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2 W. T. SULAIMAN

1. I NTRODUCTION

Let f andg be real functions, such that

0 <

∞∫
0

f 2 (t) dt < ∞ and0 <

∞∫
0

g2 (t) dt < ∞,

then

(1.1)

∞∫
0

∞∫
0

f (x) g (y)

x + y
dxdy < π

 ∞∫
0

f 2 (t) dt

 1
2
 ∞∫

0

g2 (t) dt

 1
2

,

where the constantπ is the best possible. A double series inequality associated with (1.1) is as
follows :

If {an} and{bn} are sequences of real numbers such that0 <
∞∑

n=1

a2
n < ∞ and0 <

∞∑
n=1

b2
n <

∞, then

(1.2)
∞∑

n=1

∞∑
m=1

ambn

m + n
< π

(
∞∑

n=1

a2
n

) 1
2
(

∞∑
n=1

b2
n

) 1
2

,

where the constant factorπ is the best possible.
Hardy-Hilbert’s inequalities (1.1) and (1.2) are important in mathematical analysis and its

applications (cf. [1, Chap. 9]).
Recently Hu [2] and [3] gave two distinct improvements of (1.1) , and Gao [4] gave a strength-

ened version of (1.2). By introducing parameterλ ∈ (0, 1] and estimating the weight function,
Yang [5] gave a generalization of (1.1), as follows:

(1.3)

∞∫
0

∞∫
0

f (x) g (y)

(x + y)λ
dxdy < B

(
λ

2
,
λ

2

) ∞∫
0

t1−λf 2 (t) dt

 1
2
 ∞∫

0

t1−λg2 (t) dt

 1
2

,

whereB(p, q) is the beta function.
By introducing some other parameters, Yang and Debnath [6], established the following results:

Theorem 1.1. If f, g ≥ 0, A, B > 0, p > 1, 1
p

+ 1
q

= 1, λ > 2−min{p, q}, such that

0 <

∞∫
0

t1−λfp (t) dt < ∞, 0 <

∞∫
0

t1−λgq (t) dt < ∞,

then
∞∫

0

∞∫
0

f (x) g (y)

(Ax + By)λ
dxdy

<
kλ (p)

Aφλ(p)Bφλ(q)

 ∞∫
0

x1−λfp (x) dx

 1
p
 ∞∫

0

y1−λgq (y) dy

 1
q

,(1.4)

where

kλ (p) = B (φλ (p) , φλ (q)) , φλ (r) =
r + λ− 2

r
(r = p, q) ,
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and the constant factor
kλ (p)

Aφλ(p)Bφλ(q)
is the best possible.

Theorem 1.2. If an, bn > 0(n ∈ N), p > 1, 1
p

+ 1
q

= 1, 2−min{p, q} < λ ≤ 2, A, B > 0 are

such that0 <
∞∑

n=1

n1−λap
n < ∞, 0 <

∞∑
n=1

n1−λbq
n < ∞, then

(1.5)
∞∑

n=1

∞∑
m=1

ambn

(Am + Bn)λ
<

kλ (p)

Aφλ(p)Bφλ(q)

(
∞∑

n=1

n1−λap
n

) 1
p
(

∞∑
n=1

n1−λbq
n

) 1
q

,

where the constant factor
kλ (p)

Aφλ(p)Bφλ(q)
is the best possible.

The aim of this paper is to give further generalization for the inequality (1.4).

2. GENERALIZATION

We start with the following lemma

Lemma 2.1. LetF, G, L(f, g), M(f), N(g), be positive functions,p > 1, 1
p
+ 1

q
= 1, such that

0 <

b∫
a

Mp (f (t)) F p (t) dt < ∞, 0 <

d∫
c

N q (g (t)) Gq (t) dt < ∞,

then the following inequalities

b∫
a

d∫
c

F (x) G (y)

L (f (x) , g (y))
dxdy

≤ K

 b∫
a

Mp (f (t)) F p (t) dt


1
p
 d∫

c

N q (g (t)) Gq (t) dt


1
q

,(2.1)

where K is a constant, and

(2.2)

d∫
c

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy ≤ Kp

b∫
a

Mp (f (t)) F p (t) dt,

are equivalent.

Proof. Suppose that (2.2) is satisfied, then we have
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b∫
a

d∫
c

F (x) G (y)

L (f (x) , g (y))
dxdy

=

d∫
c

N (g (y)) G (y)

N−1 (g (y))

b∫
a

F (x)

L (f (x) , g (y))
dx

 dy

≤

 d∫
c

N q (g (y)) Gq (y) dy


1
q
 d∫

c

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy


1
p

≤ Kp

 b∫
a

Mp (f (t)) F p (t) dt


1
p
 d∫

c

N q (g (t)) Gq (t) dt


1
q

.

