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ABSTRACT. Non homogeneous fractional diffusion-wave equation has been solved under lin-
ear/nonlinear boundary conditions. As the order of time derivative changes(fiton2, the
process changes from slow diffusion to classical diffusion to mixed diffusion-wave behaviour.

Numerical examples presented here confirm this inference. Orthogonality of eigenfunctions
in case of fractional Stirm-Liouville problem has been established.
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1. INTRODUCTION

The time fractional diffusion-wave equation [1] is obtained from the classical diffusion or
wave equation by replacing the first-or second order time derivative by a fractional derivative of
ordera with0 < a < 1 orl < a < 2, respectively/[8]. It represents anomalous subdiffusion
if 0 < a < 1, and anomalous super diffusion in caselot o < 2. Itis a well established
fact that this equation models various phenomena. Nigmatullin [10] has employed the frac-
tional diffusion equation to describe diffusion in media with fractal geometry. Mainardi [8] has
pointed out that the fractional wave equation governs the propagation of mechanical diffusive
waves in viscoelastic media. Metzler and Klafier [9] have demonstrated that fractional diffusion
equation describes a non-Markovian diffusion process with a memory. @tradfd] have pre-
sented a fractional diffusion equation describing relaxation phenomena in complex viscoelastic
materials. Recently Agrawell[1] has solved fractional-diffusion equation defined in a bounded
space domain using finite sine transform technique. This equation has also been solved using
Adomian decomposition method [2, 5].

In the present paper we solve nonhomogeneous fractional diffusion-wave equation under ho-
mogeneous/nonhomogeneous boundary conditions using the method of separation of variables
to get analytical solutions. Some numerical solutions have been obtained for derivatives of
fractional order. It is observed that agncreases frond to 2, the process changes from slow
diffusion to classical diffusion to diffusion-wave to classical wave process.

The paper has been organized as follows. In Seftion 2 nonhomogeneous fractional diffusion-
wave equation with boundary conditions has been solved by variation of parameters method
to get analytical solution. Secti¢n 3 deals with diffusion-wave equation in higher dimensions.
In Section[4, nonhomogeneous boundary conditions have been explored. Some Numerical
examples have been presented in Sedtjon 5 and fractional Stiirm-Liouville problem has been
studied in Sectiohl6.

2. NONHOMOGENEOUS FRACTIONAL DIFFUSION -WAVE EQUATION

We consider the following nonhomogeneous fractional diffusion-wave equation:
O*u(x,t
— k u(l‘, )
0x?
where Dy denotes Caputo fractional derivative with respeat variable and: denotes a con-

stant coefficienty andt are the space and time variable&;) is assumed to be a continuous
function oft. The Caputo fractional derivative of order is defined as:

1 ! O™ u(x,t
Dto‘u(:r,t):F(—)/(t—T)m_O‘A%dT, m—1l<a<mmelN,t>o.
m—a) Jy m

(2.1) Diu(z,t) +q(t), 0<z<mt>0,0<a<2,

Note that fore = 1 and fora = 2, ([2.1) represents the standard diffusion and the wave equation
respectively (homogeneousgift) = 0 and non-homogeneous otherwise). In the present paper
we consider the casés< o < 1 andl < « < 2, which represent slow diffusion and diffusion-
wave respectively [7]. We considér (2.1) along with the boundary conditions given below:

(2.2) uw(0,t) =u(m,t) =0, t>0,
(2.3) u(z,0) = f(z), O0<z<m,
(2.4) w(z,0)=0, 0<z<m.

Equation|(Z.1)§ < « < 1), together with boundary conditiorjs (R.2) ahd[2.3), yields boundary
value problem for fractional diffusion. Sincg (R.1) is nonhomogeneous, we use the method
of variation of parameter$|[3]. In this method first we solve the corresponding homogeneous
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equation (putting;(t) = 0 in (2.1)), together with the boundary conditions, by separation of
variables method. Assuméz, t) = X ()T'(¢), then|2.1) along with conditionf (2.2) and (2.3)
yields

(2.5) X'(#)+XX(z) =0, X(0)=X(x)=0,
and
(2.6) DT (t) + MkT(t) =0, t>0.

