x) — H(2z)| < 8¢
Using induction o we infer from [2.4) that
T(z) — 27"t H(2"x)| < 27"e

for all z € G. Hence we obtain the Hyers sequedg@e™ ' H(2"x)} with the limit T'(z) =
lim 27"t H(2"x). Thus we can define the required additive mappings by u&ing

n—oo
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Corollary 2.2. The equatior2k(x) = k(y + ) — k(y — x);z,y € G foramappingt : G — C
is stable for any finite abelian group.

Corollary 2.3. The equatiorek(z) = k(y+x) — k(y — z); x,y € G is stable on any amenable
abelian group.

Proof. Apply Theorenj 2.l witly = h = k andf = 2k. Then the mappin@' obviously satisfies
2T(x) =T(y+x) = T(y— )2,y € Gand|k(z) — T(x)| < |k(z) — k(0) = T'(2)| + |k(0)] <
48—1—%5: gaforallx €g. 1

Acknowledgement 1.The author would like to thank the referee for useful suggestions.

REFERENCES

[1] M. AMYARI and M. S. MOSLEHIAN, Aproximate homomorphisms of ternary semigroup, in
pressLett. Math. PhysPreprint on line: http://arxiv.org/math-ph/0511039.

[2] S. CZERWIK, Functional Equations and Inequalities in Several VariabM®rld Scientific Pub-
lishing Co., Inc., River Edge, NJ, 2002.

[3] G.L.FORTI, Hyers—Ulam stability of functional equations in several varial#leguations Math.
50(1995), 143-190.

[4] F. P. GREENLEAF]nvariant Means on Topological Groups and their Applicatipvian Nostrand
Mathematical Studies, No. 16 Van Nostrand Reinhold Co., New York-Toronto, Ontario-London
1969.

[5] D. H. HYERS, On the stability of the linear functional equati&roc. Nat. Acad. Sci. U.S.R7
(1941), 222-224.

[6] D. H. HYERS, G. ISAC and Th. M. RASSIAStability of Functional Equations in Several Vari-
ables Birkh&user, Basel, 1998.

[7] K.-W. JUN and Y.-H. LEE, A generalization of the Hyers-Ulam-Rassias stability of the pexiderized
guadratic equationg, Math. Anal. Appl297(2004), no. 1, 70-86.

[8] M. KUCZMA, An Introduction to the Theory of Functional Equations and Inequaliffesstwowe
Wydawnictwo Naukowe, Warsaw, 1985.

[9] M. S. MOSLEHIAN, Approximately vanishing of topological conomology groupgylath. Anal.
Appl, in pressPreprint on line: http://arxiv.org/math.FA/0501015

[10] J. M. RASSIAS, On approximation of approximately linear mappings by linear map@ingsnct.
Anal.46(1982), no 1, 126-130.

[11] J. M. RASSIAS, On approximation of approximately linear mappings by linear mapdiuds,
Sci. Math.2108(1984), no 4, 445-446.

[12] J. M. RASSIAS, Solution of a Cauchy-Jensen stability Ulam type probdeamiv. Math.37(2001),
no 3, 161-177.

[13] J. M. RASSIAS, Solution of a problem of Ular, Approx. Theorp7 (1989), no 3, 268-273.

[14] J. M. RASSIAS and M. J. RASSIAS, Asymptotic behavior of Jensen and Jensen type functional
equationsPanAmerican Math JL5 (2005), no 4, 21-35.

[15] J. M. RASSIAS and M. J. RASSIAS, Asymptotic behavior of alternative Jensen and Jensen type
functional equationgBull. Sci. Math.129(2005), no 7, 545-558.

[16] J. M. RASSIAS and M. J. RASSIAS, On the Ulam stability of Jensen and Jensen type mappings
on restricted domaingd, Math. Anal. Appl281 (2003), No. 2, 516-524.

AJMAA Vol. 3, No. 1, Art. 3, pp. 1-5, 2006 AIJMAA


http://ajmaa.org

STABILITY OF A PEXIDERIZED EQUATION 5

[17] Th. M. RASSIAS, On the stability of the linear mapping in Banach spd@es,. Amer. Math. Soc.
72(1978), 297-300.

[18] L. SZEKELYHIDI, Note on a stability theorenGanad. Math. Bull25 (1982), no. 4, 500-501.
[19] S. M. ULAM, Problems in Modern MathematicScience Editions, Wiley, New York, 1964.

AJMAA Vol. 3, No. 1, Art. 3, pp. 1-5, 2006 AJMAA


http://ajmaa.org

	1. Introduction
	2. Main results
	References

