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ABSTRACT. Replacing the triangle inequality, in the definition of a norm, |y+ y||? <
2971 (]|lz||* + ||y||?), we introduce the notion of a g-norm. We establish that every g-norm is
a norm in the usual sense, and that the converse is true as well.
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2 H. BELBACHIR, M. MIRZAVAZIRI AND M. S. MOSLEHIAN

1. INTRODUCTION

The parallelogram law states tHat+y||?+ ||z —y||* = 2(||z||*+ ||ly||*) holds for all vectors:
andy in a Hilbert space. This law implies that the so-called parallelogram inequjality||* <
2(||z|2 + |jy|1?) trivially holds. S. Saitoh[2] noted the inequalify: + y||> < 2(||z||* + [|y|?)
may be more suitable than the usual triangle inequality. He used this inequality to the setting of
a natural sum Hilbert space for two arbitrary Hilbert spaces.

Obviously the classical triangle inequality in an arbitrary normed space implies the above
inequality. This motivates us to introduce an apparently extension of the triangle inequality.
More precisely, we introduce the notion ofianorm, by replacing, in the definition of a norm,
the triangle inequality bz + y||? < 2971 (||z||? + ||y||?), whereq > 1. We establish that every
g-norm is a norm in the usual sense, and that the converse is true as well. The reader is referred
to [1] for undefined terms and notations.

2. MAIN RESULTS
We start our work with the following definition.

Definition 2.1. Let X’ be a real or complex linear space and [1, o0). A mapping||-| : X —
[0, 00) is called ag-norm onX if it satisfies the following conditions:

(1) [l =0 2 =0,

(2) ||Az|| = [|A]|]|z]| forallz € X and all scalan,

3) [l + yll* < 2971 (flf|* + [[yl|7) for all -,y € X

We first prove a rather trivial result.
Proposition 2.1. Every norm in the usual sense ig-aorm.

Proof. One can easily verify that the functigift) = £ — (1:£)? has a nonnegative derivative

2
1+M 1+(M)q

and so it is monotonically increasing ¢ oo). It follows that(—*-)? < —1“l= whenever

z|| < |ly||. Therefore| 2t ||e < (lzltlvlye < I2l®+Wl® for a)| 4,y € A. It follows that|.|| is
2 2 2
ag-norm. g

Now we state the following lemma which is interesting on its own right.

Lemma 2.2. Let X’ be a real or complex linear space. Lgt || : X — [0, 00) be a mapping
satisfying (1) and (2) in the definition of@norm. Thenl| - || is a norm if and only if the set
B = {x| ||z|| < 1} is convex.

Proof. If || - || is @ norm, thenB is clearly a convex set. Conversely, IBtbe convex and
x,y € X. We can assume that# 0,y # 0. Puttingz’ = Tel andy’ = ”Z—” we haver’.y' € B.
Now Az’ + (1 — \)y/ € Bforall0 < A\ < 1. In particular, for\ = % we obtain

[P —
=+l Tl =+ Tl
So that|a + | < =] + [ly]l- »

= 12"+ (1 =)y <1

We are just ready to prove our main result.
Theorem 2.3. Everyg-norm is a norm in the usual sense.
Proof. We shall show thaB = {z : ||z|| < 1} is convex. Letr,y € B. Then we have
Iz +yll7 < 277" (Jl2f|* + [lyl|*) < 2071 (1 + 1) =27,
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whence|| Z34]|2 < 1,s032+ (1 — 1)y € B.ThusifA={£ |n=1,2,...;k=0,1,...,n},
then for each\ € A we have\z + (1 — \)y € B.

Let0 < A < landz = Az + (1 — \)y. SinceA is dense ir0, 1], there exists a decreasing
sequencdr,} in A such thaﬂirrln r, = A. Putg, = == Obviously0 < 3, <1, li7rln B, =1

and 2= < 1. Since”>’»~1; ¢ B andr, € A we conclude that

n -1

Bz =N,x+(1—=X\)B,y= rn%x +(1—-r,y € B.

Thusg, ||z|| = ||5,,z]] < 1 for all n. Tendingn to infinity we get||z|| < 1,i.e.z € B. 1
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