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1. INTRODUCTION

Let f andg be real functions, such that

o0

O</fz(t)dt<ooand0</92(t)dt<oo,
0 0
then

(1.1) 77%5];3/)0&1;@ < (7]“2 (t) dt) % (792 (t) dt) ,

where the constant is the best possible. A double series inequality associated|with (1.1) is as
follows : . .
If {a,} and{b,} are sequences of real numbers suchthat" a2 < co and0 < > 02 <

n=1 n=1

o0 3
(=)
n=1
where the constant factaris the best possible.
Hardy-Hilbert’s inequalities] (I}1) andl (1.2) are important in mathematical analysis and its
applications (cf.[[l1, Chap. 9]).
Recently Hul[2] and [3] gave two distinctimprovementg of(1.1) , and Gao [4] gave a strength-
ened version of (1]2). By introducing parametee (0, 1] and estimating the weight function,
Yang [S] gave a generalization ¢f (1.1), as follows:

D=

oo, then

=

(1.2) sz+n w(icﬁ)

n=1 m=1

1 1
2 oo

(1.3) ZZ%CM@ < B (g %) Zt“ﬁ (t) dt O/t“g2 (t) dt 2 ,

whereB(p, q) is the beta function.
By introducing some other parameters, Yang and Debhath [6], established the following results:

Theorem 1.1.1f f,g > 0, A,B > 0,p > 1, + . = 1, A > 2 — min{p, ¢}, such that

0</t1_’\fp(t)dt<oo,0</t1 Ag(t) dt < oo,
0 0

then

// f@ y d:vdy
0 O
(1.4) m’”—ﬂgi()( / x”fp(w)dx) ( / y“g%y)dy) ,

0 0

Q=

A

where o
B (0) = B (6 (), 6, (@) .6 (1) = = (r=p,0),
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kx (p) -
and the constant facto;mls the best possible.

Theorem 1.2.1f a,,,b, > 0(n € N),p> 1,2+ . =1,2 —min{p,q} <A <2, A, B> 0are

such tha) < an AaP < 00,0 < an Ahd < oo, then

n=1 n=1

(1.5) ZZ Am+Bn =< A%/fx (B(L - (an—xaﬁ) (;nl_xbg> ,

nlml n=1

kx (p)

where the constant factei% is the best possible.
A2x(p) Boa(9)

The aim of this paper is to give further generalization for the inequdlity (1.4).

2. GENERALIZATION

We start with the following lemma

Lemma2.1.LetF, G, L(f,g), M(f), N(g), be positive functiong; > 1, % + % = 1, such that

O</Mp ) FP(t )dt<ooO</N’1 (1)) G (t)dt < o0,

then the following inequalities

) :
/W@@WWMt7

a C

(2.1)

AN
=
~
o
=
=
=
&
bS]
=
oW
~~
D =

where K is a constant, and

b p

; —p F(:E) T p P P
(2.2) !W @@)!Lumywwi @SK!MwﬂmF@ﬁ,

are equivalent.

Proof. Suppose thaf (2.2) is satisfied, then we have
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The following is our main result:
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Theorem 2.2.Let F, G, f, g, [, ¢’ be positive functiongy > 1, % + % =1,0<ec< A
(c=a+1,b+1)and

A>F b (1)

0 < dt < oo,

Q\‘E

(bp ”'(1) +(1 A
Gq
0 < (t)

dt < o0,

q
P

0\8 0\8

then we have

/ F)G s drdy
) (f(@)+9(y))

(a+1,A—a—-1)B b—i—l)\—b—l

S =

< B

1

oo (aq bp) +(1 /\) p o (bP aq) +(1 )\) q q
2.3) (/ BP’ ) (/ SIORN
0 q P

b

0

and

/[g(y P ( ))@:) dy

P

< Bla+1,A—a—1)Bi(b+1,A—b—1)
+(1—)\)Fp(t)

0
e [ e

0

(ag—bp)
q

The inequalities (2]3) angl (3.4) are equivalent.