The Stirm-Liouville problem given by (2.5) has eigenvalugs= n? and the corresponding
eigenfunctionsX,,(z) = sinnz, (n = 1,2,---). The solution of[(2.6) for the case= n? is
(upto a constant multiplel;, (t) = E,(—n2kt), whereE,, denotes the Mittag-Leffler function
[6,11]. Now we seek a solution of the nonhomogeneous problem which is of the form

(2.7) u(z,t) = Z B, (t) sinnz.
n=1
We assume that the seri€s (2.7) can be differentiated term by term. Note [3]
2[1 - (—1)"
(2.8) 1:ZMSin7w, 0<zxz<m.
1 nm

Hence, in view of[(2.]1), we get

(2.9) ; (DB, (t) + kn®B,(t)] sinnz = ; WQ@) sin nz.
By identifying the coefficients in the sine series on each side of this equation, we get
(2.10) DB, (t) + kn?B,(t) = Mq(t), n=1,2---.
nm
Using [Z3),
(2.11) > Bu(0)sinnz = f(x), 0<z<m,
n=1
which yields
(2.12) B,(0) =b, = 2 / flz)sinnxdr, (n=12,---).
T Jo

For each value of n[ (2.10) and (2112) make up a fractional initial value problem, having the
solution [6]
(2.13)

2 "o 2,0 20 = (=1)"]
B, (t) = by Eq 1 (—nkt*) + [ 77 Eyo(—nkt) ————q(t—7)dr, (n=1,2,---).
0 nm
Substituting[(2.12) and (2.1.3) ip (2.7), we get
u(z,t) = 2 Z Eo(—n?kt™) sinnz / f(r)sinnrdr
T n=1 0
oo (. n t

(2.14) + ; sin nxw /0 T B, o (—n?kt*)q(t — ) dT.

Note: Equation[(Z.]L) together with (2.4),(2.3) afd (2.4) form boundary value problem for frac-
tional wave equation. Solving similarly and observing tBg{0) = 0, we get the solution as
givenin [2.14).4(t) = 0 in ([2.14) corresponds to the case discussed by Agrawal [1].
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3. FRACTIONAL DIFFUSION -WAVE IN HIGHER DIMENSIONS

In this section we consider

N *u  0*u
(31) Dtu:aZ(@—{—a—w), O<l’,y<7f‘,t>0,0<0{§2,
wherea denotes a constant coefficient. We consifler] (3.1) along with the following boundary
conditions.

(3.2) u(z,0,t) = u(z,m,t) = u(0,y,t) = u(m,y,t) =0, t>0,
(3.3) u(z,y,0) = f(z,y), 0<azy<m,
(3.4) u(z,y,0) =0, 0<uz,y<m.

We assume that the partial derivativgsz, y) and f,(z,y) are also continuous. Functions of
the typel = X (z)Y (y)T'(t) satisfy [3.1) if
DT(t)  X'(x) Y'(y)
3.5 ¢ — — )
(39) 2T~ X@) Y
where) is a separation constarit. (8.5), implies:

Y'(y) X'(x)

30 T - X -

wherey is another separation constant. In view[of [3.1) we get,

(3.7) X'(#)+AN=pX(z)=0, X(0)=0, X(7)=0,
and

(3.8) Y'(y) 4+ uY(y) =0, Y(0)=0,Y(r)=0.
(3.9), together with[(3]4) gives:

(3.9) D¢T(t) + Ma®T(t) =0, T'(0)=0.

The Stirm-Liouville problem given i.8) has eigenvalyes= m?> (m = 1,2,---) and
the corresponding eigenfunctions &fg(y) = sinmy. Similarly the Stirm-Liouville problem
given in [3.7) has eigenvalués— = n*> (n = 1,2,---) and the corresponding eigenfunc-
tions areX,,(z) = sinnz. Thus [3.9) takes the form:

(3.10)  DT(t) 4+ a*(m* +n*)T(t) =0, T'(0)=0, m=12,--,n=12--

For any fixed positive integers andn, the solution of[(3.7]0) is (except for a constant factor)

Ton(t) = Eo(—a*(m? +n?)t*)[6]. The formal solution of the boundary value problem is,
therefore

(3.11) u(z,y,t) Z Z By sinna sinmy E, (—a®*(m® + n®) %),

n=1m=1

where the coefficients,,,, need to be determined so that

(3.12) flz,y) = Z Z B,sinnzsinmy, 0<zy<m.

n=1 m=1
By grouping terms in this double sine series so as to display the total coefficigintrof for
eachn, one can write formally

(3.13) f(z,y) Z (Z B,y sin my) sinnz,
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for each fixedy (0 < y < =), (3.13) is a Fourier series representation of the funcfion y),
with variablez (0 < z < ), prowded that

o0 2 T
(3.14) E ansinmy:—/ flz,y)sinnxder (n=1,2,---).
T Jo
m=1

The right-hand side here is a sequence of functibng) (n = 1,2, ---), each represented by
its Fourier sine serieq (3.]14) on the interydh < y < ) where