Now, suppose that (2.1) is satisfied , then

d∫
c

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy

=

d∫
c

 b∫
a

F (x)

L (f (x) , g (y))
dx

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx


p
q

dy

≤ K

 b∫
a

Mp (f (x)) F p (x) dx


1
p

×

 d∫
c

N q (g (y)) N−pq (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy


1
q

= K

 b∫
a

Mp (f (x)) F p (x) dx


1
p
 d∫

c

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy


1
q

,

which implies

d∫
c

N−p (g (y))

 b∫
a

F (x)

L (f (x) , g (y))
dx

p

dy ≤ Kp

b∫
a

Mp (f (t)) F p (t) dt.

The following is our main result:
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Theorem 2.2. Let F, G, f, g, f ′, g′ be positive functions,p > 1, 1
p

+ 1
q

= 1, 0 < c < λ

(c = a + 1, b + 1) and

0 <

∞∫
0

[f (t)]
(aq−bp)

q
+(1−λ) F p (t)

[f ′ (t)]
p
q

dt < ∞,

0 <

∞∫
0

[g (t)]
(bp−aq)

p
+(1−λ) Gq (t)

[g′ (t)]
q
p

dt < ∞,

then we have

∞∫
0

∞∫
0

F (x) G (y)

(f (x) + g (y))λ
dxdy

≤ B
1
p (a + 1, λ− a− 1) B

1
q (b + 1, λ− b− 1)

×

 ∞∫
0

[f (t)]
(aq−bp)

q
+(1−λ) F p (t)

[f ′ (t)]
p
q

dt

 1
p
 ∞∫

0

[g (t)]
(bp−aq)

p
+(1−λ) Gq (t)

[g′ (t)]
q
p

 1
q

,(2.3)

and

∞∫
0

[g (y)]p(
a
p
− b

q )+(λ−1)

 ∞∫
0

F (x)

(f (x) + g (y))λ
dx

p

dy

≤ B (a + 1, λ− a− 1) B
p
q (b + 1, λ− b− 1)

×
∞∫

0

[f (t)]
(aq−bp)

q
+(1−λ) F p (t)

[f ′ (t)]
p
q

dt.(2.4)

The inequalities (2.3) and (2.4) are equivalent.

Proof. Observe that

∞∫
0

∞∫
0

F (x) G (y)

(f (x) + g (y))λ
dxdy

=

∞∫
0

∞∫
0

F (x) [g(y)]
a
p [g′(y)]

1
p

[f(x)]
b
q [f ′(x)]

1
q

(f (x) + g (y))
λ
p

×
G (y) [f(x)]

b
q [f ′(x)]

1
q

[g(y)]
a
p [g′(y)]

1
p

(f (x) + g (y))
λ
q

dxdy

≤

 ∞∫
0

∞∫
0

F p (x) [g(y)]a

[f(x)]
bp
q

g′(y)

[f ′(x)]
p
q

(f (x) + g (y))λ
dxdy


1
p

×

 ∞∫
0

∞∫
0

Gq (y) [f(x)]b

[g(y)]
aq
p

f ′(x)

[g′(y)]
q
p

(f (x) + g (y))λ
dxdy


1
q

= M
1
p ×N

1
q ,
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say. Then

M =

∞∫
0

[f (x)]
aq−bp

q
+(1−λ) F p (x)

[f ′ (x)]
p
q

dx

∞∫
0

[
g(y)
f(x)

]a
g′(y)
f(x)(

1 + g(y)
f(x)

)λ
dy

=

∞∫
0

[f (x)]
aq−bp

q
+(1−λ) F p (x)

[f ′ (x)]
p
q

dx

∞∫
0

ua

(1 + u)λ
du

= B (a + 1, λ− a− 1)

∞∫
0

[f (x)]
aq−bp

q
+(1−λ) F p (x)

[f ′ (x)]
p
q

dx.

Similarly , we can show that

N = B (b + 1, λ− b− 1)

∞∫
0

[g (y)]
bp−aq

p
+(1−λ) Gq (y)

[g′ (y)]
q
p

dy.

The equivalence of (2.3) and (2.4) follows from Lemma 2.1, by putting:

M (f (t)) =
[f (t)](

a
p
− b

q )+(1−λ)

[f ′ (t)]
1
q

,

N (g (t)) =
[g (t)](

b
q
−a

p)+(1−λ)

[g′ (t)]
1
p

.