Proof. Observe that

a % - b - %
F (z) [g(y)]z[g (y)]% G(y) [f@)]9[f'( )]l

[e.olNe o} —(
_ / / U@l T Pl g,
/) T G@rewr | G

S

. e oo G () L)) 1)

)
< / [f(x)] [f’(a;)] dedy | / / bWI> WO 40 g,
) (f (2) +9(y)) )0 (@) +9(@)

SIS
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say. Then

E0 T LA CO P
[ ()] /

aqg—bp
q

[f ()]

A=) pp (x) u®
- dx du
[f' (x)]a /

0\8 0\8

= B(a—i—l,)\—a—l/ E dzx.
0

Similarly , we can show that

NzB(bJrl,)\—b—l)/[g(y)]

0

[ ()(Fa 0

M(f (1) = —,
()

g (0480
Ng(t) = :
’ 7 )

Corollary 2.3. Theorenj 22 implies the inequalify ([L.4), in which the constant coefficient is the
best possible.

Proof. Follows by puttinge = p, b = ¢, f(z) = Az, g(y) = By.

It remains to show thaB» p+1L,A=—p—1) B (¢ +1,A— ¢ — 1) has the value
B (’%, %) as best possible.

For this purpose, let us consider b = k. Then

B (a,\ —a) Ba (b, — b)

I 111 1
= F—)\FP(LFQbFP (A=a)l'a (A =10)

1 - — . 11
> =T (2+§)F(>\ a+u> (logF being convex,—+—:1>,
Now, let

a b a k-0

fla) = —+-=-+——
P q p q

r 1
f'(a) = 0=—-— —whichimpliesp =¢=2.

p q
Thereforemin f (a) = £ which is realised for. = b. This implies

min B7 (a, A\ — a) B7 (b,\ — b) = B (a,\ —a).
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In order to findmin B> (a+1,)\—a—1)83 (b+1,A—b—1),wecantake+1 = \—b—1,
thatisa +b= X —2.If a = p,b = ¢, then we have
A—2 A -2
p+q:)\—2:>pq:)\—2:>a:—:>a—|—1:L,
q q

therefore

1 1 -2 -2
mian(a—l—l,/\—a—l)Bq(b+1,)\—b—1):B()\+p 7/\+q )
p q

3. SERIES ANALOGUES

In what follows, some results on the associated double series forms are also stated.

Theorem 3.1.Let F, G, f, g, [/, ¢ be positive functiongy > 1, % + % =1,0<c< A
(c=a+1,b+1)and

WMMAwu>

b“”“”m()

0<:22 )l

< Q.

' (n)]
Then we have
F (m) G (n
22;} (f (m) + )V

< Bp(a+1,A—a—1)Ba(b+1 )\—b—l)

00 m GLE 4 (1-X) 1op ”P B89 4 (1-)) g ‘
3.0) X<Zyﬂ>] il )(Zﬁ G(U’

— [ (m)]

o oo [ F(m) !
EZ (z%ﬂm+gwﬁ>

=1 m=1
< Bm+1A—a—UB§w+1A—b—D
aq bp+(1 A) Fp( )

(3.2) X 2:

m=l fr(m)]

Inequalities [(3.1L) and (3]2) are equivalent.

D
q

Proof. On replacing the integral by the sum and following the same steps done in the proof of
Theoreni 2.2, we can state that

= F(m)G(n) It
22 ot wﬁg A
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where

f ()50 (om) >

/" (m) S (14 2m)

NE

3
I

NE

[ )50 oy T ] 5
[ (m)e /

aq—

) ) e
[F (m)] /

3
I

NE

3
I

0

= [ ()T Fe ()
= Bla+1L,A—a—1))_ - .
=1 [f" (m)]s
Similarly,
s PR (1-X) (g
HgB(b+1,A—b—1)Z[g(">] @)
el lg' (n)]?
The equivalence of (3.1) and (B.2) follows from Lemmd 2.1, by replacing the integral with the
sum, and putting

Corollary 3.2. Theorenj 3]1 implies the inequalify (IL.5), in which the constant coefficient is the
best possible.
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