(3.15) B = %/;Fn(y) sinmydy (m=1,2,---).
Hence the coefficients,,,,, have the values
(3.16) B = % /07r sinmy /07r f(z,y)sinnx dz dy.
In view of (3.16), [(3.1]L) gives
(3.17) o
A ™
u(z,y,t —W—;Z (m +n)t°‘)smnxsmmy/ smmrof(s ,7)sinnsdsdr

1 m=1

4, NONHOMOGENEOUS BOUNDARY CONDITIONS

We consider the following homogeneous fractional diffusion-wave equation

0%u
(4.2) Diu=k—, O0<zx<l,t>0,0<a<2,
ox?
along with the nonhomogeneous boundary value conditions:
(4.2) u(0,t) =0,, t>0,
(4.3) u(z,0) =0, 0<z<l,
(4.4) Kuy(1,t) = A, t>0.
Forl < « < 2, the initial condition:
(4.5) w(z,0) =0, 0<z<l,
should be added. Let
(4.6) u(z,t) = Uz, t) + O(z).
Equationg(41){(4]6) yield
N 0*U
DU =k | = + @ (2)], 0<z<1,t>0,0<a<2,
0x?
4.7) U(0,t) + ®(0) =0,
K [U.(1,t) + ®'(1)] = A,
U(z,0) + ®(z) =0,
Ui(x,0) =0, (for 1 <a <2).
Assume
(4.8) d"(z) =0 and®(0) = 0, KP'(1) = A.
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) yields a boundary value problem 16t z, ¢) that does have two-point boundary conditions
leading to a Sturm-Liouville problem:

DaU:kaQ—U O<z<1l,t>0),0<a<?2

K Ox?’ ’ ’ -
(4.9) U(0,t) =0,

U.(1,t) =0,

U(z,0) = —®(z),

Uy(2,0)=0, (for 1<a<2)
@-8) implies that
(4.10) O(x) = —a.
LetU = X (2)T(t). Then

(2n — 1)m

(4.11) Ulw,t) = Y Ba(= [k 1) 6 (2),

whereo,, (z) = @D gin 2. The BVP given in) has been solved in Section 2, and has the

. L
following solution.

(—=1)" (2n— )7

_ (2n —1)m
n —1)2r2 o=l 2

]Qk ta) sin T% .

A o0
(412)  uf,t) = x+8;;Q

5. ILLUSTRATIVE EXAMPLES

Example. Consider the following nonhomogeneous fractional diffusion-wave equation along
with the boundary conditions given below:

o Ot
D= 5

w(0,t) = u(m, t) =0, t>0,
u(z,0) = f(z), O0<z<m,
w(z,0) =0, 0<zx<m,

+t, O0<a<2t>0,

where
T 0<x<z,
(5.1) flz) = T 2
mT—r —=—<x<T.
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In Figs. 1, 2, 3 and 4 we plat(z,t) for 0 < ¢ < 1 and various values af.

Fig. 3(« = 1.5) Fig. 4 (@ =2)

Comment: As the order of the time derivative changes frorto 2, the process changes from
slow diffusion to classical diffusion to mixed diffusion wave behaviour.

6. FRACTIONAL STURM-LIOUVILLE PROBLEM

Consider the following BVP

(6.1) p(@)y D) + Xg(x)y =0, 0<p<1,yla)=yb) =0,

wherey?) = Lo [*(x — t) 77y (t)dt. Lety, andy,, satisfy ) for the values = )\, and
A = )\, respectivelyj.e.

6.2) @) 5] + A (@) g =0, yala) = ya(b) =0,

(6.3) (@) 4] + A 0(2) Yon =0, Yn(a) = Y (b) = 0.

Multiplying (6.2) by v., and [6.8) byy,, respectively, integrating and subtracting, we get
b
| {0 @) s @] = ) [pla) 97 @] de =
b
(6.4) — [ ) 2 @) o) — 9 0 0 )] i =

o = M) / 4(@) Y (&) ()
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Note

/ab U ?(;——wﬁﬂ%@dt} p(@) gy (x)dx

M /ab V@: 4 dt} oy () da

“T(1-79)
bz —a) P

1—p ™
M(b—a)'* / ,
x)dx
G-ara—p ), =
=0, asyn,(a) = ym(b) = 0.
Similarly )f;p(a:)yff)(az)y;(x) dr| = 0. Hence(\,, — \,) f;q(x)yn(x)ym(:c) dr = 0. Thus
the eigenfunctions corresponding to distinct eigenvalues are orthogonal.

(6.5)

P(1—p)
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