Corollary 2.3. Theorem 2.2 implies the inequality (1.4), in which the constant coefficient is the
best possible.

Proof. Follows by puttinga = p, b = q, f(x) = Ax, g(y) = By.

It remains to show thatB
1
p (p + 1, λ− p− 1) B

1
q (q + 1, λ− q − 1) has the value

B
(

p+λ−2
p

, q+λ−2
q

)
as best possible.

For this purpose, let us considera + b = k. Then

B
1
p (a, λ− a) B

1
q (b, λ− b)

=
1

Γλ
Γ

1
p aΓ

1
q bΓ

1
p (λ− a) Γ

1
q (λ− b)

≥ 1

Γλ
Γ

(
a

p
+

b

q

)
Γ

(
λ− a

p
+

λ− b

q

) (
log Γ being convex,

1

p
+

1

q
= 1

)
.

Now, let

f (a) =
a

p
+

b

q
=

a

p
+

k − b

q

f ′ (a) = 0 =
1

p
− 1

q
which impliesp = q = 2.

Therefore,min f (a) = k
2

which is realised fora = b. This implies

min B
1
p (a, λ− a) B

1
q (b, λ− b) = B (a, λ− a) .
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In order to findmin B
1
p (a + 1, λ− a− 1) B

1
q (b + 1, λ− b− 1) , we can takea+1 = λ−b−1,

that isa + b = λ− 2. If a = p, b = q, then we have

p + q = λ− 2 ⇒ pq = λ− 2 ⇒ a =
λ− 2

q
⇒ a + 1 =

λ + q − 2

q
,

therefore

min B
1
p (a + 1, λ− a− 1) B

1
q (b + 1, λ− b− 1) = B

(
λ + p− 2

p
,
λ + q − 2

q

)
.

3. SERIES ANALOGUES

In what follows, some results on the associated double series forms are also stated.

Theorem 3.1. Let F, G, f, g, f ′, g′ be positive functions,p > 1, 1
p

+ 1
q

= 1, 0 < c < λ

(c = a + 1, b + 1) and

0 <
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

< ∞,

0 <
∞∑

n=1

[g (n)]
bp−aq

p
+(1−λ) Gq (n)

[g′ (n)]
q
p

< ∞.

Then we have
∞∑

m=1

∞∑
n=1

F (m) G (n)

(f (m) + g (n))λ

≤ B
1
p (a + 1, λ− a− 1) B

1
q (b + 1, λ− b− 1)

×

(
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

) 1
p
(

∞∑
n=1

[g (n)]
bp−aq

p
+(1−λ) Gq (n)

[g′ (n)]
q
p

) 1
q

,(3.1)

and

∞∑
n=1

[g (n)]p(
a
p
− b

q )+(λ−1)

(
∞∑

m=1

F (m)

(f (m) + g (n))λ

)p

≤ B (a + 1, λ− a− 1) B
p
q (b + 1, λ− b− 1)

×
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

.(3.2)

Inequalities (3.1) and (3.2) are equivalent.

Proof. On replacing the integral by the sum and following the same steps done in the proof of
Theorem 2.2, we can state that

∞∑
m=1

∞∑
n=1

F (m) G (n)

(f (m) + g (n))λ
≤ L

1
p ×H

1
q ,
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where

L =
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

∞∑
n=1

[
g(n)
f(m)

]a
g′(n)
f(m)(

1 + g(n)
f(m)

)λ

≤
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

∞∫
0

[
g(y)
f(m)

]a
g′(y)
f(m)(

1 + g(y)
f(m)

)λ
dy

=
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

∞∫
0

ua

(1 + u)λ
du

= B (a + 1, λ− a− 1)
∞∑

m=1

[f (m)]
aq−bp

q
+(1−λ) F p (m)

[f ′ (m)]
p
q

.

Similarly,

H ≤ B (b + 1, λ− b− 1)
∞∑

n=1

[g (n)]
bp−aq

p
+(1−λ) Gq (n)

[g′ (n)]
q
p

.

The equivalence of (3.1) and (3.2) follows from Lemma 2.1, by replacing the integral with the
sum, and putting

L (f (m)) =
[f (m)](

a
p
− b

q )+(1−λ)

[f ′ (m)]
1
q

,

H (g (n)) =
[g (n)](

b
q
−a

p)+(1−λ)

[g′ (n)]
1
p

.

Corollary 3.2. Theorem 3.1 implies the inequality (1.5), in which the constant coefficient is the
best possible.
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